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or 


IMPOSSIBLE  QUANTITIES. 


1  .  The  paradoxes  which  have  been  introduced  into 
algebra,  and  remain  unknown  in  geometry,  point 
out  a  very  remarkable  difference  in  the  nature  of 
those  sciences.  The  propositions  of  geometry  have 
never  given  rise  to  controversy,  nor  needed  the  sup- 
port of  metaphysical  discussion.  In  algebra,  on  the 
other  hand,  the  doctrine  of  negative  quantities  and 
its  consequences  have  often  perplexed  the  analyst, 
and  involved  him  in  the  most  intricate  disputations. 
The  cause  of  this  diversity,  in  sciences  which  have 
the  same  object,  must  no  doubt  be  sought  for  in  the 
different  modes  which  they  employ  to  express  our 
ideas.  In  geometry  every  magnitude  is  represent- 
ed by  one  of  the  same  kind ;  lines  are  represented 
by  a  line,  and  angles  by  an  angle.  The  genus  is 
always  signified  by  the  individual,  and  a  general 


*  From  the  Transactions  of  the  Royal  Society  of  London, 
Vol.  LXVI1I.  (1779.)— Ed. 
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idea  by  one  of  the  particulars  which  fall  under  it. 
By  this  means  all  contradiction  is  avoided,  and  the 
geometer  is  never  permitted  to  reason  about  the  re- 
lations of  things  which  do  not  exist,  or  cannot  be 
exhibited.  In  algebra  again  every  magnitude  being 
denoted  by  an  artificial  symbol,  to  which  it  has  no 
resemblance,  is  liable,  on  some  occasions,  to  be  ne- 
glected, while  the  symbol  may  become  the  sole  ob- 
ject of  attention.  It  is  not  perhaps  observed  where 
the  connection  between  them  ceases  to  exist,  and 
the  analyst  continues  to  reason  about  the  characters 
after  nothing  is  left;  which  they  can  possibly  ex- 
press :  if  then,  in  the  end,  the  conclusions  which 
hold  only  of  the  characters  be  transferred  to  the 
quantities  themselves,  obscurity  and  paradox  must 
of  necessity  ensue.  The  truth  of  these  observa- 
tions will  be  rendered  evident  by  considering  the 
nature  of  imaginary  expressions,  and  the  different 
uses  to  which  they  have  been  applied. 

2.  Those  expressions,  as  is  well  known,  owe 
their  origin  to  a  contradiction  taking  place  in  that 
combination  of  ideas  which  they  were  intended  to 
denote*  Thus,  if  it  be  required  to  divide  the  given 
line  AB  (fig.  1  .)= fl  in  C,  so  that  AC  x  CB  may  be 
equal  to  a  given  space  £*,  and  if  AC=«r,  then  x— 

-a±J-<P—b*\  which  value  of  x  is  imaginary  when 
V  is  greater  than  -a* ;  now  to  suppose  that  £*  is 
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greater  than  -  a*,  is  to  suppose  that  the  rectangle 

AC  x  CB  is  greater  than  the  square  of  half  the  line 
AB,  which  is  impossible.  The  same  holds  wher- 
ever expressions  of  this  kind  occur.  Thus,  when 
it  is  asserted  that  unity  has  the  three  cube  roots 

l*  ~  \      *>~~l~>       *  no  roore  is  meant  than  that 

4*  * 


when  the  general  equation  or1 — ax*+b& — r=o  is,  by 
a  change  in  the  data,  reduced  to  the  particular  state 
jp — l=o,  X  is  then  equal  to  unity  only,  and  admits 
not  of  any  other  value,  as  it  does  in  more  general 
forms  of  the  equation.  The  natural  office  of  ima- 
ginary expressions  is,  therefore,  to  point  out  when 
the  conditions,  from  which  a  general  formula  is  de- 
rived, become  inconsistent  with  each  other;  and 
they  correspond  in  the  algebraic  calculus  to  that 
part  of  the  geometrical  analysis,  which  is  usually 
styled  the  determination  of  problems. 

8.  This,  however,  is  not  the  only  use  to  which 
imaginary  expressions  have  been  applied.  When 
combined  according  to  certain  rules,  they  have 
been  put  to  denote  real  quantities,  and  though  they 
are  in  fact  no  more  than  marks  of  impossibility,  they 
have  been  made  the  subjects  of  arithmetical  opera- 
tions ;  their  ratios,  their  products,  and  their  sums, 
have  been  computed,  and,  what  may  seem  strange, 
just  conclusions  have  in  that  way  been  deduced. 
Nevertheless,  the  name  of  reasoning  cannot  be 


.*»  .  ■'« 
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given  to  a  process  into  which  no  idea  is  introduced. 
Accordingly  geometry,  which  has  its  modes  of  rea- 
soning that  correspond  to  every  other  part  of  the 
algebraic  calculus,  has  nothing  similar  to  the  me- 
thod we  are  now  considering  ;  for  the  arithmetic  of 
mere  characters  can  have  no  place  in  a  science 
which  is  immediately  conversant  with  ideas. 

But  though  geometry  rejects  this  method  of  in- 
vestigation, it  admits,  on  many  occasions,  the  con- 
clusions derived  from  it,  and  has  confirmed  them  by 
the  most  rigorous  demonstration.     Here  then  is  a 
paradox  which  remains  to  be  explained.      If  the 
operations  of  this  imaginary  arithmetic  are  unintel- 
ligible, why  are  they  not  also  useless  ?  Is  investiga- 
tion an  art  so  mechanical,  that  it  may  be  conduct- 
ed by  certain  manual  operations?  Or  is  truth  so 
easily  discovered,  that  intelligence  is  not  necessary 
to  give  success  to  our  researches  ?    These  are  diffi- 
culties which  it  is  of  some  importance  to  resolve, 
and  on  which  much  attention  has  not  hitherto  been 
bestowed.      Two  celebrated  mathematicians,  Ber- 
noulli and  Maclaurin,  have  indeed  touched  on  this 
subject ;  but  being  more  intent  on  applying  their 
calculus,  than  on  explaining  the  grounds  of  it,  they 
have  only  suggested  a  solution  of  the  difficulty,  and 
one  too  by  no  means  satisfactory.     They  allege,  * 


*  Op.  J.  Bernoulli,  Tom.  I.  No.  70.     Maclaurin,  Flux. 
Art.  699-763. 
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that  when  imaginary  expressions  are  put  to  denote 
real  quantities,  the  imaginary  characters  involved  in 
the  different  terms  of  such  expressions  do  then  com- 
pensate or  destroy  each  other.  But,  beside  that, 
the  manner  in  which  this  compensation  is  made,  in 
expressions  ever  so  little  complicated,  is  extremely 
obscure,  if  it  be  considered  that  an  imaginary  cha- 
racter is  no  more  than  a  mark  of  impossibility,  such 
a  compensation  becomes  altogether  unintelligible  : 
for  how  can  we  conceive  one  impossibility  removing 
or  destroying  another  ?  Is  not  this  to  bring  impos- 
sibility under  the  predicament  of  quantity,  and 
to  make  it  a  subject  of  arithmetical  computation  ? 
And  are  we  not  thus  brought  back  to  the  very  dif- 
ficulty to  be  removed  ?  Their  explanation  cannot  of 
consequence  be  admitted  ;  but,  on  attempting  an- 
other, it  behoves  us  to  observe,  that  a  more  exten- 
sive application  of  this  method,  than  had  been  made 
in  their  time,  has  now  greatly  facilitated  the  in- 
quiry. We  begin  then  with  considering  the  man- 
ner in  which  the  imaginary  expressions,  supposed 
to  denote  real  quantities,  are  derived  ;  and  the  cases 
in  which  they  prove  useful  for  the  purposes  of  in- 
vestigation. 

4.  Let  a  be  an  arch  of  a  circle,  of  which  the  radius 
is  unity,  and  let  c  be  the  number  which  has  unity 
for  its  hyperbolic  logarithm,  then  the  sine  of  the 
arch  a,  or 
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c           — c                       ,                c           +c 
8in.a= — -;  and  coa.fl=— — — . 

These  exponential  and  imaginary  values  of  the 
sine  and  cosine  are  already  well  known  to  geome- 
ters ;  and  the  investigation  of  them,  according  to 
the  received  arithmetic  of  impossible  quantities, 
may  be  as  follows  : 

Let  sin.  a=zf  then  a=  — *  ~     To  bring  this 

fluxion  under  such  a  form  that  its  fluent  may  be 
found  by  logarithms,  both  numerator  and  denomi- 
nator are  to  be  multiplied  by  J—L ;  then 

a=v^lx~FL=->  and  (by  form.  6.  Harm.  Men.) 

vz* 1 

a=V-^xlog.s+^!!~?,  Hence  JL^  or  ix-^= 
log* 2+   *""    ;  and  because  1  is  the  log.  of c, 


cV-i_i±y^zi.  wherefore,  if  both  parts  of  the 
fractional  index  of  c  be  multiplied  by  V—i, 
c-'J-1 =?±!^=}.     Again,  if  the  arch  a  be  con- 
sidered as  negative,  its  sine  becomes  also  negative, 
and  therefore  — a-=.j—\ \  x  log.       ,-'  """  »  or,  — aj—i i 

v — * 

whence  also,  cM,J~l==£±^£=}.     If  from  this 

v—  i 
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equation  the  former  be  taken  away,  there  remains 
—  ^==  *       —  c       "~  >  whence  dividing  by  2j—\ 

we  have  z=  «in.a=£ —£ By  adding  to- 

gether  the  equations,  a  value  of  the  cosine  may  be 
found  in  the  same  imaginary  terms  which  were  as- 
signed above.  Now,  by  means  of  these  expres- 
sions many  theorems  may  be  demonstrated;  it 
may,  for  example  be  shown,  that  if  a  and  b  are 
any  two  arches  of  a  circle,  of  which  the  radius  is 

unity,  then  8in.axco8.5=8in.-(a-|-^)+8in.-(/i^^).  For 

sin.fl=- —4= ,  and  cos.6=i ±^ , 

therefore,  sin.ax  cos.6= 

c — c  rf-c — c 

5.  Now  it  may  be  observed,  that  the  imaginary 
value  which  has  been  found  for  sin.a  was  obtain- 
ed by  bringing  a  fluxion  properly  belonging  to  the 
circle,  under  the  form  of  one  belonging  to  the  hy- 
perbola. It  may,  therefore,  be  worth  while  to  in- 
quire, whether  a  similar  expression  may  not  be  de- 
rived from  the  hyperbola  itself. 

Let  BAD  be  a  rectangular  hyperbola,  (fig.  2,)  of 
which  the  centre  is  C,  and  the  semi-transverse  axis 
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AC=1  ;  let  B  be  any  point  in  the  hyperbola,  join 
BC9  and  let  BE  be  an  ordinate  to  the  transverse 

axis.     Then,  if  the  sector  ACB=^,  and  BE=*, 

it  is  known  that  d=    z    .;  whence  a=log(2+vT+?), 

and  c^z+Vi+z1-  But  if  the  sector  be  taken  on 
the  other  side  of  the  transverse  axis,  a  and  z  be- 
come negative,  and  <?""*= — t+vi+z*.    Hence  *= 

Zzzl — ;  in  like  manner  the  abscissa  belonging  to 

ACB,  that  is  CE=C'+C"~".   These  values  of  the  or- 

dinates  and  abscissae  differ  in  nothing  from  those 
of  the  sines  and  cosines  already  found,  except  in 
being  free  from  impossible  quantities ;  for  it  is  evi- 
dent, that  the  quantity  a  is  related  in  the  same  man- 
ner both  to  the  circular  and  hyperbolic  sectors.  If 
now  ord.a  and  abs.6  denote  the  ordinate  and  ab- 
scissa belonging  to  the  sectors  za>ob  respectively, 

ord  a  X  abs.6  =  V""1 If — /  v      2      )~ 


4  ""         *  2 

6.  The  conclusions  in  both  the  foregoing  cases 
are  perfectly  coincident,  and  the  methods  by  which 
they  have  been  obtained  are  similar ;  though  with 
this  difference  between  them,  that  in  the  first  all 
the  steps  are  unintelligible,  but  in  the  last  signifi- 
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.cant.     If  then,  notwithstanding  a  difference  which 
might  be  expected  so  materially  to  affect  their  con- 
clusions, they  have  been  equally  successful  in  the 
discovery  of  truth,  it  can  be  ascribed  only  to  the 
analogy  which  takes  place  between  the  subjects  of 
investigation ;  an  analogy  so  close,  that  every  pro- 
perty belonging  to  the  one  may,  with  certain  re- 
strictions, be  transferred  to  the  other.    According- 
ly,  every  imaginary  expression  which   has  been 
found  to  belong  to  the  circle  in  the  preceding  cal- 
culation, is  by  the  substitution  of  real  for  impos- 
sible quantities,  or  of  Vi  for  J—u  converted  into 
a  proposition  which  holds  of  the  hyperbola.     The 
operations,  therefore,  performed  with  the  imaginary 
characters,  though  destitute  of  meaning  themselves, 
are  yet  notes  of  reference  to  others  which  are  sig- 
nificant.    They  point  out,  indirectly,  a  method  of 
demonstrating  a  certain  property  of  the  hyperbola, 
and  then  leave  us  to  conclude  from  analogy,  that 
the  same  property  belongs  also  to  the  circle.     All 
that  we  are  assured  of  by  the  imaginary  investiga- 
tion is,  that  its  conclusion  may,  with  all  the  strict- 
ness of  mathematical  reasoning,  be  proved  of  the 
hyperbola ;  but  if  from  thence  we  would  transfer 
that  conclusion  to  the  circle,  it  must  be  in  conse- 
quence of  the  principle  which  has  been  just  now 
mentioned.     The  investigation,  therefore,  resolves 
itself  ultimately  into  an  argument  from  analogy ; 
and,  after  the  strictest  examination,  will  be  found 
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without  any  other  claim  to  the  evidence  of  demon- 
stration. Had  the  foregoing  proposition  been 
proved  of  the  hyperbola  only,  and  afterwards  con- 
cluded to  hold  of  the  circle,  merely  from  the  affi- 
nity of  the  curves,  its  certainty  would  have  been 
precisely  the  same  as  when  a  proof  is  made  out  by 
the  intervention  of  imaginary  symbols. 

7.  Let  AB,  AC,  AD,  AE,  (fig.  3,)  be  any 
arches  of  a  circle  in  arithmetical  progression,  and 
let  m  be  their  number ;  it  is  required  to  find  the 
sum  of  the  sines  BG,  CH,  &c.  of  those  arches. 
Let  the  radius  AR=1,  AB— <?,  and  the  common 
difference  of  the  arches,  or  BC=# ;  the  sum  of 

the  series  sin.a+sin(a+.r)+sin(tf+2,r)+ hi) 

is  to  be  found.     Now,  because 

Binuizs =£= f  and  sin  .  (<z+*)= 

V— l 


C(«+*)V— i_c(— «--x)V— 1 


;  the  series   Bin.<i+8in  (<!+*) 

+sm  (a+2x) m)=- — =rl1+c  +c  

•••"M£Owr,+'-J*"/3 -)■ 

But  these  series  are  both  geometrical  progressions, 

c       j  I — ^75f  I5 


-W-l\  Lj-mxJ-ti 


and  of  the  second,  (^^)  I=i-^      The 
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sum  of  the  proposed  series  therefore  = 


in  which  expression,  if  the  sines  be  substituted  for 
their  imaginary  values,  we  have 

sin«a — 8m(a+mx) — sin  (a — x)+s\n(a+mx — op)       .    _  . 
x — *       ' — i  f  ' i — • *-— 8in.*i  -f- 

2(1— C08.x) 

Bin  (a+j)+Bin  (a+2x) m).     Q.E.I. 

When  AB=BC,  or  a=tf,  the  proposed  series 
becomes  sin.x+  sin.&r+  sin.&r ....  in,  and  its  va- 

I        8Jn.jp— 8Jn(m+l  )j+ sin. mar 

~~  2(1 — cos.x)  " 

In  like  manner  it  will  be  found,  that  the  sum  of 
the  cosines  of  the  same  arches,  or 

co§m + cos  {a +x)  +  C08,(a +£r) .......  m= 

C08.A—  cos(a+mx) — cos(g — 3?)+ cos(a+mx — a?)         ,     . 


a=zx,  cos.x+  cos.2a»+co8*3jr m= -p- ^~ — *- 

1 

2 

8.  To  solve  the  same  problem,  in  the  case  %  of 
the  hyperbola,  we  must  follow  the  steps  which 
have  been  traced  out  by  these  imaginary  opera- 
tions.  Let  ABE  be  an  equilateral  hyperbola,  (fig. 
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4,)  of  which  the  centre  is  F,  and  the  semi  trans- 
verse axis  AF=1  i  let  ABF,  ACF,  ADF,  &c.  be 
any  sectors  in  arithmetical  progression,  and  let  m 
be  their  number,  it  is  required  to  find  the  sum  of 
all  the  ordinates  BG,  CH,  DK,  &c.  belonging  to 

those  sectors.  Let  the  sector  AFB=-tf,  and  the 
sector  BFC,  which  is  the  common  difference  of 
the  sectors,  =-.r:  then  BG,  or  ord.a= 


ca- 


2 


and  CH,  or  ord.(a+x)= ^ ,  by  Art.  5. 

Therefore  the  series  of  ordinates,  that  is,  BG+CH 

+  DK+ m  =  £(i+c*+c*x  + m)- 

,(a+"w) c<a— T)+C<rt+",T— *>__c— B+CC— a— rot)  .    C-^i— x) c(— «— «*»+*)> 


c 
~2 


I-**-c— +  1  j 

__  ord.fl — ord.(a-f-mx) — ord.(fl — x)  -f  ord.  (a  -f  mx — x). 

""  2(1— ab«)  * 

When  0=.r,  ord.f-ford.2x-ford.Sx-f m  = 

ord.  x — ord.  (m  -f  1  )x  -f  ord .  mx 
2(1 — ubs.x) 

In  like  manner  it  is  proved,  that  the  sum  of  the 
abscissas,  that  is  FG  +  FH+FK+  ...,.m  = 

abs.  a— -  abs  (a  -f  mm) — abs.  (a — x)  -f  abs.  (fl  -f  mx  — x)  , 

""  2(1— abs.x)  '  an(* 
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when  a—xf  this  expression  becomes 

abs.mx — ab8.(m+l  )x      1 
2(1 — abs.jr)  2* 

9.  The  coincidence  of  the  theorems  deduced  in 
the  two  last  articles  is  obvious  at  first  sight,  and  if 
the  methods  by  which  they  have  been  obtained  be 
compared,  it  will  appear,  that  the  imaginary  ope- 
rations in  the  one  case  were  of  no  use  but  as  they 
adumbrated  the  real  demonstration,  which  took 
place  in  the  other.  This  will  be  rendered  more 
evident  by  considering  that  the  resolution  of  the 
series  of  hyperbolic  ordinates,  into  two  others  of 
continual  proportionals,  can  be  exhibited  geome- 
trically. For,  from  the  points  A,  B,  C,  and  D, 
let  AM,  BN,  CO,  DP,  be  drawn  at  right  angles 
to  the  asymptote  FP ;  let  GB  produced  meet  FP 
in  Q,  and  let  BR  be  perpendicular  to  the  conju- 
gate axis  FR.  Then,  because  the  triangles  FRS, 
FMA,    are    equiangular,    AF:FM:  :FS:FR  j 

hence  FR=™  x  FS=^(FN— NB).    For  the  same 
reason  CH=^(FO— OC),  and  DR=§?(FP—  PD). 


FAv-~    — n  _« FA 

FM 

FA 


FM 

Therefore  BG+CH+DK==^(FN+FO+FP).-~ 


—  (BN+CO+DP);  now,  FN,  FO,  FP,  are  con- 
tinual proportionals,  and  so  also  are  BN,  FO,  FP, 
because  the  sectors  FBC,  FCD,  are  equal.  But  in 
the  circle  no  such  resolution  of  the  proposed  series  of 
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sines  can  take  place,  that  series  being  subject  to  al- 
ternate increase  and  diminution ;  on  which  account 
it  is,  that  imaginary  characters  enter  into  the  ex- 
ponential value  of  the  sine.  Those  characters  are, 
therefore,  so  far  from  compensating  each  other  in 
the  present  case,  as  they  ought  to  do,  on  the  sup- 
position of  Bernoulli  and  Maclaurin,  that  they 
manifestly  serve  as  marks  of  impossibility.  There 
remains,  of  consequence,  the  affinity  between  cir- 
cular arches  and  hyperbolic  areas,  or  between  the 
measures  of  angles  and  of  ratios,  as  the  only  prin- 
ciple on  which  the  imaginary  investigation  can  pro- 
ceed. It  need  scarcely  be  observed,  that  the  ex- 
ponential value  of  the  hyperbolic  ordinate  may  be 
deduced  from  what  has  been  proved  in  this  ar- 
ticle. 

10.  But  as  the  arithmetic  of  impossible  quanti- 
ties is  no  where  of  greater  use  than  in  the  investi- 
gation of  fluents,  it  is  of  consequence  to  inquire, 
whether  the  preceding  theory  extends  also  to  that 
application  of  it. 

Let  it  then  be  required  to  find  the  fluent  of  the 

equation  ?-i=f=a*y=Q*  where  Q  denotes  any  func- 
tion whatever  of  x.  For  this  purpose,  the  follow- 
ing lemma  is  premised :  let  or  be  any  arch,  and  p 

any  flowing  quantity ;  then,  if  the  sign  /,  be  taken 

to  denote  the  fluent  of  the  quantity  to  which  it  is 

11 
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prefixed,  w.x/jxQQ9,x~oo&^lp6in.xzp(L-^=xr  /po***/—1 

—  J**       * ;  or  ^  ~ix  ^  a  hyperbolic  sec- 

tor, ordjcl pabs.x — aba.x/^ord.j:  — —  lpc~mX — " —  If*0** 

Because  «ln^/pcosjr= ^2L= /px 

£ ±£ ,  by  separating  the  terms  we  have 

2 

e-*j^rJpc    L  Tjav^^ for  the  sarae 

reason,  —co%jcfpnn*=—  fh<?^~~  x+ 

fpe-x^~1'    Wherefore,  by  collecting  the  sum  of 
all  the  terms,  we  have  »in.xjp  cos.* — coB.xlptm.xsz 

C'J-1  r.    _  ,-i    .-W^f 


ev=i,A™*V"l-^^y^W",•    The  demon. 

stration  in  the  case  of  the  hyperbola  is  free  from 
imaginary  expressions ;  but,  in  other  respects,  is 
exactly  similar  to  that  which  has  now  been  given 
in  the  case  of  the  circle. 

VOL.  III.  B 


18  ON  THE  ARITHMETIC 

t 

11.  Let  the  coefficient  of  y,  in  the  proposed 
equation,  be  first  supposed  negative,  that  is,  let 

4£ — a*,y=Q,  and  if  we  multiply  by  J"*,  n  being  a 

X 

constant  but  indeterminate  quantity,  it  becomes 
'-J-a'c^yi^Qx.  Let  c^^-B^)  be  assumed 

for  the  fluent,  A  and  B  being  indetertninate,  and 
let  its  fluxion  be  taken,  then, 


Ac1 


nx: 


nx  •        r»  nx 


+nAc    y — nBc ■yx=zc**Qx. 


—Be"* 


Hence,  by  comparing  the  terms,  we  get  A=l, 
wA— B=o,  nB=o*;  therefore,  fi=±fl,  and  B= 
±a  :  for  n  and  B  let  the  value  -fa  be  substituted, 
and  for  A,  its  value,  unity  ;  and  the  assumed  equa- 
tion becomes  y^ayjc™=Jca*Q.x,  0r,  ^— <*y=< 

Ic^qL    Let  this  equation  be  multiplied  by  c***,  m 
being  indeterminate  as  before,  and  c^jj— acf,uryi= 

cim^i)x^  rcaxQx     The  fluent  of  ^  firgt  mgml,^  0f 

this  equation  is  evidently  of  the  form  Dc^y,  the 

fluxion  of  which,  viz.  Dfy+Dmc^yx  being  com- 
pared with  the  former,  gives  D=l,  and  w=— a; 

wherefore,  c^'y^pr*™*  /c^Q*,  or  jrs: 
"fi-'^ifaox.  Let  c^Qizzi,  and  c-***^; 


or 
c 
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then  Cc-"*'* /^*Qte/ro=w-7£ ;  but*=JL_ 
£ .  supposing  that  v  and  x  vanish  at  the  same 

ta 

time}  therefore,  vz^^JiJcaXQ^— 


e—fa*Qx.    This  value  of  #  is  sufficient  for  the 

construction  of  the  fluent,  because  the  quantities 

/c"^rQx,  and  fc**Qx  depend  on  the  quadrature  of 

the  hyperbola j  but  if  we  would  introduce  into  it 
the  ordinates  and  absciss®  of  that  curve,  we  need 
only  have  recourse  to  the  foregoing  lemma,  from 

which  it  appears,  that  y=-ordMxlQ  x  abs. 

-  abt.  axjQx  ord.ar. 

12.  Let  the  coefficient  of  y  be  now  supposed  af- 
firmative, or  let  X-Hfy=Q«    In  this  case  imaginary 

expressions  are  introduced  into  the  fluent,  and  the 
construction  by  the  hyperbola  becomes  impossible* 
For  we  have  then,  nzz±m/—i9  from  which,  by  pro- 


ceeding  as  above,  we  get  y—e- =—/<:' 


_xV^> 


Q*— 
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c         .  fc^J—iQi;  hence  also,  by  the  lemma,  y= 

sln.axfQxtosMX — C08.axfQimn.ax.     Here   the  quanti- 

ties  /cbccosuix,  vxL&J Qjrud.  «jr,  are  assignable  by  the 

quadrature  of  the  circle,  in  the  same  manner  as 

jQxab8.axf  and  /qiord.**,  by  the  quadrature  of  the 

hyperbola ;  but  the  method  of  investigating  them, 
though  an  illustration  of  the  principles  which  we 
have  laid  down,  is  too  well  known  to  need  to  be  in- 
serted here.  In  like  manner  might  the  fluents  of 
innumerable  fluxipnary  equations,  comprehended 

under  the  general  form  Q=y+^+-^  +-*  +  &c.  be 

X         XT         X 

deduced,  and  all  of  them  would  tend  to  prove  that 
the  arithmetic  of  impossible  quantities  is  no  more 
than  a  method  of  tracing  the  analogy  between  the 
measures  of  ratios  and  angles.  Euler  *  and  D*  Alem- 
bert  t  were  the  first  to  integrate  such  equations  as 
the  preceding,  and  the  method  employed  here  dif- 
fers from  theirs  only  by  being  better  adapted  to  il- 
lustrate the  principle  which  is  common  to  them 
all. 

13.  The  forms  in  the  Harmonia  Mensurarum 
might  also  be  brought  to  confirm  this  theory  ;  but 

*  Nov.  Comm.  Petrop.  Tom.  III. 
t  Th6orie  de  la  Lune. 
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without  accumulating  instance*  any  farther,  it  may 
be  sufficient  to  remark  two  consequences  that  fol- 
low frdtA  it :  1>  That  the  only  cases  In  which  ima- 
ginary expressions  may  be  put  to  dehote  feal  quail- 
titles,  art  those  in  which  the  measures  of  ratios  or 
of  angles  are  concerned.  '2.  That  the  property  of 
either  of  those  measures,  so  investigated,  might 
have  been  inferred  from  analogy  alone.  Now  both 
these  conclusions  are  agreeable  to  experience.  It 
does  not  appear,  that  any  instance  has  yet  occurred 
where  imaginary  characters  serve  to  express  real 
quantities,  if  circular  arches  or  hyperbolic  areas  are 
not  the  subjects  of  investigation ;  and  if  the  cofldfe- 
sion  obtained  may  not  be  transferred  from  the  one 
to  the  tithe?,  by  a  mere  substitution  of  correspond- 
ing magnitudes ;  that  is,  of  sines  for  ordinatee*  te» 
sines  for  abscissae,  and  circular  arches  for  the  doubles 
of  hyperbolic  sectors.  The  affinity  between  the 
circle'  and  hyperbola  is  not  however  so  close,  tut 
that  it  is  subject  to  certain  limitations,  from  con* 
sidering  which,  the  truth  of  what  is  here  asserted 
will  be  rendered  more  evident. 

1.  Any  proposition  demonstrated  of  hyperbolic 
sectors  may  be  transferred  to  circular  arches  by 
substitution  alone,  without  any  change  in  the  signs, 
when  only  abscissae  and  their  products  enter  into 
the  enunciation,  and  conversely.       Thus   abs.ax 

-k-A     ab»(a+£)      abs(o— 6)         ,  cotfa+6) 

abs.6=  — ^-L- i  +  — ^ 1 .  aml  crtax  cos  6= — \IL-J 
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+  2S? — -.  The  same  holds  when  the  simple  power 

of  the  ordinate  is  combined  with  any  power  what- 
ever of  the  abscissa ;  so  in  the  theorems  of  articles 

5  and  4  ordflXah86:=0fd(«+6>  +  ord(fl-*);  and«nax 

2  2 

,     Bin(a+b)  ,  sin(a— $) 

2.  When  an  expression  containing  any  property 
of  hyperbolic  sectors,  involves  in  it  the  rectangle  of 
two  ordinates,  the  value  of  that  rectangle  must  have 
a  contrary  sign,  when  a  transition  is  made  to  the 

circle.  Thus  ord*  x  or&b=!!!^±*}-aM?=D ,  but 

2  2 

sina  x  »i°&=-  "* +b) + °»g=J>.     The  difference 

which,  according  to  this  rule,  is  found  between  the 
powers  of  ordinates  and  of  sines  may  be  seen  in 

the  following  examples.   If  zx  denote  any  hyperbo- 


c* 


lie  sector,  then  by  involving  -JT* — >  and  again  sub- 

SB  * 

stituting  for  the  exponential  quantities,  as  in  Art. 
5,  we  have, 

abs&r — 1 


(ord#)*= 
j(ord*)*=: 


2 
ordSjr— Sordjr 


/    j    a    abs4* — 4abs2.r+3 
(ord*)4= - ^-  ; 
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(ordx)^0^-80^100"1*;  and  universally,  if 

n  be  any  number ;  A  the  coefficient  of  the  second 
term  of  a  binomial  raised  to  the  power  ft,  B  the  co- 
efficient of  the  third,  &c.  and  p  the  greatest  coef- 
ficient :  when  it  is  an  even  number, 

ford  \«_ab*,ME— Aahi(ji — 3)s+Bab8(w — l)x Z^Lp  . 

—  gw— l  — 

£-;  hut  when  ft  is  an  odd  number, 

_  vn       ordax— Aordfo — 2).r+Bord(n — 4)* z^zpordx 

(ordx)  = j^zi * 

If  now  x  denote  an  arch  of  a  circle,  by  substi- 
tuting and  changing  the  signs  as  oft  as  (ord  *)*  oc- 
curs in  any  of  the  preceding  expressions,  we  get 

1 C082* 

(8in*)*= — g ; 

_    Ssinx — sinSx 
(sin  *)*= j ; 

(sinx)^108^-5^3^81"5'?  and  universally,  if 

n  be  any  number,  p  the  greatest  coefficient  of  a 
binomial  raised  to  the  power  w,  A  the  coefficient 
next  less  than  p,  B  the  coefficient  next  less  than 
A,  and  so  on :  when  n  is  an  even  number, 

„      in — Acos2x+Bco84x — &c. 
(«"*)  =  ** ^TZI 5 

but  when  ft  is  an  odd  number, 

*     psinx—  Aco83x+Bco85x — &c. 
(sin  or)  =  t — j! -. 
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These  series  differ  from  the  former  only  in  the 
signs,  and  the  arrangement  of  the  terms ;  and 
when  either  ft,  or  n—  1,  is  divisible  by  4,  the  signs 
remain  the  same  in  both* 

14.  The  reason  of  the  foregoing  rule  for  chang- 
ing the  signs  is,  that  the  rectangle  under  two  or* 
dinates  to  the  hyperbola  is  always  expressed  by  the 
difference  of  two  abscissas ;  and  that  if  from  the 
abscissa  belonging  to  a  greater  sector,  be  subtract* 
ed  the  abscissa  belonging  to  a  less,  the  remainder 
will  be  affirmative ;  whereas,  if  from  the  cosine  of 
a  greater  arch  be  subtracted  the  cosine  of  a  less, 
the  remainder  will  be  negative.  Therefore,  that 
the  rectangles,  expressed  by  these  remainders,  may 
have  the  same  sign,  in  both  cases,  the  signs  of  the 
remainders  must  be  different. 

It  appears  then,  that  the  second  rule,  as  well  as 
the  first,  is  founded  on  the  principle  of  analogy 
when  taken  with  the  necessary  limitations,  and  it 
is  likewise  evident  from  the  instances  which  have 
been  produced,  that  those  rules  lead  to  the  very 
same  conclusions  which  are  obtained  from  the  ima- 
ginary values  of  the  sine  and  cosine. 

There  are,  however,  instances  in  which  the  ana- 
logy between  the  circular  and  hyperbolic  areas  be* 
ing  wholly  interrupted,  neither  the  foregoing  rules, 
nor  any  of  the  same  kind,  can  be  applied j  but  this 
occasions  no  ambiguity,  for  the  construction  re- 
quired in  such  cases  is  by  its  nature  restricted  to 
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OD9  of  the  curves  only*  Of  this  kind  is  the  Cote* 
sisn  theorem,  which  requires  the  whole  circle  to  be 
divided  into  a  given  number  of  equal  parts,  and 
therefore  cannot  be  extended  to  the  hyperbola 
where  a  similar  division  is  impossible.  Others  of 
a  like  nature  may  be  derived  from  the  general 
theorems  already  investigated ;  for  the  circle,  by 
returning  into  itself,  often  reduces  them  to  a  sim- 
plicity to  which  there  is  nothing  analogous  in  the 
hyperbola.  Many  examples  of  this  might  be  ad- 
duced, but  the  two  following  may  suffice. 

1.  Let  ABCDE  (fig.  5.)  be  a  regular  polygon 
inscribed  in  a  circle,  and  let  m  be  the  number  of 
its  sides ;  it  is  required  to  find  the  sum  of  the  lines 

FA,  FB,  FC,  &c»  drawn  from  any  point  F  in  the 
circumference,  to  all  the  angles  of  the  polygon. 
By  the  method  Which  in  article  7t  wa&  employed 
to  obtain  the  sum  of  the  sines  of  a  series  of  arches 
in  arithmetical  progression,  it  will  be  found,  that 
the  sum  of  the  chords  of  the  arches  a,  (a+x)f 

(a+&r), (fti),  that  is,  (making  FA=a,  and 

AB^r)  the  sum  of  the  chords  of  the  arches  FA* 

FB,  FC,  &c.  = 

choui — cho.(a4-mx) — cho*(a — x)+cho.(a+  m4r~-jr)      • 

2(1— cos.  Jx)  f  mi> 

in  the  present  case,  nut  is  equal  to  the  circumfe- 
rence, and  therefore —cho.(d+f7Wr)=+chb.fl  (the 
chord  of  an  arch  greater  than  the  circumference 
being  negative))  and,  for  the  sasae  reason* che.(a-+- 
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mx— r)»-tAo.(tf— x) = +cho.(*— a).    Hence  the 
general  expression  becomes 


^^^Lfa+fb+fc+ m.      If  there- 

fore  GK  be  drawn  from  the  centre,  bisecting  the 
chord  AB  in  H,  and  meeting  the  circumference  in 
K,  the  sum  of  the  chords  that  is, 

FA+FB+FC+FD+FE=^~^5-  x  GK. 

2.  Let  ft  be  an  even  number,  the  rest  remain* 
ing  as  above,  and  let  it  be  required  to  find  the  sum 
of  the  ft  powers  of  the  chords,  that  is,  the  sum  of 

(FAy+CFB^+CFC)" m.    By  reasoning, 

as  in  the  case  of  the  sines,  it  will  appear,  that  if  p 
be  the  greatest  coefficient  of  a  binomial  raised  to 
the  power  ft;  A  the  coefficient  next  less  than  p; 
B  the  coefficient  next  less  than  A,  and  so  on,  then, 

(cho.a  V=p— 2AcoM+2Bcoe.2«+2Dcos.Sa+  6c. 

^cho.(a+*)V=p--2Acos.(a+a:)+2Bco8.2(fl+*)  + 
2Dco«.S(a-f  *)+  &c. 

* 

^cbo.(«+2«)y=/>--^Aco«(a+2r)+2Bcos.2(d+2»)+ 
2Dcos.3(a+2x)+  &c 

.  Each  of  these  vertical  columns  is  to  be  conti- 
nued downward,  till  the  number  of  terms  be  equal 
to  nh  apd  therefore  the  sum  of  the  second  is  mp. 
TJie  sum  of  the  third,  or  of 

-»-?A  tCMa+cos>(a-f x)+cos.(o+2*^..,..w  p 
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by  article  7,  is 

„A      000.0— cos/a+mg) — cot(a~*)4-oot  (a+wx— «) 
-*A  * 8(l-cL) ^ ~ 

(because  fnx=  the  circumference), 

COS.0 COM — cos.(a — «Vf  cos^(o— *)  T     ... 

—Ax  ■  r^  Ol    in  like 

***  1— COM  v 

manner  do  the  sums  of  all  the  subsequent  columns 
vanish}  and  therefore,  ^cho.a^"+  fcho.(a+*)Y 

+  fcho.io+Zx)  \  mz=mp.  But  when  n  is  an  even 

number,  P=^ZJ[  *  ^ xp=    iasa...|» 

X24\    If  therefore  the  radius  be  put  =r,  and  the 
expression  made  homogeneous,  we  have 

(fa/+(fb)-+cfc)- "i^x'tS;::!;1^ 

This  last  coincides  with  the  forty-first  of  the  cu- 
rious and  difficult  propositions  published  by  Dr 
Stewart,  under  the  title  of  General  Theorems.  It 
is  given  there  without  a  demonstration,  but  appears 
plainly  to  have  been  investigated,  in  a  manner  al- 
together rigorous,  by  that  profound  geometer.  It 
may  therefore  be  regarded  as  one  of  the  instances, 
in  which  the  conclusions  of  the  imaginary  arithme- 
tic are  verified  by  the  geometrical  analysis. 

15.  The  two  foregoing  propositions  being  con- 
fined to  the  circle,  and  yet  having  been  investi- 
gated by  the  help  of  imaginary  expressions,  may,  at 


28  ON  THE  ARITHMETIC 

first  sight,  seem  exceptions  to  the  rute  which  Vte 
have  been  endeavouring  to  establish.  But  it  needs 
only  to  be  remarked,  that  they  are  particular  cases 
of  certain  theorems  belonging  both  to  the  circle 
and  hyperbola,  and  that  it  was  into  the  investiga- 
tion of  those  theorems*  that  the  imaginary  expres- 
sions were  introduced. 

The  conclusions  therefore  from  the  whole  are 
these  :  that  imaginary  expressions  are  never  of  use 
in  investigation  but  when  the  subject  is  a  proper- 
ty common  to  the  measures  both  of  ratios  and 
of  angles;  that  they  never  lead  to  any  conser 
quence  which  might  not  be  drawn  from  the  affinity 
between  those  measures ;  and  that  they  are  indeed 
no  more  than  a  particular  method  of  tracing  that 
affinity.  The  deductions  into  which  they  enter 
are  thus  reduced  to  an  argument  from  analogy, 
but  the  force  of  them  is  not  (diminished  on  that  ac- 
count. The  laws  to  which  this  analogy  is  subject  > 
the  cases  in  which  it  is  perfect,  in  which  it  suffers 
certain  alterations!  and  in  which  it  is  wholly  inter- 
rupted, are  capable,  as  may  be  concluded  from  the 
specimens  above,  of  being  precisely  ascertained. 
Supported  on  so  sure  a  foundation,  the  arithmetic 
of  impossible  quantities  will  always  remain  an  use- 
ful instrument  in  the  discovery  of  truth,  and  may 
be  of  service  when  a  more  rigid  analysis  ean  hardly 
be  applied,  tor  this  reason,  many  researches  con- 
cerning it,  which  in  themselves  might  be  deemed 
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absurd,  are  nevertheless  not  destitute  of  utility. 
Bernoulli  has  found,  for  example,  that  if  r  be  the 

radius  of  a  circle,  the  circumference  =    ^li*"1  r ; 

and  the  same  may  be  deduced  from  article  4. 
Considered  as  a  quadrature  of  the  circle,  this  ima- 
ginary theorem  is  wholly  insignificant,  and  would 
deservedly  pass  for  an  abuse  of  calculation ;  at  the 
same  time  we  learn  from  it,  that  if  in  any  equa- 
tion the  quantity  °*'  _7~  should  occur,  it  may  be 

made  to  disappear,  by  the  substitution  of  a  circular 
arch,  and  a  property,  common  to  both  the  circle  and 
hyperbola,  may  be  obtained.  The  same  is  to  be 
observed  of  the  rules  which  have  been  invented 
for  the  transformation  and  reduction  of  impossible 
quantities:*  they  facilitate  the  operations  of  this 
imaginary  arithmetic,  and  thereby  lead  to  the 
knowledge  of  the  most  beautiful  and  extensive 
analogy  which  the  doctrine  of  quantity  has  yet 
exhibited. 


*  The  rules  chiefly  referred  to  are  those  for  reducing  the 
impossible  roots  of  an  equation  to  the  form  A  +  B^/ — |. 
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Though  the  labours  of  M.  Deluc,  mnd  of  the  ex* 
cellent  observers  who  followed  him,  have  brought 
the  barometrical  measurement  of  heights  to  very 
great  exactness,  they  have  not  yet  given  to  it  the 
utmost  perfection  it  can  attain.  Some  causes  of 
inaccuracy  are  still  involved  in  it ;  of  which  we 
ought,  at  least,  to  estimate  the  effects,  if  we  cannot 
correct  them  altogether.  The  allowance  made  on 
account  of  the  temperature  of  the  air,  implies  in  it 
a  hypothesis  that  has  not  been  examined,  nor  even 
expressed ;  and  many  other  circumstances  that  af- 
fect the  density  of  the  atmosphere,  have  either 
been  wholly  omitted,  or  improperly  introduced* 


*  From  the  Transactions  of  the  Royal  Society  of  Edin- 
burgh, Vol.  I.  (17S8.)— Ed. 

VOL. in.  C 
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The  object  of  the  present  paper  is  to  correct  the 
errors  that  arise  from  these  causes,  or,  where  that 
cannot  be  done,  to  assign  the  limits  within  which 
those  errors  are  contained. 

1.  The  most  important  correction  introduced  by 
M.  Deluc,  is  that  which  depends  on  the  tempera- 
ture of  the  air.  His  observations  led  him  to  con- 
clude, that,  at  a  certain  temperature,  marked  near- 
ly by  69j°  of  Fahrenheit,  the  difference  of  the  lo- 
garithms of  the  heights  of  the  mercury  in  the  ba- 
rometer, at  the  upper  and  the  lower  stations,  gave 
the  height  of  the  former  of  those  stations  above  the 
latter  in  lOOOths  of  a  French  toise ;  but  that  at 
every  other  temperature  above  or  below ,  §9i°  ;  a 
correction  of  .00223  of  the  whole  was  to  be  ad4e4 
or  subtracted  for  every  degree  of  the.  thermome- 
ter. By  observations  still  more  accurate,  it  fyas 
been  found,  that  the  temperature  at  which  the  dif- 
ference of  the  logarithms  gives  the  height  in  Eng- 
lish fathoms,  is  3£° ;  and  that  the  correction  at 
other  temperatures  is  .00243  of  that  differepoe, 
for  every  degree  of  the  thermometer.*     The  maa- 


*  General  Roy  makes  the  fixed  temperature  32°,  and  the 
expansion  for  1°,  =.00245,  at  a  medium.  Sir  G.  Shuck- 
burgh  makes  the  fixed  temperature  31^°,  and  the  expansion, 
as  here  assigned,  viz.  .00243.  Phil.  Trans.  1777-  It  is  suf- 
ficient for  us  at  present  to  know  these  numbers  nearly. 
According  to  the  formula  laid  down  hereafter,  they  will  all 
require  to  be  corrected. 
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ner  of  estimating  the  temperature  of  the  air,  adopt- 
ed in  all  these  observations,  was  the  same  ;  an  arith- 
metical meau  was  taken  between  the  heights  of  the 
thermometers,  at  the  upper  and  lower  stations,  and 
was  supposed  to  be  uniformly  diffused  through  the 
column  of  air  intercepted  between  them.  M .  De- 
luc,  however,  was  sensible  that  this  supposition 
was  inaccurate ;  and  General  Roy,  too,  has  ob- 
served, that  "  one  of  the  chief  causes  of  error  in 
barometrical  computations  proceeds  from  the  mode 
of  estimating  the  temperature  of  the  column  of  air 
from  that  of  its  extremities,  which  must  be  faulty 
in  proportion  as  the  height  and  difference  of  tem- 
perature are  great."*  It  will  appear,  however, 
that  this  estimation,  though  adopted  merely  on  ac- 
count of  its  simplicity,  and  probably  on  no  other 
principle  than  the  general  one  of  taking  a  mean 
between  two  observations,  which,  taken  singly,  are 
inaccurate,  comes  nearer  to  the  truth  than  there 
was  any  reason  to  expect. 

2.  It  is  certain,  that  the  atmosphere  does  not 
derive  its  heat  from  the  immediate  action  of  the 
solar  rays.  These  rays,  in  traversing  that  subtle 
and  transparent  medium,  are  but  slightly  refract- 
ed, and,  meeting  with  little  obstruction,  neither 
lose  nor  communicate  much  of  their  influence. 

*  Phil.  Trans.  1777. 
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We  are  assured  of  this  by  many  experiments ;  and 
we  know,  that  air,  in  the  focus  of  a  burning  glass, 
is  never  heated  till  some  solid  body  be  introduced* 
The  atmosphere,  therefore,  is  warmed  by  the  earth, 
from  the  surface  of  which  a  quantity  of  heat  is  con- 
tinually flowing  off,  and  aseendmg  through  the  dif- 
ferent strata  of  the  air  into  the  regions  of  vacuity, 
or  of  aether.  But  this  ascent,  on  the  whole,  is  uni- 
form ;  because  there  is  a  certain  temperature  which, 
though  varied  by  periodical  vicissitudes,  remains 
under  every  parallel  the  same,  as  to  its  mean  quae- 
tity.  Every  stratum,  therefore,  of  the  atmosphere, 
whatever  be  its  height,  gives  out,  at  a  medium,  the 
same  quantity  of  heat  that  it  receives ;  in  ether 
words,  its  mean  temperature  is  constant,  and  nei- 
ther increases  nor  decreases,  on  the  whole. 

8.  Let  there  be  three  strata,  then,  of  the  at- 
mosphere of  the  same  thickness  x9  and  contiguous 
to  one  another ;  so  that,  if  x  be  the  distance  of  the 
first  from  the  surface  of  the  earth,  that  of  the  se- 

cond  may  be  x+x,  and  of  the  third  x+2x.  Let 
A,  h\  h\  be  the  heats  of  the  strata,  and  a,  a',  a", 
their  densities  respectively.  Then,  since  the  quan- 
tity of  heat,  communicated  in  an  instant  from  one 
stratum  of  a  fluid  to  a  contiguous  stratum,  must  be, 
as  the  difference  of  their  temperatures,  multiplied 
into  the  density  of  the  colder,  and  divided  by  the 
density  of  the  warmer,  the  heat  communicated,  in 
an  instant,  from  the  first  stratum  to  the  second,  = 
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(k-h')-i  and  that  communicated  by  the 


-Mi    i    ♦ 


A" 


to  the  third,  =(A'— h*)—.    But,  since  the  differ- 

ence  of  a  and  a'  is  indefinitely  small,  as  also  that 

of  a'  and  a",  we  have  -t—1>  and  T7=l  >  so  that 

the  heat  gained  by  the  middle  stratum  is  =h—h'9 
and  that  lost  by  it  =h'—h\  Now,  these  two  quan- 
tities must  be  equal,  in  order  that  the  tempera- 
ture of  the  stratum  may  remain  uniform,  that  is, 
A— h'=tt— h";  or,  in  other  words,  the  heat  of  the 
first  stratum  exceeds  the  heat  of  the  second,  as 
much  as  the  heat  of  the  second  exceeds  the  heat  of 
the  third.  Therefore,  the  heat  of  the  successive 
strata  must  decrease,  by  equal  differences,  as  we 
ascend  through  equal  spaces,  into  the  atmosphere  j 
and,  in  general,  the  differences  of  temperature  must 
be  proportional  to  the  differences  of  elevation. 

It  is  to  be  understood,  however,  that  this  law  is 
subject  to  certain  anomalies,  both  annual  and  diur- 
nal, and  those  intermixed  with  other  accidental  ir- 
regularities, which  it  would  be  difficult,  perhaps 
impossible,  to  ascertain.  All  that  can  be  said  of  it 
is,  that  it  is  the  law  which  nature  tends  to  observe, 
and  that  the  sum  of  the  deviations  from  it,  on  the 
one  side,  is  probably  equal  to  the  sum  of  those  on 
the  other.  In  an  effect  that  is  perpetually  subject 
to  the  action  of  accidental  and  unknown  causes,  the 
discovery  of  a  mean,  from  which  the  departures  on 
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the  opposite  sides  are  equal,  is  all  thpt  we  can  rea- 
sonably expect ;  and  it  is  sufficient  for  us  to  know, 
that,  though  any  particular  conclusion  may  involve 
an  error,  yet,  if  a  multitude  of  instances  be  taken, 
the  errors  will  certainly  correct  one  another. 

4.  If,  therefore,  H  be  the  heat  at  the  surface  of 
the  earth,  and  h  the  heat  at  any  given  height  a, 
above  the  surface,  the  heat,  at  any  other  height,  as 

4?,  will  be  H —     ""  '*.     At  a  medium,  it  is  found, 

a 

that  Fahrenheit's  thermometer  falls  a  degree  for 
every  300  feet  that  we  ascend  into  the  atmosphere ; 
so  that,  if  x  is  expressed  in  fathoms,  the  heat,  at 

mm 

that  height,  is  =H— _  . 

5.  But  though  we  are  thus  led  to  conclude,  that 
the  decrease  of  heat  in  the  superior  strata  of  the 
atmosphere  is  proportional  to  their  elevation,  there 
is  no  reason  to  suppose,  that  the  condensation  pro- 
duced by  that  decrease  is  also  uniform.  Indeed, 
the  experiments  of  General  Roy  have  placed  it  be- 
yond all  doubt,  that  the  variations  in  bulk  of  a 
given  quantity  of  air  are,  by  no  means,  proportional 
to  its  variations  of  temperature.  Those  experi- 
ments, though  very  numerous,  are  too  few  to  as- 
certain  exactly  the  law  which  connects  these  varia- 
tions, and  we  must  have  recourse  to  reasoning,  in 
order  to  supply  this  defect.  Let  us  suppose  that 
air  of  a  given  temperature,  for  instance,  of  32°,  by 

4 
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the  loss  of  one  degree  of  heat,  is  Contracted  : — ,  or 

the  part  m,  of  its  whole  bulk ;  its  bulk,  therefore, 
when  of  the  temperature  31°,  will  be  1— m.  By 
the  loss  of  another  degree  of  heat,  its  temperature 
will  he  reduced  to  30°,  and  its  contraction  will 
not  be  ft*,  as  before,  but  tw(l — rri)9  which,  subtract- 
ed  from  1— m9  its  bulk,  when  of  the  temperature 
31°,  will  give  its  bulk  when  of  the.  temperature 

80°,  =1— 2*»+m?=(l— !»)*.  In  like  manner,  afc 
ter  the  loss  of  3°  of  heat,  the  bulk  of  the  same 

given  quantity  of  air  is  shown  to  be  (1— -m)8;  and* 
in  general,  its  bulk  is  as  that  power  of  1— m,  which 
is  denoted  by  the  difference  between  82°  and  the 
given  temperature.     If,  therefore,  h  be  the  heat  of 

a  given  quantity  of  air,  (1— m)38^*  will  be  the  space 
occupied  by  that  air,  supposing  always  that  the 
compressing  force  is  given. 

6.  This  formula  assigns  a  finite  magnitude  to 
the  air  as  long  as  the  diminution  of  its  heat  is  less 
than  infinite ;  for  as  1 — m  is  less  than  unity,  when 

h  becomes  negative  and  infinite,  (1 — rrif2^  be- 
comes then,  and  not  till  then,  =0.     When  h  is  af- 

firmative,  and  greater  than  32,  (1—  rri)  be- 

comes greater  than  1,  and  increases  continually, 
being  infinite  when  h  is  infinite.  When  32— h  is  not 

very  great,  then  ( 1— m)' "  =  1  +  ( A— 3c2)m  nearly, 
which  agrees  with  the  hypothesis  of  uniform  con- 
traction and  dilatation  in  moderate  temperatures. 
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This  formula  also  represents,  with  tolerable  ex- 
actness, the  experiments  which  General  Roy  made 
with  the  manometer,  excepting  in  one  circumstance ; 
for  the  formula  makes  the  expansion  increase 
with  the  heat  continually,  though  not  uniformly ; 
whereas  the  experiments  give  the  greatest  expan- 
sion between  the  temperatures  of  60°  and  70°. 
But  this  seems  to  be  so  anomalous  a  fact,  that  it 
looks  more  like  some  accidental  effect,  produced 
from  the  particular  manner  of  making  the  experi- 
ments, than  a  part  of  that  law  of  nature,  which  con- 
nects the  variations  of  bulk  in  bodies  with  their  va- 
riations of  temperature. 

7*  But  this  is  not  the  only  irregularity  to  which 
the  expansion  of  air  by  heat,  and  its  contraction  by 
cold,  appear  to  be  subject.  We  learn  from  the  ma- 
nometrical  experiments  of  the  same  excellent  ob- 
server, that  a  given  variation  of  temperature  is  ac- 
companied with  more  or  less  variation  of  bulk,  ac- 
cording as  the  air  is  compressed  by  a  greater  or  a 
less  force.  Air,  for  instance,  compressed  by  the 
weight  of  an  entire  atmosphere,  was  expanded  by 
the  180  degrees  from  freezing  to  boiling,  no  less 
than  484  of  those  parts,  whereof,  at  the  tempera- 
ture S2Q,  it  occupied  1000.  But  the  same  air, 
when  compressed  only  by  j  of  an  atmosphere,  was, 
by  the  same  difference  of  heat,  expanded  no  more 
than  141  parts  ;  and  that  though  the  heat  of  boiling 
water  was  applied  to  it  for  an  hour  together.  It  is 
not  easy  either  to  assign  the  cause,  or  to  determine 
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the  law  of  this  inequality.  General  Roy  has,  in- 
deed, constructed  a  table  of  the  correction  to  bo 
made  on  account  of  it j  which  proceeds  on  the  sup- 
position, that  the  expansion,  for  one  degree  of  heat, 
decreases  in  the  same  proportion  that  the  column  of 
mercury  in  the  barometer  exceeds  a  given  length. 
This  given  length  is  nearly  =4.5  indies ;  so  that  if 
b  be  the  length  of  the  column  of  mercury  in  the 
barometer,  and  .00252  the  expansion  for  one  degree 
of  heat,  when  the  barometer  is  at  SO  inches,  and 

the  temperature  of  the  air  32°,  then   %        x 

.00252,  will  be  the  expansion  of  air  of  the  same 
temperature,  for  the  same  change  of  heat,  when 
the  mercury  in  the  barometer  stands  at  the  height 
b.  But  this  formula  cannot  be  just,  otherwise  air, 
compressed  by  no  greater  a  force  than  that  of  4.5 
inches  of  mercury,  would  be  incapable  of  dilatation 
by  heat,  or  contraction  by  cold. 

8.  It  will  agree  equally  well  with  the  experi- 
ments, and  will  involve  no  contradiction,  even  in 
the  extreme  cases,  to  suppose,  that  the  expansion 
for  a  certain  degree  of  heat  is  as  a  certain  power  of 
the  compressing  force.  If  this  power  be  called  p» 
m  being  the  expansion  for  1  degree  of  heat,  when 
the  mercury  in  the  barometer  is  of  the  height  b% 
the  expansion  for  any  other  height  of  the  mercury* 

as  /?,  will  be  --972  j  and  combining  this  with  the  for- 
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mer  formula  for  expansion,  (§  £,)  we  have  the  space 
which  air  occupies,  as  far  as  it  depends  on  tempera- 

tare,  =(1^?)"-*.  From  a  comparison  of  Ge- 

neral  Roy's  experiments,  *  /*  appears  to  be  between 
£  and  \ ;  and  it  must  be  confessed,  that  it  is  very 
difficult  to  assign  its  value  within  nearer  limits. 
The  form  of  the  correction,  however,  if  not  its  ab- 
solute quantity,  may  be  found  from  what  is  here  de- 
termined. The  last  of  these  must  be  ascertained  by 
future  experiments. 

9.  These  inequalities  belong  to  the  temperature 
of  the  air ;  there  is  another  that  depends  wholly  on 
the  compression.  In  deducing  the  rule  for  the 
measurement  of  heights  by  the  barometer,  it  has 
hitherto  been  supposed,  agreeably  to  the  experi- 
ments of  Mr  Boyle  and  M.  Mariotte,  that  the 
density  of  the  air,  while  its  temperature  remains 
the  same,  is  exactly  as  the  force  that  compresses  it. 
But  the  experiments  referred  to  were  not  accurate 
enough  to  establish  this  law  with  absolute  preci- 
sion ;  and  they  left  room  to  suspect  a  deviation  from 
it,  either  when  the  compressing  force  is  very  great 
or  very  small.  Accordingly,  from  experiments 
described  in  the  ninth  volume  of  the  Mem.  of 
Berlin,  it  appears  that  the  elasticity  of  air  of  the 
temperature  55°,  or  the  compressing  force,  in- 

•  Tab.  2  and  3,  p.  701,  70S,  Trans.  1777.  Part  II. 
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creases  more  slowly  than  the  density ;  so  that,  if 
the  compressing  force  be  doubled,  the  density  will 
exceed  the  double  by  about  a  tenth  part,  &c.  The 
law  of  this  variation  is  expressed  with  tolerable 
exactness,  by  supposing,  that  if  D  be  the  density 
of  the  air,  and  F  the  force  compressing  it,  then 

D=F1+\  n  being  a  very  small  fraction,  nearly 
.0015. 

10.  It  must  be  acknowledged,  that  new  experi- 
ments are  necessary  to  ascertain  the  law  of  this 
inequality  with  precision.     But  as  the  formula 

D=F1+*  is  very  general,  and  might  be  rendered 
still  more  so,  without  affecting  the  method  of  inte- 
gration that  is  to  be  employed,  the  result  of  that 
integration  may  be  useful  when  our  physical  know- 
ledge becomes  more  accurate.  In  the  meantime, 
it  may  not  be  improper  to  remark,  that  the  precise 
knowledge  of  the  law  which  connects  the  compres- 
sing force  with  the  density  of  elastic  fluids,  is  an 
object  well  deserving  the  attention  of  natural  phi- 
losophers. The  determination  of  that  law  may  go 
far  to  decide  the  question,  whether  the  particles  of 
such  fluids  are  in  contact  or  not  >  that  is,  whether 
the  elasticity  of  each  particle  be  a  force  that  extends 
beyond  the  nearest  particles,  like  the  forces  of  mag- 
netism and  gravitation  ;  or  one  which,  like  that  of  a 
spring,  extends  only  to  the  bodies  which  are  next 
it     It  is  an  inquiry,  therefore,  of  no  less  import- 
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ance  in  general  physics  than  in  that  particular  sub- 
ject which  we  have  here  undertaken  to  examine. 

1 1.  There  is  one  other  correction  to  be  applied 
to  the  height  of  a  mountain,  as  it  is  usually  found 
from  observations  of  the  barometer.  This  arises 
from  the  diminution  of  gravity,  whether  we  ascend 
or  descend  from  the  surface  of  the  earth.  The  ef- 
fect of  that  diminution  is  to  produce  a  twofold  error} 
because,  on  the  supposition  of  uniform  gravity,  the 
weight  of  each  particle  of  air  is  computed  too  great, 
and  the  weight  of  the  column  of  mercury  in  the 
barometer,  that  is  not  on  the  surface,  is  also  reckon* 
ed  too  great.  The  effect  of  both  these  errors  is  of 
the  same  kind,  tending  to  make  the  height  less  than 
it  is  in  reality ;  yet  it  is  only  the  first  of  them,  and 
that  too  the  least  considerable,  which  has  hitherto 
been  taken  into  account. 

12.  It  were  to  be  wished,  that,  to  the  causes  here 
enumerated,  and  that  are  to  be  introduced  into  the 
computation,  we  could  add  the  operation  of  mois- 
ture, in  altering  the  weight  and  elasticity  of  the 
air.  But  the  law  of  that  operation  has  not  yet  been 
discovered j  and  it  will  be  sufficient  to  point  out,  in 
the  conclusion  of  this  paper,  a  method  by  which  it 
may  be  determined  from  observations  of  the  baro- 
meter itself. 

Before  proceeding  to  the  investigation  of  the 
effect  which  all  these  inequalities  together  must 
produce,  it  is  proper  to  remark,  that  the  two  ine- 
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qualities  in  the  expansion  of  air,  taken  notice  of, 
(5  5  and  7>)  after  having  been  discovered  by  Ge- 
neral Roy,  were  applied  by  him  to  correct  the 
height  of  mountains,  measured  by  the  barometer ; 
but  that  it  is  by  no  means  certain  that  he  has  given 
to  those  corrections  the  precise  form  which  they 
ought  to  have.  This,  indeed,  cannot  be  known, 
unless  the  effect  of  each  inequality,  on  a  single 
stratum,  be  first  introduced  into  the  differential 
equation  between  the  density  of  the  air  and  the 
height  above  the  surface,  and  the  amount  of  its 
effect  on  a  whole  column  of  air  be  deduced  from 
thence  by  integration. 

18.  Let  jf,  then,  be  the  density  of  the  air,  at  any 
height  x  above  the  surface  of  the  earth,  the  heat  at  the 
surface  being  =H,  expressed  in  degrees  of  Fahren- 
heit's thermmeter.  If  also  x  be  such  a  number, 
that  \x  gives  the  degrees  by  which  the  thermome- 
ter stands  lower  at  the  height  x  than  at  the  sur- 
face, (§  4,)  the  temperature  at  the  height  x  will  be 
=H — \x  \  and,  if  the  expansion  of  a  given  quan- 
tity of  air,  which  occupies  the  space  1,  and  is  of 
the  temperature  82°,  for  1°  of  heat,  be  called  mf 
then,  abstracting  at  present  from  that  inequality  of 
expansion  which  depends  on  pressure,  we  have  the 
space  occupied  by  that  same  quantity  of  air,  when 
it  is  of  the  temperature  H — >j?9  equal  to 
(l_fl,)32-H+x*:    Or,  making  32— H=r,  we  have 

the  required  space  =(1— fn)r+Kr. 
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Now,  if  the  given  quantity  of  air,  of  which  the 
bulk  has  been  supposed  =1,  and  the  temperature 
=32\  be  compressed  by  a  column  of  air  of  the  same 
density  and  temperature  with  itself,  but  of  the 
height  p9  and  if  its  density,  in  this  case,  be  also 
called  1 ;  then,  in  the  case  of  its  having  any  other 
temperature,  as  H — xx,  and  being  compressed  by 

any  other  force,  as  —fyx>  or  the  weight  of  the  su- 
perincumbent air  at  the  height  x9  we  have 

1  :y :  :P :   "      *\*  *  and  likewise  y= — t~fo*      . 

No  account  is  here  taken  of  the  diminution  of 
gravity,  any  more  than  of  the  departure  of  the  law 
of  the  elasticity  of  air  from  direct  proportionality  to 
the  density,  (§8,)  because  it  is  convenient  to  con- 
sider the  problem  at  first  under  the  more  simple 
view,  where  only  the  two  first  inequalities  are  in- 
troduced. 

13.  Since  y=  ,,  ~ •?!?+»,  we  have 

p(l — «rT 

py(l— tH)r+Kt=^-fyit  and 
«0—  t»Y+KX+p>.if(\0i.  1— m)  (1— »)*+wri=- yx, 

Or,  G?+/7Xbg.(I—  ro)or  — 


(!_»«)* +*■** 


Hence  making  log.(l— wi)=g9  £L=— j?xgx— 

m 

— ,  andj>!og#+/>log.C=—  r*g*+ 


(l_m) 

1  m 

Xg(l_  m) 
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If  D  denote  the  density  of  the  air  at  the  sur- 
face of  the  earth,  D  will  be  the  value  of  y>  when 


^=0,  and  so  «(log.D+log.C)= - .    Therefore 

p1og.C= — /?)og.D;  and  so  by  substituting 

for  p  log.C,  p(log.y  —  log.D)+  — —  =  —  p\gx  + 

i  or  changing  the  signs,  p(log. 


t  +  ajt 


This  equation  exhibits,  in  general,  the  relation 
between  the  density  of  any  stratum  of  air,  and  the 
height  of  that  stratum  above  the  surface  of  the 
earth,  on  the  suppositions  that  the  heat  of  the  at- 
mosphere decreases  uniformly  as  we  ascend,  and 
that  the  contraction  produced  in  air  by  cold,  ob- 
serves the  law  described  in  §  5.  It  might  be  con* 
sidered  as  an  equation  to  a  curve,  of  which  the  ab- 
scissas represented  the  height  of  the  different  stra- 
ta of  the  atmosphere,  and  the  brdinates,  the  den- 
sities of  those  strata :  this  curve  would  evidently  be 
different  from  the  logarithmic,  but  would  be  found 
to  have  certain  relations  to  it  not  uninteresting,  and 
not  difficult  to  trace,  if  we  had  leisure  for  such  a 
digression. 

14.  Let  us  now  suppose  that  z  is  the  whole 
height  to  be  measured,  and  that  a  is  the  density  at 
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that  height,  the  temperature  there  being  also  found 
=A,  by  observation.  If  then  s  become  =*,  and 
y=&t  we  will  also  have  x*=H — A,  and  *+x*= 
32— H+H— A=32— h=r— A,  making  r=S2.  Al- 


so  x= .  Therefore,  by  substituting  these  va- 
lues of  y>  x>  x,  and  r+x*,  in  the  preceding  equa- 
tion, we  have.  »(log.D— log.  a) - = 

Pg(H—h) —J.     Hence,  by  transpo- 

g(H-A)(i-*i)r-* 

sition,  &c.  gp(H— A)(log.D— log. A— (H— *)g)= 

•((l-*)1^— (i-«)fc-r) ;  and 

j^gp(H~A)(log.D— log.A— (H-4)ri, 


Thus  the  height  of  any  column  of  air  is  express- 
ed in  terms  of  the  density,  and  of  the  temperature 
at  the  top  and  bottom  of  it ;  the  equation  for  the 
height,  though  an  exponential  one  in  its  general 
form,  admitting  of  an  easy  resolution,  from  the  cir- 
cumstance of  xz  being  given  by  the  observations  of 
the  thermometer. 

15.  That  this  formula  may  be  applied  to  the 
measurement  of  heights,  it  is  necessary  to  introduce 
into  it  the  lengths  of  the  columns  of  mercury  in  the 
barometer,  instead  of  the  densities  of  the  air,  at  the 
lower  and  upper  stations.  Let  b  be  the  height  at 
which  the  mercury  stands  in  the  lower  barometer, 

8  » 
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and  £  that  at  which  it  stands  in  the  higher  baro- 
meter j  then,  since  b  is  the  compressing  force  at 
the  surface  of  the  earth,  we  have 

D=t tzh  ;  and',  for  a  like  reason,  a= 

(1— m) 

£— r.     Therefore,  log.  D  =  log.4— (r—  H)#, 

and  — log.  *=>— log./3+ (r—h)g.  Hence  log.  D— 
log. a=  log. 6 — log./3+(H — h)gf  and  substituting 
for  log.D— log.A  in  the  formula  of  the  last  section, 

s__  2P(H-h)  (log.&-log.g)_ 
(1— m)*-*—  (1 — m)A— *" 

16.  This  is  the  exact  value  of  z9  or  of  the  whole 
height  to  be  measured,  on  the  supposition  that  the 
heat  of  the  atmosphere  decreases  uniformly  as  the 
height  increases;  and  that  the  contraction  for  a 
given  difference  of  heat  decreases  according  to  the 
law  described  in  §  5.  But,  in  order  that  it  may 
be  more  convenient  for  computation,  and  may  be 
more  easily  compared  with  the  formula  now  in  use, 

the  quantity  H_/     -^  must  be  reduced 

^l — m)        — (l — m) 

into  a  series.    Now u—r r—  = 

(l_m)H— r_(i_„,/-' 

, J~m r*     But  from  the  nature  of  loira- 

(i-**)»_(r_m)*  * 

rithms,  (g  being,  as  before,  the  logarithm  of  1— m) 
(i^)H=i+Hg+2£+^f+kc.    And 

VOL.  III.  D 
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_(i_m)*=_i_^_*y_*5s!_&c.  Therefore 


(l_m) 


i+'S+^+g^+fcc. 


Hence  x=p[\og-b— log.fi) 


17*  These  series  will  not  converge  fast,  unless 
rgy  Hg,  and  hgt  be  all  of  them  quantities  much 
less  than  unity.  Now,  as  m,  or  the  expansion  of 
air  of  the  temperature  r,  for  1°  of  heat,  is,  in  fact, 
very  small,  being  nearly  =.00245,  and  as  g,  or  the 
logarithm  of  1-w,  must,  of  consequence,  be  nearly 
= — m=— .00245,  it  is  plain,  that,  in  all  moderate 
temperatures,  these  series  will  converge  with  great 
rapidity;  though,  in  extreme  cases,  where  z  is 
supposed  vastly  great,  and  where  h  may  be  nega- 
tive, and  also  great,  the  series  in  the  denominator 
may  converge  so  slowly  that  recourse  must  be  had 
to  the  formula  in  §  15,  from  which  no  quantities 
are  rejected. 

When  ni,  and,  of  consequence,  g,  are  very  small, 
and  when  H  and  h  do  not  differ  much  from  r,  the 
preceding  formula,  agreeably  to  a  remark  in  §  6, 

n 
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will  comprehend  the  case  of  uniform  expansion, 
and  will  give  the  same  expression  for  the  height, 
that  would  be  derived  from  considering  only  the 
equable  decrease  of  heat  as  we  ascend  in  the  at- 
mosphere. Now,  as  in  the  case  supposed,  we  may 
reject  all  the  powers  of  g  but  the  first,  and  may  al- 
so suppose  g= — m,  we  have 


r=y(log.4— log-3)/^  — H  ™   Y 


or 


z=p{  1  +  (H^— r)m)(log.6— log.0). 

18.  This  last  is  precisely  the  formula  of  M.  De- 
luc,  if  we  give  to  p9  r,  and  m,  the  proper  values.* 
It  was  discovered  by  that  ingenious  and  indefati- 
gable observer,  without  any  inquiry  into  the  pro- 
pagation of  heat  through  the  atmosphere,  the  prin- 
ciple on  which  it  depends ;  and,  that  so  near  an  ap- 
proximation to  the  truth  should  have  been  thus  ob- 
tained, is  to  be  considered  as  a  singular  instance  of 
sagacity  or  of  good  fortune.     For  if  the  heat  of  the 


•  Jf  we  take  M.  Deluc's  rule,  as  improved  by  the  later 
observations  of  General  Roy  and  Sir  George  Shuckburgh, 
jd=z4342.9448=  the  modulus  of  the  tabular  logarithms  mul- 
tiplied by  10000:  r=32°  and  m=. 00245  nearly.  It  is  un- 
necessary to  remark,  that  the  logarithms  understood  in  all 
these  formulas  are  hyperbolic  logarithms,  and  that  the  mul- 
tiplication of  them  by  p  is  saved,  by  using  the  tabular  loga- 
rithms, and  making  the  first  four  places  of  them,  excluding 
the  index,  integers. 
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air  diminished,  not  in  the  simple  ratio  of  the  in- 
crease of  the  height,  but  in  that  of  any  power  of  it, 

so  as  to  be  expressed  by  H— >jp\  then,  by  comput- 
ing as  has  been  done  above,  we  should  find  z= 

rtl+m(—jr[ — r))Ios—  Here  the  temperature 
from  which  r,  or  the  fixed  temperature,  is  to  be 
subtracted,  is  not  -£-,  but  —77-;  and  this  is  a 

2  n+l    ' 

formula  which  conjecture  or  experiment  alone 
would  scarcely  have  discovered. 

It  is  farther  to  be  remarked  of  the  formula  z= 

p(i+m(--£L--rj)\og.9  that  it  is  rigorously  just,  if 

H-4-A 

we  suppose  the  temperature  — ~  to  be  uniformly 

diffused  through  the  column  of  air,  of  which  the 
height  is  to  be  measured,  as  is  done  by  Dr  Horsley 
in  his  theory  of  M.  Deluc's  rules ;  *  but  that,  on 
a  supposition,  more  conformable  to  nature,  of  the 
heat  diminishing  in  the  same  proportion  as  the 
height  increases,  it  is  only  an  approximation  to  the 
truth,  or  the  first  term  of  a  series,  whereof  the 
other  terms  are  rejected  as  inconsiderable. 

19*  The  amount  of  the  terms,  which  are  thus 
rejected,  comes  now  to  be  considered ;  and  it  will 
be  ascertained  with  sufficient  accuracy,  if  we  com- 
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pute  the  second  term  of  the  series,  or  that  which 
involves  in  it  m*.     Now, 


m* 


andg=log.(l — m)=—m+-g —  &c. 
so  that  #*=  m*—  8k. 

Therefore,  by  substitution, jpr^ — Ri    ^h      = 

■  1  ''*   • 

12  / 

This  is  the  coefficient  of  p  log.p  which  gives  z9 

corrected  both  for  the  temperature  of  the  air  and 
the  first  inequality  of  expansion,  (§  5.)     The  term 

(— 2 rjm9  is  M.  Debit's   correction,  as   has 

been  already  observed,  the  third  term,  viz. 

(5 — + i + ^ >*,  contains 

not  only  a  part  which  depends  on  the  equable  de- 
crease of  heat  as  we  ascend  in  the  atmosphere,  but 
also  one  which  arises  from  the  above  mentioned  in- 
equality of  expansion. 
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20.  The  term  involving  wi%  that  has  now  been 
computed,  will  rarely  amount  to  any  thing  con- 
siderable. The  coefficient  of  it  vanishes  when  both 
H  and  h  are  equal  to  r,  but  increases  as  these  two 
quantities  recede  from  r  on  either  side.  In  no  in- 
stance where  the  barometer  is  to  be  applied  to  ac- 
tual measurement,  will  the  correction  probably  be 
found  greater  than  in  determining  the  height  of 
Cora^on  above  the  level  of  the  South  Sea,  where 
H,  or  the  height  of  the  thermometer  at  that  level, 
was  84  j°,  and  A,  or  the  height  of  the  thermometer 
at  the  top  of  the  mountain,  43£°  ;  the  coefficient 
of  m*  comes  out,  in  this  case  +496,  and  m*  being 
=.000006=  (.00245)%  the  correction  =.00259,  or 

nearly  —  of  the  height  of  the  mountain,  as  found 

before  any  correction  was  applied,  or  =40  feet 
nearly.  It  is  to  be  remarked,  too,  that,  for  every 
value  of  H,  or  of  the  temperature  at  the  lower  sta- 
tion, there  are  two  values  of  k,  or  the  temperature 
at  the  upper  station,  that  make  the  coefficient, 

^H±*+±=»=i)+S±*H*±*;  and>  of  con. 

sequence,  the  correction  depending  on  it  equal  to 
nothing.  This  is  evident  from  the  nature  of  the 
coefficient ;  but,  as  the  law  by  which  this  last  in- 
creases and  decreases  is  by  no  means  simple,  it  were 
convenient  to  have  it  reduced  into  a  table,  for  the 
different  values  that  might  be  assigned  to  H  and  A, 
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from  which  it  would  be  immediately  obvious  in  what 
cases  it  was  to  be  taken  into  account,  and  when  it 
might  safely  be  omitted. 

But  though  this  correction  may  sometimes  be  of 
consequence  enough  to  be  included  in  the  measure- 
ment of  heights,  it  is  certain  that  it  may  be  safely 
neglected  in  the  computation  of  the  other  correc- 
tions. For  the  error  thereby  committed  in  the  esti- 
mation of  a  new  correction,  will  be  nearly  the  same 
part  of  the  former  correction,  that  the  new  one  is 
of  the  whole  height.  If,  for  instance,  the  new  cor- 
rection be  t^  of  the  whole  height,  the  error  com- 
mitted in  estimating  it  will  be  but  £55  of  the  for- 
mer correction ;  and,  if  that  did  not  exceed  jj^> 

the  error  in  question  will  not  exceed  45555  of  the 
whole  height. 

21.  In  computing  the  effect  of  the  second  ine- 
quality of  expansion,  described  §  8,  we  may, 
therefore,  abstract  from  the  last  inequality,  and  may 
even  suppose,  with  M.  Deluc,  that  the  tempera- 
ture, which  is  a  mean  between  those  of  the  extre- 
mities of  a  column  of  air,  is  uniformly  diffused 
through  that  column.    Let  the  excess  of  that  mean, 

above  the  temperature  r,  or  -^ — r=fi  and  let  ft 

the  height  of  the  mercury  in  the  uppermost  baro- 
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motor,  be  considered  as  variable.  Then  taking  the 
formula  of  §  8,  and  supposing  m  to  be  the  expan- 
sion for  1°  of  heat*  when  the  mercury  in  the  baro- 
meter is  of  a  given  height,  which  we  shall  here 
mU  7»*  (to  avoid  the  confusion  that  would  arise 
from  naming  it,  as  in  the  art.  above  referred  to,) 
and  retaining  all  the  other  denominations  as  be- 

« 

fore,  we  have  y-     >-&*      .    Hence 

i 

pyf  t^&nL  j=_/^i,  so  that,  taking  the  fluxions, 
^j^+BfeaCJis-^nd,  dividing  by^, 

^-JjU^i-J*/^''* .  To  exterminate  from 
this  equation  y  and  y,  it  is  to  be  remarked,  that 

♦  According  to  the  experiments  of  General  Roy,  above 
quoted,  the  expansion  of  air  for  1°  of  heat,  at  the  tempera- 
ture 32°j  is  .00245  nearly,  that  air  being  compressed  at  the 
same  time  by  the  weight  of  a  column  of  mercury  29.5  inches 
high.  As  we  have  supposed  m,  in  the  preceding  computa- 
tions, to  be  .00245,  we  must  suppose  y=29*5.  The  formula 
•apposed  here  to  give  the  space  occupied  by  the  air,  so  far 

ft* 
as  heat  is  concerned,  viz.  1+- — 3**,  is  changed  from  the  ex- 

7U 
ponential  expression  of  §  8,  in  consequence  of  what  has  been 

just  observed  about  the  effect  of  neglecting  one  inequality  in 
the  computation  of  another. 

8 
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n 

jr=— 7 — j — »  and  that  therefore 

i  _  LwMZi.    Hence,  by  substitution,  i= 


But " 


-»     4     4M-—1   '  /U«— 1  *  -        A»— 1  • 


therefore  x=PL^Jm^    ^\    the  other  terms 

destroying  one  another.     By  integration,   then, 

x=rp(— log./S — ^£-+C).     If  C  be  taken  such  that  x 

t*y 
may  vanish  when  jS=6,  the  height  of  the  mercury 

in  the  lower  barometer,  we  will  have 

MlogTT+    ^ 

22.  That  it  may  appear  wherein  this  formula 

differs  from  the  ordinary  one,  instead  of  bu  and  (£9 
we  must  introduce  log.  6,  and  log.0,  which,  when  b 
and  0  are  not  very  unequal,  may  be  done  without 
difficulty.     For  we  have 

7 


A*  A* 

+ &c    That  is,  L=L=r\og±+ 
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Therefor,  ^=-(.^  -K*i)+^(i^y 

•^•log^xlog.— 9  rejecting  all  the  terms  which  in- 

volve  powers,  of  log.— ,  of  Jog — ,  and  of  ^  higher 
than  the  square.     Hence  also, 

>  vr-lT)  ^f^t+HgLiog*  x  log*  and 

w  P  *  V  P 


p  Qogj+S*  ]°e--jf+^l°g-A  *  ,0«x)  *  or 

*=,Iog.A(l+>+^Jog*). 

23.  This  formula  includes  the  correction  to  be 
made  for  that  inequality  of  the  expansion  of  air  by 
heat  which  depends  on  its  compression,  and  which 
was  described  at  the  7th  and  8th  articles.     The 

first  term  of  the  formula,  viz.  plog.— ,  is  the  differ- 

ence  of  the  tabular  logarithms  of  b  and  fi.    The 

second,  viz.  fmp  log — ,  is   M.  Deluc's  correction, 

and  the  same  that  was  already  investigated,  §  17. 
The  third,  viz.  ^'l<>g--i  xplog.-  is  the  correction 


kk 
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for  the  above  mentioned  inequality  of  expansion. 
It  is  of  a  form  very  convenient  for  computation ; 

for  the  former  correction  being  ==/»plog.— ,  we  need 

only  multiply  it  by  — ^og.4-  to  have  the  third  term 
of  the  formula,  or  the  correction  required.  It 
must  be  remembered,  that  log.-,  signifies  the  hyper- 

bolic  logarithm  of  -£• 

The  exact  amount  of  this  correction  cannot  be 
known,  till  /*  be  defined  by  experiments  on  the  ex- 
pansibility of  air  under  different  degrees  of  com- 
pression ;  those  which  General  Roy  has  made, 
though  excellent,  not  being  perfectly  sufficient  for 

that  purpose.     If  we  suppose  /m=7,  and  if,  as  an  ex- 

it 

ample,  we  take  i=29  inches,  and  0=24,  y  being 

f*R 

=29.5,  then  we  will  find  log.-j-rr— .22  nearly,  which, 

multiplied  into  £,  or  into  -,  is  — L  nearly,  and  this 

multiplied  into  M.  Deluc's  correction,  gives  the 
correction  for  the  compression.     The  former  is, 

therefore,  to  be  diminished  by  — ,  before  it  be  ap- 
plied to  the  difference  of  the  tabular  logarithms,  to 
give  the  true  height  of  the  one  barometer  above  the 
other.  In  other  cases,  the  proportional  part,  to  be 
added  or  subtracted,  will  be  greater  as  /?  becomes 
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less,  or  as  the  height  becomes  greater :  It  will  be 
=0,  when  63=7* ;  affirmative,  when  63  is  greater 
than  7* ;  and  negative  when  it  is  less. 

24.  There  remain  to  be  considered  the  two  cor- 
rections that  depend,  one,  on  the  relation  between 
the  density  of  the  air  and  the  force  compressing  it ; 
the  other,  on  the  diminution  of  gravity  as  we  as- 
cend from  the  surface  of  the  earth.  It  was  ob- 
served, (§  9i)  that,  if  D  denote  the  density  of  the 

air,  and  F  the  compressing  force,  D=F,+\  But 
the  force  compressing  a  stratum  of  the  atmosphere 
at  the  height  t  above  the  surface  of  the  earth,  and 
of  the  density  y,  which,  on  the  supposition  of  uni- 
form gravity,  is  denoted  by  —jyx9  on  that  of  gra- 
vity decreasing  as  the  v  power  of  the  distance  from 

the  centre  of  the  earth,  is  denoted  by  —  /    *  „yx  . 

where  s  is  the  semidiameter  of  the  earth.  This  is 
evident,  because  the  weight  of  each  stratum  of  air 
is  proportional  to  its  density,  multiplied  into  the  ac- 
celerating force  which  draws  the  particles  of  it  to- 
ward the  earth.  Now,  let  q  be  the  length  of  such 
a  column  of  mercury,  that  air,  compressed  by  it, 
would  be  of  the  same  density  with  the  mercury  it- 
self, which  density,  in  all  the  preceding  investiga- 
tions, is  understood  to  be  constant,  and  to  be  =1  ;* 

•  The  mercury  in  the  barometers  is  supposed  to  be  re- 
duced to  a  fixed  temperature,  by  the  application  of  a  come- 
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then,     i  :  y  ■.  :  ?i+« ;  V  *>  («+*V       —    and 

\   J(7+^" )         or  yT+Hj-J (*+*)'         # 

In  which  formula,  all  the  inequalities  that  have 
been  enumerated  are  expressed,  except  that  which 
was   considered    in    the   two  preceding  articles. 

Hence,  multiplying  by  q(r — iw)T+**,  and  taking 
the  fluxions,  there  comes  out, 

1  •  VXlK  1 


____  *'y* 
Dividing  therefore  by  y3 

1     .i 


= —   * x   ;    and  making  #,+"     =r,    and,   conse- 


tion  on  account  of  the  thermometers  attached  to  them,  after 
the  manner  of  M.  Deluc,  or  of  General  Roy ;  the  latter  re- 
duces the  mercury  always  to  the  temperature  of  32*.  When 
the  difference  of  temperature  is  net  very  great  in  the  two 
barometers,  the  correction  of  their  heights  may  be  made  ac- 
cording to  the  very  ingenious  remark  of  the  astronomer 
royal.     Phil.  Trans.  Vol.  LXIV.  Part  I.  p.  164. 
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quently,  rrz?1**    J?=*#  w©  have 

*+xx  «•+** 

TIT      »*S 


,,(!_«)  i^_i^r(i-w)l+»i==-^^--     This  e- 

quation  will  become  integrable  if  it  be  multiplied 
by  (1— m)"**,  for  it  is  then 


t— «xr 


1+B  y(,+,)"(i_mr' 


and  so  t»(i— m) 1+"  +C=— /- - -« 

1       .  a 


Buto=y1+*    =y    ,+",  therefore, 


25.  It  is  necessary  to  introduce  0  into  this  for- 
mula, by  substituting  for  y,  its  value, 

=  Ci**' xr:>  a°d,  therefore,  as 

^"(l-m)*-^' 

y1+"= ,<TW  w«  h»ve 


«»/.     _\  !+• 


,-(,+*r(l-m) 

■Qr  +  X*) 

«!Cf±f^lr^!i2lL(i-*)"T+jrH.C= 
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nt  r         * 

TJ  (*+*)"0— rnfx% 

26.  In  the  cases  which  actually  take  place  in  na- 
ture, v  is  either  equal  to  +2,  or  to  — 1.  It  is  equal 
to  +2,  when  the  barometer  is  raised  above  the  sur- 
face  of  the  earth,  and  to  — I,  when  it  is  depress- 
ed below  it.  When  v=+2,  the  last  equation  be- 
comes 

f*V  I**  (s+x)\l-m)KX 

When  x  is  supposed  very  small  in  comparison  of  s> 

m 

the  fluent  / ^ —  may  be  expressed  by  a 

series,  converging  with  such  rapidity,  that  the  two 
first  terms  will  be  sufficient  for  the  present  purpose* 

Now,  as  (T^=^j^='?(1-t)  nearly> 
1 C - —  becomes  = 

-£-Y     Therefore,  2^±^flz^!+c= 

2-r:(-r  +  r-+ro:)'     To  define  C,  a 

must  be  put  =0,  and  p~b,  so  that 


9 
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?" 


_?\i=mT  +  «/_ ±+    »    V     If  this  value  be 

substituted  for  C,  and  if  all  the  terms  be  divided 
by  (1— wi)T,  we  shall  have 


.** 


«*V»           6"     ?*£V(l_m)T      (i_m)T  +  KX" 
2x  _2 2  \ 


The  approximation  which  has  been  used  here  for 

finding  the  fluent  C ,  was  sufficiently 

J  (*+*)*(  l—m)KX 

exact,  because  no  terms  have  been  rejected  but  such 
as  are  divided  by  a*,  and  which,  of  consequence,  are 
extremely  small  in  respect  of  the  rest. 

27.  We  are  now  to  suppose,  that  x  becomes 
equal  to  *,  or  to  the  whole  height  that  is  to  be 

measured  ;  then  also,  r+>jr=r — h,  x= »  and 

rzzr—H,  as  in  §  14  ;  and  so  by  substitution, 

q  (*+*)         q    = 

nz s  1  _  __        2* 

ya(H— A)(l— m)         v       (1—  m)  6  v  ' 

2s  2* 


i(l  -m) 


r(H^ft)(l_m)         /     *^  M' 
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The  value  of  z  is  to  be  found  from  this  equa- 
tion ;  and  as  the  first  step  in  the  approximation, 
we  may  suppose  s  so  great  in  respect  of  z9  that  s+ 
s=s,  nearly ;  and,  also,  that  all  the  terms  divided 
by  s  vanish j  which,  in  fact,  is  the  same  thing  with 
supposing  the  force  of  gravity  to  be  uniform.  We 
have,  then, 

n       a 
<7        <7  nz        /  H — r      0  *— r\ 

y^a^A1^  "(l"w,)  )'or' 

1   1+*  1       , 

=f      *(H^)/±_i-\ 


H— r 
(1 — w)         — (l— *») 


28.  This  is  the  exact  value  of  z>  on  the  suppo- 
sition that  gravity  is  uniform,  and  that  the  elasti- 
city of  the  air  is  not  simply  as  its  density,  but  as 

the  power  of  it  denoted  by  pi—.  But  if  we  con- 
tent ourselves  with  an  approximation,  which  the 
smallness  of  n  renders  easy,  the  logarithms  of  b 
and  j3  may  be  introduced,  and  the  formula  will  be- 
come similar  to  that  which  was  formerly  investi- 

gated.    For— ,  or*     =l — *log./s  +-^r(ioS.b)2 — 

VOL.  III.  E 
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-^  QogJ>)5+  &c.    When  n  is  very  small,  as  in  the 

present  case,  this  series  converges  with  extreme  ra- 
pidity ;  and  the  terms  involving  ns,  &c.  may  safely 
be  rejected.    Therefore, 

,1— L=  ]  —n\og.fi + ^(log^)«— 1 + n  \og.b—£logJ,)'=: 

fib  *  * 

n(log.l^\og.p)—*((\og.b)*—Qog£)*\  »  Hence, 

ql+"g(H-h)  (log.A_log.^(log^)^(log;/3)») 

*= = R3 S3 ' 

(1— m)        —  (1— in) 

29.  When  n  vanishes  altogether,  the  value  of  z, 
assigned  by  this  formula,  coincides,  as  it  ought  to 
do,  with  that  which  was  investigated,  on  the  sup* 
position  of  the  density  being  precisely  as  the  com- 
pression ;  for  by  applying  the  reduction  of  art.  17, 

we  have,  z=gfi+m(— £-—  r)Jlog.g.    But  when  n, 

though  very  small,  does  not  vanish  altogether,  by 
the  same  reduction, 

1+n 

If,  therefore,  we  suppose  q  to  be  equal  to  p,  or 
to  4343  fathoms,  which  must  be  nearly  true ;  and, 
if  we  call  A  the  height,  or  the  value  of  *,  com- 
puted from  the  formula  s=pf  i-fm(— i — r))'°^t 
the  correction  to  be  applied  on  account  of  n>  will  be 

— -Alogflft 
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80.  It  is  not,  however  now  a  matter  of  indif- 
ference in  what  measure  the  lengths  of  the  columns 
of  mercury  in  the  barometers  are  expressed,  as  it 
was,  when  only  the  ratios  of  these  columns  entered 
into  the  computation.  They  must  be  expressed  in 
terms  of  the  same  measure,  wherein  the  height  of. 
.the  mountain  is  required,  and  wherein  q  has  been 
already  determined.  For,  if  we  take  the  exact  ex- 
pression  for  the  height,  vi*. 


,  or  that  to  which  it  may 


be  reduced,  z=q(i+m{^-r))(£— £-\  it  is 

n         « 

evident,  that  - — £-  can  have  no  definite  significa- 
nt   nbn  ° 

tion,  unless  b9  £f  and  q  be  all  expressed  in  terms 
of  the  same  measure.  As  the  conveniency  of  com- 
putation requires  that  p  or  q  + "  should  be  express- 
*  ed  in  fathoms,  so  b  and  $  must  also  be  expressed  in 
parts  of  a  fathom.     The  same  is  true  of  the  loga- 

At 

rithmic  expression,  -  log.£/3,  to  which  the  preceding 

At 

one  is  reduced.     Thus,  if  6=30  inches,  and  0=20 
inches,  we  must  make  b=  y^,  and  /3= jg>  so  that  bfi 

=  TjTrgTTja  half  the  hyperbolic  logarithm  of  which, 
or  that  of  gjg.  .is«—  1,0782,  and  this  multiplied 
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into  —it,  supposing  n=.Q0l59  gives  +.0016  to  be 
multiplied  into  A,  or  the  height  as  already  approxi- 
mated.   The  correction  here  is,  therefore,  about 

r|j  of  A.  In  other  cases,  it  will  exceed  this  pro- 
portion as  bfi  diminishes,  but  (because  b$  will  rare- 
ly  be  greater  than  —J,  its  minimum  will  be  about 

-L .  In  the  measurement  of  great  heights,  there- 
fore, this  equation  may  deserve 'to  be  considered. 

31.  We  come  now  to  find  the  correction  which 
must  be  made  on  the  ordinary  rule,  on  account  of 
the  diminution  of  gravity  as  we  ascend  from  the 
surface  of  the  earth.     By  §  27,  we  have, 


?  _ 


m 


fi  6"       S(H-A) 


((1-.)H^- 


<>— r'-?^1— )""'+  ?<«> 


"^Tu^TxC1— m)      )}  ^d  ®nce  we  fa^ow  already, 

i,-VH-^(i_i) 

that  *sr b £ — r— -  nearly,  if  we  substi- 

0-"0      -0-™) 
tute  this  value  of  *,  or  rather  that  which  was  be- 
fore derived  from  it,  viz.  z=q(l+m(— r)j 

(a         n  ^ 
1 — jLY  in  all  the  terms  of  this  equation,  into 
nfi*     tibnS 

which  s  enters  as  a  divisor,  we  shall  have  a  new  and 
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more  accurate  value  of  z,  and,  by  a  like  process 
might  from  thence  obtain  one  still  more  accurate, 
if  it  were  necessary. 

Now,  if  this  be  done,  and  if  the  correction  de- 
pending on  n  be  supposed  sufficiently  determined 
by  the  computations  of  the  two  preceding  articles, 
so  that  it  may  now  be  neglected  altogether ;  and  if 
m  also  be  so  small,  that  all  the  powers  of  it,  higher 
than  the  first,  may  be  neglected,  we  obtain, 

I=,(,+^_r))1og.?+^(,+„(!»-,))' 

^(•+»<¥-*>)K)' 

32.  The  first  term  of  the  preceding  equation  is 
the  height  corrected  by  M.  Deluc's  method j  the 

second  term,  viz.  ~f*(1+m(~2 O)  lofro»  is  the 

correction  for  the  diminution  of  the  weight  of  the 
quicksilver  in  the  uppermost  barometer ;  and  the 

third  term,  or  J^(1+w(-^L~r))  (log ^j\  is  the 

correction  for  the  gradual  diminution  of  the  weight 
of  the  air  in  the  different  strata  between  the  lower 
and  the  upper  station.  The  last  of  these  two  cor- 
rections, which,  in  all  ordinary  cases,  is  also  the 
least,  is  the  only  one  of  them  to  which,  it  wouhi 
seem,  that  any  attention  has  hitherto  been  paid. 
The  other,  or  the  effect  of  the  diminution  of  the 
gravity  of  the  quicksilver,  was  included  in  this  in- 
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vestigation,  when,  at  §  25,  we  substituted  for  y  its 


M«4*/' 


i+» 


value,     ,2      * -r—  •     It  is  found  by  making  as 

stop(i+m(— ±-— r)Y  so  twice  the  height,  com- 
puted by  the  ordinary  method,  to  a  fourth  propor- 
tional, which  is  to  be  added  to  that  height. 

The  correction  for  the  diminished  gravity  of  the 
air  is  a  third  proportional  to  the  semi-diameter  of 
the  earth,  and  the  height,  as  computed  by  the  or- 
dinary rule.  For  different  mountains,  therefore, 
this  correction  is  in  the  duplicate  ratio  of  their 
heights. 

These  corrections  are  both  additive,  and  for  such 
a  mountain  as  Cora$on  may  be  equql,  the  first  to  42^ 
and  the  second  to  1 2  feet. 

S3.  In  the  measurement  of  depths  below  the  sur- 
face of  the  earth,  j3  is  greater  than  6,  and  r=— I, 
so  that  the  compressing  force,  at  any  depth  x9  b$- 

low  the  surface,  is  =  (/  —  9*  )      ,  where  thei 

fluent  is  affirmative,  not  negative,  as  in  all  the  pre- 
ceding instances,  because  the  air  which,  by  its  weight, 
compresses  the  stratum  at  the  depth  x,  is  on  the  same 
side  of  that  stratum  with  f>  whereas  it  was  before 
on  the  opposite  side. 

+  C/W 


,  therefore,  y= 


rti-"> 


T  +  JUT 
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we  have,  by  proceeding  as  above, 

In  this  formula,  the  second  term,  viz. 
—  ^-M+m(  * — r)  J  log  ff  is  just  half  the  corre- 
sponding term  in  the  preceding  formula,  (§  31,) 
with  a  contrary  sign,  so  that  the  correction  for  the 
diminution  of  the  gravity  of  the  quicksilver  takes 
away  from  a  depth,  as  it  adds  to  an  elevation.  The 

correction^(i+w-— — r^j(l°s'l)  retains  tbfc 

same  sign  in  both  cases,  but  in  this  is  only  half  of 
what  it  was  in  the  former.  That  these  last  correc- 
tions should  be  each  half  of  the  corresponding  one  in 
the  preceding  case,  might  have  been  concluded  from 
this,  that,  by  any  small  ascent  above  the  surface  of 
the  earth,  the  force  of  gravity  is  twice  as  much  di- 
minished as  by  an  equal  descent  below  it.  The 
reason  of  the  change  of  the  signs  in  the  second 
term  is  also  sufficiently  obvious. 

34.  Though  these  corrections  suppose  that  z  is 
small  in  respect  of  st  yet  they  would  afford  a  suffi- 
cient approximation  to  the  truth,  were  we  to  reason 
concerning  much  greater  depths  under  the  surface 
of  the  earth  than  any  to  which  man  can  penetrate. 
For  example,  on  a  supposition  that  the  atmosphere 
was  continued  downwards  within  the  earth,  its  den- 
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sity  being  always  at  its  comprestion,  and  its  tern, 
perature  every  where  the  same,  (and,  for  the  greater 
ease  of  computation  equal  to  r),  let  it  be  required 
to  find,  at  what  depth  its  density  would  become 
equal  to  that  of  mercury.  To  resolve  this  problem, 
it  must  be  remembered,  that  the  density  of  mer- 
cury, throughout  all  this  computation,  has  been 
supposed  = 1,  and  p  equal  to  the  height  of  a  column 
of  mercury,  which,  gravitating  every  where  with 
the  same  force  as  at  the  surface,  would,  by  its  pres- 
sure, give  to  air  the  density  1.  If  a  barometer, 
therefore,  were  carried  down  to  the  depth  at  which 
air  was  as  dense  as  mercury,  the  mercury  in  it  would 
rise  to  the  height  p,  or  to  4343  fathoms  nearly,  sup- 
posing, at  the  same  time,  that  its  own  gravity  were 
not  diminished.  Now,  on  this  supposition,  (by 
§  S3,)  any  depression  below  the  surface,  as,  *= 

/>Iog.^+J^flog.-J  ,  the  temperature  being  suppos- 
ed =  r,  and  the  term  —  —logM  being  left  out,  as  re- 
lating only  to  the  diminution  of  the  weight  of  the 
quicksilver  in  the  lower  barometer.  If,  then,  6,  or 
the  column  of  mercury  in  the  barometer  at  the  6ur- 

face,  be  30  inches,  or  y^  of  a  fathom,  and  /3^4343, 

we  find  piogJ=  10000  x  tabular  log.l0423= 
40180  fathoms  =45.6  miles  nearly.     The.  second 
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term,  |-( log.? V>  (or  the  square  of  the  former  di- 
vided by  the  diameter  of  the  earth),  =+.25  of  a 
mile,  so  that  2=45.85  miles  nearly.  The  approxi- 
mation might  be  carried  to  much  greater  exact- 
ness  if  it  were  necessary  ;  but  this  is  sufficient  to 
show,  that,  at  a  less  depth  under  the  surface  than 
46  miles,  the  density  of  air  would  become  equal  to 
that  of  quicksilver ;  and  if  this  conclusion  appear  in 
any  degree  paradoxical,  it  need  only  be  considered, 
that,  abstracting  from  any  diminution  of  the  power 
of  gravitation,  the  density  of  air  would  be  nearly 
doubled  by  every  3)  miles  of  descent  below  the  sur- 
face of  the  earth.     > 

85.  If,  again,  we  would  form  any  conclusion  con- 
cerning the  limit  to  which  our  atmosphere  may  ex* 
tend  upwards,  we  must  resume  the  formula, 

and,  if  we  would  abstract  from  the  effect  of  the 
cold  in  the  higher  regions  to  reduce  the  atmosphere 
within  narrower  limits  than  those  to  which  it  would 
otherwise  extend,  we  may  suppose  the  temperature 
r+f  to  be  uniformly  diffused  through  it,  and  so  for 

(1— iw)*"1"^  we  may  substitute  1+ftn.    Putting 

_J  _ 
also  a=q(l+fm)  *+»,  and  making  s+x,  or  the  disk 

l 
tance  from  the  centre,  =t>,  o^x^H^^fs9v^fi/v ; 
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wherefore,  taking  the  fluxions,  dividing  by  y%  and 
integrating, 


a       l+»      ^    t        x  t  1— f 

— -y        +c=(*-i>  * 


n 


To  define  C,  suppose  that  y=T)  when  #=0,  or 


» 


when  1?=$  j  then,  C=-D         +(»— l)*  j  and  so, 


n 

it 


»  ft 

and  making  v=2,  ^D^+'—y   1+,l)=Yi— i). 

36.  Now,  if  n  be  affirmative,  as  has  been  sup- 
posed, this  formula,  because  of  the  negative  expo- 
nent of  y>  gives  s  infinite  when  y=0.  The  atmo- 
sphere, therefore,  on  this  supposition,  admits  of  ne 
limit.  But,  if  we  suppose  n  to  be  negative,  that  is, 
if  we  suppose  the  density  to  be  as  the  power  1 — n 
of  the  compression,  instead  of  1+w,  the  formula  of 
the  last  article  becomes 

f(D^)=.(,-i). 

And  if  we  now  suppose  the  atmosphere  to  termi- 
nate, or  y  to  become  =0,  then 


«d' 


=z*  A—iV  and  the  entire  height  of  the  at? 
mosphere,  or  v= • 


5— D 

ft 
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This  value  oi  v  may  either  be  finite,  infinite,  or 
negative,  according  to  the  different  magnitudes  as- 
signed to  n  and  D.     If  these  be  such;  that  s  is 

n 

equal  to  -D  ""*,  it  is  obvious  that  v  is  infinite ;  but 


if  s  be  greater  than  -D      ,  v  must  be  finite  and 


affirmative.     If  s  be  less  than  -  D     ,  then  v  is  ne- 

n 

gative;  by  which  we  are  to  understand,  that  the 
height  of  the  atmosphere  is,  as  it  were,  more  than 
infinite,  or  that  its  density  is  finite,  even  at  an  infi- 
nite distance.  It  must  be  remarked,  too,,  that, 
f?hen  n  is  very  small,  as  it  must  be  in  the  case  of 


the  earth's  atmosphere,  D  """  being  nearly  =1,  we 
have  v= — -•     As  a=4S43  fathoms,  (on  the  sup- 

n 

position  that  the  temperature  of  the  atmosphere  is 
i92Q,)  and  as  $=3491840,  it  follows,  from  this  for- 
mula, that,  according  as  n  is  greater  than  .00135, 
equal  to  it,  or  less,  the  density  of  the  atmosphere 
will  vanish  at  a  finite,  an  infinite,  or  not*  even  at 
an  infinite  distance. 

87.  But  to  return  to  what  is  the  more  imme- 
diate object  of  this  paper,  it  will  now  be  proper  to 
bring  into  one  view  the  different  corrections  th§t 
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have  been  investigated.  We  must,  therefore,  re- 
collect,  that  the  coefficient  p  is  the  length  of  a  co- 
lumn of  mercury,  which,  pressing  on  air  of  the 
temperature  r,  would  give  to  it  the  density  of  mer- 
cury, (which  is  denoted  by  unity,)  supposing,  at 
the  same  time,  that  the  density  of  air  is  as  the  force 
compressing  it.  Hence  p  is  likewise  the  height  of 
a  homogeneous  column  of  air,  of  any  density  what- 
ever, which,  by  its  pressure,  would  make  air  of  the 
same  density  with  itself;  or  it  is  the  height  to 
which  the  atmosphere  would  extend  above  the  sur- 
face of  the  earth,  if  it  were  reduced  to  the  same 
density  throughout,  which  it  has  at  the  surface  of 
the  earth,  when  it  is  of  the  temperature  r.  It  has 
been  found  by  experiment,  that,  when  r=S£°,  p 
is  nearly  equal  to  4342*9448  fathoms,  which  num- 
ber is  the  modulus  of  the  tabular  logarithms  mul- 
tiplied by  10000*  This  determination,  however, 
is  only  to  be  considered  as  approaching  to  the  truth, 
if  we  are  to  have  regard  to  the  following  correc- 
tions. Instead  of  p9  in  some  of  these  investiga- 
tions, we  have  used  q  to  denote  the  height  of  a  co- 
lumn of  mercury,  which,  supposing  the  condensa- 
tion of  air  to  be  as  the  power  1  +n  of  the  compres- 
sing force,  would,  by  its  pressure,  give  to  air  the 

l+» 

density  of  mercury,  or  the  density  1 ;  q  can- 
not differ  much  from  p,  but  its  precise  length  is  to 
J>e  determined  only  by  experiment.     In  what  fol- 
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lows,  p  is  put  for  the  numeral  coefficient,  whatever 
it  may  be,  by  which  the  formula  must  be  multiplied 
to  give  the  height  in  fathoms,  or  in  any  known 
measure. 

The  expansion  of  air  for  one  degree  of  heat,  the 
temperature  being  32Q,  and  the  height  of  the  ba- 
rometer 29.5  inches,  is  =m=.00245  nearly,  \l  is 
the  exponent  of  a  power  such  that  29.5  being  de- 

noted  by  y9  —  x w=  the  expansion  for  one  degree 

7 
of  heat,  when  the  mercury  in  the  barometer  stands 

at  £.     The  value  of  p  is  not  certainly  known  j  it 

is  probably  between  1  and  i*   n  is  a  number  such, 

that  the  density  of  air  is  as  the  power  1  +n  of  the 
compressing  force  j  it  is  supposed  =.0015. 

Hie  heights  of  the  mercury  in  the  barometers, 
at  the  lower  and  upper  stations,  are  b  and  fi  ;  H 
and  h  are  the  temperatures,  marked  by  Fahren- 
heit's thermometer  at  those  stations  respectively, 

and  -~L-1— r  is  put  ==/*. 

39.  Then,  the  first  approximation  to  the  height, 

without  any  correction,  is,  z=/>log.g« 

lroo.  The  first  correction,  M.  Deluc's,  (§  17,) 

/\\+h       \  ,     b 

+m\~ — r)'li*T 

%do.  The  correction  for  the  decrease  of  heat  in 
the  superior  strata  of  the  atmosphere,  and  for  the 
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first  inequality  of  expansion,  (§  19,)= 

Sfc'o.  The  correction  for  the  second  inequality  of 
expansion,  or  for  its  variation  by  a  given  change  of 
temperature,  according  to  the  pressure,  (§  22,)= 

+^^*_r)piog|  xiog.  ^or,  if  E  be  put  for 
M.  Deluc's,  or  the  first  equation,  this  last  = 

+  ^E|°g  if*    But  **  *  does  not  aPPSar  to  ^  v^7 
small,  it  will  be  more  accurate  to  compute, 

8&&=£Lf  which  includes  in  it  both  the  first 

and  third  corrections,  (§  21.) 

4fo.  The  correction  on  account  of  the  departure 
of  the  law  of  the  elasticity. of  air,  from  that  of  the 
direct  ratio  of  the  density,  (§  29,) 

=-|p(1+w(^ -r))lo«| x  lo«-**     In  this  eqaa- 

tion,  b  and  £  must  be  expressed  in  the  same  mea- 
sure with  p,  that  is,  in  fathoms. 

5  to.  For  the  diminution  of  the  weight  of  the 
quicksilver  in  the  upper  barometer,  there  is  an 

,.  ,        2»*/       ,H+h       \*     b 
equation  to  be  applied  =+,(  i+m(— ^ r)j  "*£• 

6/o«  On  account  of  the  diminished  gravity  of  the 
air  in  ascending  from  the  surface  of  the  earth,  there 
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is  a  sixth  correction  =+y f  i+*»  ("Y"—  r)J 

When  a  depth  below  the  surface  is  to  be  mea- 
sured, the  fifth  equation  becomes  negative,  and 
loses  the  multiplier  2 ;  the  sixth  remains  affirma- 
tive, but  is  divided  by  2. 

40.  These  equations,  even  exclusive  of  the  first, 
may,  in  the  measurement  of  great  heights,  amount 
to  a  considerable  proportion  of  the  whole.  In  the 
instance  of  Cora^on,  15838  feet  above  the  level  of 
the  sea,  the  greatest  height  to  which  the  barometer 
has  ever  been  carried,  the  first  equation  exceeds 
1100  feet,  and  the  third  appears  not  to  be  less  than 
*—  900.  The  remaining  corrections  are,  indeed, 
less  considerable  ;  but,  being  all  affirmative,  they 
must  not  be  entirely  neglected.  And,  on  the 
whole,  it  is  certain,  that,  though  the  first  equation 
alone  will  give  the  height  sufficiently  exact,  while 
it  does  not  exceed  five  or  six  thousand  feet,  yet,  at 
greater  elevations,  the  corrections  that  have  now 
been  enumerated  must  all  be  taken  into  account 
Ta  facilitate  the  computation  by  means  of  them, 
they  ought  to  be  reduced  into  tables  adjusted  to 
their  proper  arguments,  after  the  values  of/?,  m  and 
r  are  accurately  determined,  by  comparing  the  for- 
mula that  has  been  given  here  with  observations. 
But  this  would  lead  into  disquisitions  far  exceeding 
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the  bounds  of  the  present  inquiry,  the  object  of 
which  is,  to  ascertain  the  form,  rather  than  the 
absolute  quantity  of  these  corrections. 

41.  It  is  evident,  that,  in  the  preceding  investi- 
gation, as  well  as  in  all  the  other  methods  of  mea- 
iniring  heights  by  the  barometer,  it  is  supposed, 
«tther  that  the  one  of  the  barometers  is  vertical  to 
the  other,  or  that  a  perfect  equilibrium  prevails 
through  that  part  of  the  atmosphere  intercepted 
between  them*  The  determination  of  the  constant 
quantity  in  the  foregoing  integrations,  by  supposing 
that  6=3  when  ar=0,  or  that  the  mercury  in  the 
two  barometers  stands  at  the  same  height  in  them, 
when  they  are  at  the  same  distance  from  the  sur- 
face of  the  earth,  obviously  involves  in  it  either  the 
one  or  the  other  of  these  conditions.  But  the  last 
of  them,  the  equilibrium  of  the  atmosphere,  never 
takes  place  ;  and,  therefore,  it  is  necessary,  in  or- 
der that  barometrical  measurements  be  perfectly 
accurate,  that  the  one  barometer  be  immediately 
above  the  other,  or,  at  least,  that  the  horizontal 
distance  between  them  be  very  small.  If  this  be 
not  the  case,  the  unequal  distribution  of  the  heat 
through  the  different  parts  of  the  same  stratum  of 
air  will  render  it  impossible  to  deduce  the  difference 
of  the  heights  of  the  barometers  from  a  comparison 
of  the  columns  of  mercury  contained  in  them. 

For  instance,  let  there  be  three  barometers  ;  the 
first  at  the  surface  of  the  earth,  the  second  raised 
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up  into  the  air  perpendicularly  above  the  Jirst,  and 
the  third  removed  into  a  colder  climate,  but  raised 
up  also  into  the  air,  so  as  to  have  in  it  a  column  of 
mercury  of  the  same  length  with  that  in  the  second* 
These  two  last,  when  compared  together  by  M.  De- 
luc's,  or  by  the  preceding  rules,  will  appear  to  be 
at  the  same  height  above  the  surface,  or  above  the 
first  barometer.  But,  if  each  of  them  be  compared 
with  the  first,  the  second  will  appear  more  elevated 
above  it  than  die  third,  because  of  the  greater  cold 
supposed  to  prevail  in  the  region  where  this  last 
barometer  is  placed.  Here,  therefore,  are  two  dif- 
ferent determinations  of  the  height  of  the  third 
station  above  the  first,  neither  of  which  has  any 
claim  to  be  preferred  to  the  other.  It  is  evident, 
therefore,  that,  in  barometrical  measurements, 
there  is  always  a  degree  of  uncertainty  introduced 
by  the  horizontal  distance  between  the  two  stations, 
and  that,  beside  those  accidental  errors,  which  are 
of  the  less  consequence,  that,  in  a  number  of  ob- 
servations, they  may  nearly  compensate  for  one 
another. 

It  must  be  confessed,  too,  that  we  have  not  at 
present  the  means  of  removing  this  uncertainty, 
nor  even  of  ascertaining  its  limits  with  tolerable  ex- 
actness. These  depend  on  a  problem  which  is  no 
longer  to  be  resolved  by  the  principles  of  statics, 
but  requires  the  motions  of  an  elastic  fluid,  under 
various  degrees  of  compression  and  rarefaction,  to 

VOL.  Ill*  F 
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be  determined.  The  solution,  therefore,  is  ex- 
tremely difficult ;  and  no  result,  sufficiently  simple 
to  be  of  use  in  these  computations,  is  ever  likely  to 
be  obtained  from  it. 

It  would,  however,  be  of  consequence  to  deter- 
mine, by  observation,  the  mean  height  of  the  baro- 
meter at  the  level  of  the  sea  in  the  different  regions 
of  the  earth.  That  mean  height  is  not  every  where 
the  same.  Under  the  line,  it  appears,  from  the 
observations  of  M.  Qouguer,  to  be  29.852  inches, 
reducing  the  mercury  to  the  temperature  of  55°  j 
and  in  Britain,  it  is  30.04,  reducing  the  mercury 
to  the  same  temperature.  The  mean  temperature 
of  the  air,  as  well  as  its  mean  weight  in  different 
climates,  will  also  require  to  be  determined  before 
the  art  of  levelling  extensive  tracts  by  the  barome? 
ter  can  be  brought  to  perfection. 

42.  There  is  another  cause  of  error  which,  had 
the  effects  of  it  been  sufficiently  known,  ought,  no 
doubt,  to  have  entered  into  this  investigation. 
Moisture,  when  chemically  united  to  air,  or  dis- 
solved in  it,  so  as  to  compose  a  part  of  the  same  ho- 
mogeneous and  invisible  fluid,  appears  to  have  a 
powerful  effect  to  increase  the  elasticity  of  the  air, 
and  its  expansion  for  every  additional  degree  of 
heat  which  it  receives*  In  experiments  with  the 
njanometer,  *  it  has  been  observed,  that,  till  the 

*  See  General  Roy's  Experiments,  §  %  Phil.  Trans.  Vol, 
LXVII.  Part  II. 
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moisture  was  dissolved  in  the  air,  it  had  no  sensible 
effect  on  its  elasticity ;  but  that,  as  soon  as  it  began 
to  dissolve,  the  expansion,  for  one  degree  of  heat, 
was  increased,  and  continued  to  be  so,  for  every 
successive  addition  of  heat,  from  thence  to  the  boil- 
ing point,  where  it  became  nine  times  that  of  dry 
air.  From  this,  too,  it  probably  proceeded,  that, 
at  Spitzbergen,  within  ten  degrees  of  the  pole,  a 
place  where  the  circle  of  perpetual  congelation  in 
the  atmosphere,  approaches^  near  to  the  surface  of 
the  earth,  and  where  the  air  may  naturally  be  sup- 
posed to  be  very  dry,  the  usual  rule  for  the  mea- 
surement of  heights  was  found  to  err  greatly  in 
excess,  and  it  appeared,  that  the  density  of  the  air 
was  greater  than  could  have  been  inferred  from  its 
compression  and  its  temperature. 

43.  Though  the  judicious  and  accurate  experi- 
ments of  General  Roy  have  ascertained  this  effect 
of  humidity,  and  have  even  gone  far  to  determine 
the  law  of  its  operation,  yet,  for  want  of  a  measure 
of  the  quantity  of  it,  contained,  at  any  given  time, 
in  the  air,  it  is  impossible  to  make  any  application 
of  this  knowledge  to  the  object  under  our  consider- 
ation. While  I  was  reflecting  on  this  difficulty,  it 
occurred,  that  the  barometer  itself  might  become  a 
measure  of  the  humidity  of  the  air,  and  that  the 
error  committed  in  the  measuring  of  a  known 
height,  if  all  other  circumstances  were  taken  in, 
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would  determine  the  quantity  of  that  humidity. 
For,  if  we  suppose,  that  the  formula 

*=j>A+fw(5L±£ — r))log|  gives  the  true  height 

between  the  stations  at  which  two  barometers  have 
been  observed,  when  the  moisture  dissolved  in  the 
air  is  of  its  medium  quantity,  (which  we  may  call 
unity,)  then,  if  that  moisture  be  either  increased  or 

diminished,  the  expression  pCi+^—--^r)j  l°g.-r 

will  no  longer  be  equal  to  the  true  height,  but 
must  be  multiplied  into  l  ±*  in  order  that  it  may 
be  equal  to  z.  Now,  this  fraction  zfc*  represents 
the  excess  or  defect  of  the  moisture  dissolved  in  the 
air  above  or  below  its  mean  quantity ;  or,  more  ex- 
actly, it  is  proportional  to  the  increase  or  diminution 
of  the  elasticity  of  the  air  arising  from  that  cause. 

When  p(^+m(~^-^r)j\og^  is  less  than  the  true 

height,  the  fraction  *  must  be  affirmative,  and  indi- 
cates an  increase  of  elasticity,  and,  consequently,  of 
moisture  in  the  air.     The  contrary  happens  when 

jj/i+mC-i — r))lo8*a  *s  Brctt®r  t^ian  ^e  true 
height.    To  determine  *,  since  z= 

1 Or  if  the  error,  that  is 

,(1+w(H+*_r))log| 
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— p(i+»»(^— o)  Iog.^=«r,  then 

(1+w(^_r)),og.| 

44.  To  apply  the  barometer,  therefore,  for  the 
purposes  of  hygrometry,  let  there  be  two  barome- 
ters fixed,  the  one  at  the  top,  and  the  other  at  the 
bottom  of  a  high  tower,  or  hill  of  moderate  eleva- 
tion, and  let  them  be  observed  at  the  same  instant, 
together  with  their  corresponding  thermometers. 
If  the  difference  of  their  heights,  computed  from 
thence,  be  equal  precisely  to  the  true  difference, 
then  is  the  moisture  dissolved  in  the  air  no  way 
different  from  its  mean  quantity ;  but  if  the  differ- 
ence of  the  heights  so  computed  be  greater  or  less 
than  the  truth,  then  *,  as  above  determined,  will 
give  the  quantity  by  which  the  actual  moisture  in 
the  air  is  less  or  greater  than  the  mean  quantity. 
The  height  at  which  the  one  barometer  should  be 
placed  above  the  other,  ought  not  to  be  so  small 
that  the  unavoidable  errors  of  observation,  (which 
may  amount  to  five  feet,)  may  be  considerable  in 
respect  of  the  whole ;  nor  so  great  as  to  introduce 
error  from  other  causes.  It  ought  not,  therefore, 
to  be  less  than  100,  nor  much  greater  than  600 
feet. 

45.  In  this  manner,  we  shall  have  a  measure, 
not  indeed  of  the  absolute  quantity  of  humidity 
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dissolved  in  the  air  at  a  given  time,  but  of  the  dif- 
ferences of  the  humidity  dissolved  in  it  at  different 
times.  Our  hygrometer,  therefore,  will  afford  a 
scale  for  the  measuring  of  moisture,  not  unlike  that 
which  the  thermometer  affords  for  the  measuring 
of  heat ;  and  both  deduced  from  the  changes  pro- 
duced on  the  bulk,  or  the  specific  gravity  of  certain 
bodies.  The  beginning,  or  zero,  of  this  scale  may 
also  be  fixed  by  a  certain  and  invariable  rule,  if  we 
assume  m,  in  the  preceding  formula,  (or  the  ex- 
pansion of  air  for  one  degree  of  heat,)  of  a  given 
magnitude,  as,  for  instance,  .00245,  and  conceive 
the  scale  to  begin  when  *-=<),  or  when  the  formula, 
thus  adjusted,  gives  the  true  height. 

The  hygrometer  with  which  we  will  be  thus  fur- 
nished, seems  well  adapted  to  the  purposes  of  astro- 
nomy. For  it  measures  the  humidity  chemically 
united  with  the  air,  and  not  merely  the  disposition 
of  the  air  to  deposit  that  humidity,  which,  though 
much  connected  with  the  changes  of  the  weather, 
has  little  to  do  with  the  astronomical  refraction.  It 
is  true,  that  the  fractions  *  may  not  be  directly  pro- 
portional to  the  differences  of  the  humidity  of  the 
air,  nor  to  the  changes  of  refracting  power,  which 
those  differences  of  humidity  may  produce ;  but 
they  are  probably  connected  with  these  last,  by 
some  fixed  and  invariable  law,  which  future  expe- 
riments may  be  able  to  ascertain.     Nor  can  this 

application  of  the  barometer  fail  of  leading  to  some 

1 
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useful  conclusion  ;  for  if,  on  trial,  it  shall  be  found, 
that  the  operation  of  humidity  in  changing  the  spe- 
cific gravity  of  the  air,  is  overruled  or  concealed  by 
the  action  of  more  powerful  causes,  the  discovery, 
even  of  this  fact,  will  give  a  value  to  the  observa- 
tions. 


FINIS, 
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ASTRONOMY 


OF  THE  BRAHMINS.  • 


1.  Since  the  time  when  astronomy  emerged  from 
the  obscurity  of  ancient  fable,  nothing  is  better 
known  than  its  progress  through  the  different  na- 
tions of  the  earth.  With  the  era  of  Nabonassar, 
regular  observations  began  to  be  made  in  Chaldea ; 
the  earliest  which  have  merited  the  attention  of 
succeeding  ages.  The  curiosity  of  the  Greeks  was, 
soon  after,  directed  to  the  same  object ;  and  that 
ingenious  people  was  the  first  that  endeavoured 
to  explain,  or  connect  by  theory,  the  various  phe- 
nomena of  the  heavens.  This  work  was  supposed 
to  be  so  fully  accomplished  in  the  Syn taxis  of 
Ptolemy,  that  his  system,  without  opposition  or 
improvement,  continued,  for  more  than  five  hun- 
dred years,  to  direct  the  astronomers  of  Egypt, 
Italy,  and  Greece.  After  the  sciences  were  ba- 
nished from  Alexandria,  his  writings  made  their 


*  From  the  Transactions  of  the  Royal  Society  of  Edin- 
burgh, Vol.  II.  (1790.)— Ed. 
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way  into  the  east,  where,  under  the  Caliphs  of 
Bagdat,  astronomy  was  cultivated  with  diligence 
and  success.  The  Persian  princes  followed  the 
example  of  those  of  Bagdat,  borrowing  besides, 
from  Trebizond,  whatever  mathematical  knowledge 
was  still  preserved  among  the  ruins  of  the  Grecian 
empire.  The  conquests  of  Gengis,  and  afterwards 
of  Timour,  though  they  retarded,  did  not  stop  the 
progress  of  astronomy  in  the  east.  The  grandsons 
of  these  two  conquerors  were  equally  renowned  for 
their  love  of  science ;  Hulagu  restored  astronomy 
in  Persia,  and  Ulugh  Beigh,  by  an  effort  still  more 
singular,  established  it  in  Tartary.  In  the  mean 
time,  having  passed  with  the  Arabs  into  Spain,  it 
likewise  found,  in  Alphonso  of  Castile,  both  a  dis- 
ciple and  a  patron.  It  was  carried,  soon  after,  into 
the  north  of  Europe,  where,  after  exercising  the 
genius  of  Copernicus,  of  Kepler,  and  of  Newton, 
it  has  become  the  most  perfect  of  all  the  sciences. 

2.  In  the  progress  which  astronomy  has  thus 
made,  through  almost  all  the  nations,  from  the  Indus 
to  the  Atlantic,  there  is  scarce  a  step  which  cannot 
be  accurately  traced;  and  it  is  never  difficult  to 
determine  what  each  age,  or  nation,  reoeived  from 
another,  or  what  it  added  to  the  general  stock  of 
astronomical  knowledge.  The  various  systems  that 
have  prevailed  in  all  these  countries,  are  visibly 
connected  with  one  another ;  they  are  all  derived 
from  one  original,  and  would  incline  us  to  believe 
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that  the  manner  in  which  men  begin  to  observe  the 
heavens,  and  to  reason  about  them,  is  an  experi- 
ment on  the  human  race,  which  has  been  made  but 
once. 

It  is,  therefore,  matter  of  extreme  curiosity  to 
find,  beyond  the  Indus,  a  system  of  astronomical 
knowledge  that  appears  to  make  no  part  of  the 
great  body  of  science,  which  has  traversed,  and  en- 
lightened the  other  countries  of  the  earth  ;  a  sys- 
tem that  is  in  the  hands  of  men,  who  follow  its 
rules  without  understanding  its  principles*  and  who 
can  give  no  account  of  its  origin,  except  that  it 
lays  claim  to  an  antiquity  far  beyond  the  period  to 
which,  with  us,  the  history  of  the  heroic  ages  is 
supposed  to  extend. 

3.  We  owe  our  first  knowledge  of  this  astrono- 
my to  M.  La  Loubere,  who,  returning,  in  1687, 
from  an  embassy  to  Siam,  brought  with  him  an  ex- 
tract from  a  Siamese  manuscript,  which  contained 
tables,  and  rules,  for  calculating  the  places  of  the 
sun  and  moon.*  The  manner  in  which  these  rules 
were  laid  down,  rendered  the  principles,  on  which 
they  were  founded,  extremely  obscure  ;  and  it  re- 
quired a.  commentator  as  conversant  with  astrono- 
mical calculation  as  the  celebrated  Cassini,  to  ex- 
plain the  meaning  of  this  curious  fragment.  After 
that  period,  two  other  sets  of  astronomical  tables 

*  M6m.  de  l'Acad.  des  Sciences,  Tom.  VIII.  p.  281,  &c 
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were  sent  to  Paris  by  the  missionaries  in  Hindo- 
stan ;  but  they  remained  unnoticed,  till  the  return 
of  M.  Legentil  from  India,  where  he  had  been  to 
observe  the  transit  of  Venus  in  1769*  This  aca- 
demician employed  himself,  during  the  long  stay, 
which  his  zeal  for  science  induced  him  to  make  in 
that  country,  in  acquiring  a  knowledge  of  the  In- 
dian astronomy.  The  Brahmins  thought  they  saw, 
in  the  business  of  an  astronomer,  the  marks  of  a 
Cast,  that  had  some  affinity  to  their  own,  and  be- 
gan to  converse  with  M.  Legentil,  more  familiarly 
than  with  other  strangers.  A  learned  Brahmin  of 
Tirvalore,  having  made  a  visit  to  the  French  astro- 
nomer, instructed  him  in  the  methods,  which  he  used 
for  calculating  eclipses  of  the  sun  and  moon,  and 
communicated  to  him  the  tables  and  rules,  that  are 
published  in  the  Memoirs  of  the  Academy  of 
Sciences,  for  1772*  Since  that  time,  the  ingeni- 
ous and  eloquent  author  of  the  History  of  Astro- 
nomy, has  dedicated  an  entire  volume  to  the  ex- 
planation, and  comparison  of  these  different  tables, 
where  he  has  deduced,  from  them,  many  interest- 
ing conclusions.  *  The  subject  indeed  merited  his 
attention;  for  the  Indian  astronomy  has  all  the 
precision  necessary  for  resolving  the  great  ques- 
tions, with  respect  to  its  own  origin  and  antiquity, 


•  Trait6  de  l'Astronomie  Indienne  et  Orientale,  par  M. 
B*ffly.    P«rfe,  1787. 
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and  is  by  no  means  among  the  number  of  those  im- 
perfect fragments  of  ancient  knowledge,  which  can 
lead  no  farther  than  conjecture,  and  which  an  as- 
tronomer would  gladly  resign  to  the  learned  re- 
searches of  the  antiquary,  or  the  mythologist. 

4.  It  is  from  these  sources,  and  chiefly  from  the 
elaborate  investigations  of  the  last  mentioned  work, 
that  I  have  selected  the  materials  of  the  paper, 
which  I  have  now  the  honour  to  lay  before  this 
Society ;  and  it  is  perhaps  necessary  that  I  should 
make  some  apology  for  presenting  here,  what  can 
have  so  little  claim  to  originality.  The  fact  is, 
that  notwithstanding  the  most  profound  respect, 
for  the  learning  and  abilities  of  the  author  of  the 
Astronomie  Indienne,  I  entered  on  the  study  of 
that  work,  not  without  a  portion  of  the  scepticism, 
which  whatever  is  new  and  extraordinary  in  science 
ought  always  to  excite,  and  set  about  verifying  the 
calculations,  and  examining  the  reasonings  in  it, 
with  the  most  scrupulous  attention.  The  result 
was,  an  entire  conviction  of  the  accuracy  of  the 
one,  and  of  the  solidity  of  the  other ;  and  I  then 
fancied,  that,  in  an  argument  of  such  variety,  I 
might  perhaps  do  a  service  to  others,  by  presenting 
to  them,  that  particular  view  of  it,  which  had  ap- 
peared to  me  the  most  striking.  Such,  therefore, 
is  the  object  of  these  remarks ;  they  are  directed 
to  three  different  points :  The  first  is  to  give  a 
short  account  of  the  Indian  astronomy,  so  far  as  it 
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is  known  to  us,  from  the  four  sets  of  tables  above 
mentioned ;  the  second,'  to  state  the  principal  argu- 
ments, that  can  be  deduced  from  these  tables,  with 
respect  to  their  antiquity ;  and  the  third,  to  form 
some  estimate  of  the  geometrical  skill,  with  which 
this  astronomical  system  is  constructed.  In  the  first, 
I  have  followed  M.  Bailly  closely ;  in  the  second, 
though  I  have  sometimes  taken  a  different  road,  I 
have  always  come  to- the  same  conclusion ;  having 
aimed  at  nothing  so  much,  as  to  reduce  the  reasoning 
into  a  narrow  compass,  and  to  avoid  every  argument 
that  is  not  purely  astronomical,  and  independent  of 
all  hypothesis ;  in  the  third,  I  have  treated  of  a 
question  which  did  not  fall  within  the  plan  of  M. 
Bailly*s  work,  but  have  only  entered  on  it  at  pre- 
sent, leaving  to  some  future  opportunity,  the  other 
discussions  to  which  it  leads. 

5.  The  astronomy  of  India,  as  you  already  per- 
ceive, is  confined  to  one  branfch  of  the  science.  It 
gives  no  theory,  nor  even  any  description  of  the 
celestial  phenomena,  but  satisfies  itself  with  the 
calculation  of  certain  changes  in  the  heavens,  par- 
ticularly of  the  eclipses  of  the  sun  and  moon,  and 
with  the  ruled  and  tables  by  which  these  calcula- 
tions must  be  performed*  Hie  Brahmin,  seating' 
himself  on  the  ground,  and  arranging  his  shells  be- 
fore him,  repeats  the  enigmatical  verses  that  are  to 
guide  his  calculation,  and  from  hit  little  tablets  of 
palm  leaves,  takes  out  the  numbers  that  are  to  be 

19 
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employed,  in  it.  He  obtains  his  result  with  won* 
d&rftd  certainty  and  expedition j  but  haying  little 
knowledge  of  the  principles  on  which  his  rules  an 
fpmi4^  and  no  anxiety,  to  be;  better  informed,!  lie 
is  ptuiectfy  satisfied,  if,  as  it  usually  happens  the 
cgwmkn/tomente  qud  duration  qf  the  eelipto  aasweiv 
withinf  A  few  minkWs*  to  hi*  prediction.  Beyoad 
thU  hi*  4»to»oinical  inquiries  »ev*r  extend  ;  and 
hMiohewvaticiia,  when  he  makes  any^go  no  farther 
thaii  to  determine  the  toeridtan  hAe,  or  the  length 
of  tfe&dayj  Tat  the  place  wheie  hfe  ebperveti*. v.  J . . 

iThtielseotfcihe  wJbriAjtoastronem^pwk 

KPto  to  sus^  are  principally  Uu^.  ;  1.  Tfehles  mk 
imteft  fer  ^cnls^ng  the  places  oflhfetfiui  and  moetre 
2.  ;1Nbtos  and  rules  Jfor  calculating  the  placesjofi 
tbp/j?l«aets ;  3.  Rules  by  which  the  phases  <& 
viliBW  «e  4etemin<&<  /Though,  it  it  chiefly  ti^ 
the  first  of  these  that  ou*  attentjeb  at  ptesent  Jsf io> 
be(  directed*  lihe  two  last  will  *!«>_  Aufnishufe  wfth 

,6,/I^e  Bnhmff)^  JikajttU other  «ttrbnbnH*r%: 

"Wfc  jgtttiQR  ojf.theta*, thro^  which  the  aun*  moon,; 
wd  pj$«#s  ^wtwi^ly icmjuW. :  Ttfef  diyideithi* 
space,  which  we  call  the  zodiac^  into  twentj^Kyen. 
equal  parts,  each  marked .  \>J  a  group  of  sfarfy.  or  ${ 
const^Taiipn.  * '    This  diwwpp.  of  tfce,  zodiac  Ja  *s*h, 

*  M^nu  sur  l'Aspronomie  des  Ittdicna,  par;  M. 
VOL.  III.  g 
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tremeiy  natural '  in  the *  ioftncj/  of  attrohotmc*!  ,*fe 
•imtion;  bectwecthe  moon:  ckiwptete*  her^rde 
among  the  fixed  stars*  nekiiym  twefety*sev0n  d*y*v 
arid  to  makes  aa  actual  division  of  that eufele 4fttd 
trt*nty*Hen  ttpiel  parts*  The  mt*m,  tobri*  «mst 
be  foawmbeted,  *&Ji(  at  that  time,  the  only  instruj 
faeavif  w*rtay  aay  to*  hy  wfckfcth&pdsitiotis  cf 
{he  stafo  ott  eaeh  aide  of  her  {Mtboottld  t**BetiK' 
taiitadt  and  when  hot  own  irwgtilarid*a  wertJ  iwi 
kkipir*,  aHo  wa^ty  thoiaapidity  bf  ter  «rioika»  mmm 
ward,  well-adapted  for  tfiia  ptipoi&  •  It  i#Btoktb> 
the  phases  of  the  iboii^that  fce  art  to  tfsoriM  the 
dewmob  dftisifcn  of  titbeittto  weeks*  «r  partfoafcotf 
seven  days;  which!  efeem*  to  hive  prbva&tf  ataesff 
tfver  the  whole  l**rtlfc~*  Hie  days  of  4he  ***t  are 
dedicated  by  the  BHrtifljws, ;  t*  by  us,  tfrfat'tfeVfe 
pUntits*  andwfcatb;  truly  sitgulftr*  thty  «tfe<*rtto- 
gdd  pfecwely  in  the-  wile  otfdeh  ■' 
:!tfc  With  *hi  coditdlktito^  that  dlsitogui* th* 
twenty-seven  equal  spaces,  intiwhkM'  thtfrMddiAe 
i*  divided,  the  attifentinei*  of  Itidid  hfttfe  ddbheefed 
note  ofihose  figutt*  of  toiflwfc,  wMfefe  ate  famOflg1 
u%of  'so  anefeftt,  ahd  yt**»  bHWtrtiry  dti  origb&lv 
M.  il^gen t H  bab  givetf  us-  their  MUM*  «Hd  <ibifi* 


. .  — .      •  ■ 


*  ■  i 


I&fcdlB  I'AcaA  &  &8tAhi:}7fy,  U,  p.  207-  '  The  phiW 
■■•  Mtm.  JfanL  jta  Sottfc  IT 78,  II*  p»  189- 
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^ration**  They  are  forteed,  for  jtbe  most  p^rt, 
of  smaUigrpuj*  of  stars,  roch  as  the  Pleiads  or  tbe( 
Hjadev  those  belonging  to  the  same  cwstaUatfofl: 
bpirtgrall  connected  by  sMajght  liAea*  The  fivel>  ofc 
them*  W  thftt  ^ich  is  placed  at  the  beginning  *£ 
thrir aodiat,  jcbnnstd  of:  *&  ;ttar^ :  iextending  firottt^ 
ttataaA  of >  Aries  to  the  fwfcfef,  Andromeda,  m, 
oil*  miitfij  and  oceu|^h9g;a  tpfetfif.  about  fcjd  de*i 
g^^JWjlMgiM^;  ThW  coronation*,  aite,  fafr 
*hH*  j#e}u4i^ajl  the^rr*  intthe  ftodi*£  M,  Lor: 
gp^ltgcmwl^  that  those  atar^fftem to&spe  beet* 

sefecte&rfthidljK*  belt  adapted*  Xor; ,  nwHiPg  Onfti 
by  lines  drawn  between  them,  the  plflqe*  of  thft 
HK*on?ia  hw  progress  through, the  heeajew/' 

At  thft/4MMftii»e  that  the  stars  in  the.  zo$te  ai#j 
tbu*  arranged  iqfco  twenty-*>veo  qcaasteUftttens,  thfi 
ecliptic  ja  4i^id0di  as,  with  us,  into  twelve  slgp^;ofi 
thirty  degrees  #*oh*  This  division  ia  poy^y  ide§fcj 
ap4  is  intended  merely  for  the  purpose  (tf  /Cfchwkri 
tfofri  Thtf  Hsnes  and  emblems  by  tvhiclv  tbe$fc 
sigftsftm  tepretagd  'are  nearly  the  same  as  with  us  j  41 
4nd  a*  there  is  nothing  in  the  nature  of  things  to; 
have  det$mijml  this  coincidence,  it  toast,  like  thfc 
arrangewnt  of  the  days  of  the  week,  be  the  result) 
<tf#M*metetot  «nd  unblown  communication-  .  ..■?< 

*  M&nr  Aead*  des.  Sciene*  1772,  II.  p.  209* 
t  Menu  Acad,  des  Sciena  1772,  II.  p.  200.    The  zodiac 
they  call  sodi  mandalam,  or  the  circle  of  stars. 
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8.  That  motion  by  which  the  fixed  start  all  ap. 
pear  to  move  eastward,  and  continually  to  increase 
their  distance  from  the  place  that  the  sun  occupies 
at  the  vernal  equinox,  is  known  to  the  Brahmins, 
and  enters  into  the  composition  of  all  their  tables.  * 
They  compute  this  motion  to  be  at  the  rate  of  54* 
a-year $  so  that  their  annus  magna**  or  die  time  ■ 
in  which  the  fixed  stftrs  complete  an  entire  revolu- 
tion, is  24000  years.  This  motion  is  too  qtaick  fcy  * 
somewhat  less  than  4"  **j&t  \  ah  error  thit  Wfflf 
not  be  thought  great,  when  it  is1  considered,  that 
Ptolemy  committed  one  of  14",  in  determining  the J 
same  quantity. 

Another  tinmmstance,  which  is  Cdramoti  to  all : 
the  tables,  and,  at  the  same  tinie^  peculiar  to  the 
Indian  astronotty,  is,  that  they  express  therlongi-; 
tude  of  the  sun  tod  mooti,  by  their  distance  fitim 
the 'beginning  of  the  moveable  ftdiac,  afid  not,  as 
is  usual- with  us,  <  by  their  distance  from  the  point 
of  the  vernal  equinox.  The  longitude  is  teckoned 
in  signi  of  90°,  as  already  mentioned,  and  efteh  de* 
gree  is  subdivided  into  60',  && '  In  the  division  tiff 
time,  their  arithmetic  is  purely  sexigestttsl :  They 
divide  the  day  into  60  hour*,  the  hour  into  60  ini- 
nutes,  &c. ;  so  that  their  hour  is  $4  of  ourmmutes, 
their  minute  24  of  our  seconds,  and  so  on. 


^*» 


*  Mem.  Acad,  des  Scienc.  1772,  II.  p.  194.  '  Astr.  Indi« 
enne,  p.  43,  &c. 
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-  &  These  remarks  refer  equally  to  all  the  tables. 
We  are  noi*  to  take  notice  of  what  is  peculiar  to 
each,  beginning  with  those  of  Siam. 
.  i  In  order  to  calculate  for  a  given  time,  the  place 
.of  any  of  the  celestial  bodies,  three  things  are  re- 
quisite* ; ;  The  first  is,  the  position  of  the  body  in 
some,  peat  instant  of  time,  ascertained  by  observa- 
tion; and  this  instant,  from  which  every  calcula- 
•taonmnst  set  out,  is  usually  called  the  epoch  of  the 
tables.     The  second  requisite  is,  the  mean  rate  of 
the  planet's  motion,  by  which  is  computed  the  arch 
in  the  heavens,  that  it  must  have  described,  in  the 
interval  between  the  epoch,  and  the  instant  for 
which  the  calculation  is  made*    By  the  addition  of 
this,  to  the  place  at  the  epoch,  we  .find  the  mean 
place  of  the  planet,  or  the  point  it  would  have  oo 
cupied  in  the  heavens, .  had  its  motion  been  subject 
to  no  irregularity.    The  third  is,  the  correction,  on 
account  of  such  irregularity,  which  must  be  added 
to  the  mean  place,  or  subtracted  from  it,  as  circum- 
stances require,  in  order  to  have  the  true  placp. 
The  correction  thus  made  is,  in  the  language  of 
astronomy,  called  an  equation ;  and,  when  it  arises 
from  the  eccentricity  of  a  planet's  orbit,  it  is  called 
the  equation  of  the  centre. 

10.  The  epoch  of  the  tables  of  Siam  does  not  go 
back  to  any  very  remote  period.  Cassini,  by  an 
ingenious  analysis  of  their  rules,  finds  that  it  cor* 
responds  to  the  21st  of  March,  in  the  year  638  of 
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our  era,  at  three  in  the  morning,  en  the  meridian  of 
Siam.*  This  was  the  instant  at  which  the  astro- 
nomical year  began,  and  at  which  both  the  sun  and 
moon  entered  the  moveable  zodiac,  fadwd,  it  is 
to  be  observed,  that,  in  all  the  tables,  the  aftmno- 
mical  year  begins  when  the  sea  enters  the  more- 
able  zodiac,  so  that  the  beginning  of  this  year  is 
continually  advancing  with  respect  to  the  seasons, 
and  makes  the  complete  round  of  them  fen  84000 
years* 

From  the  epoch  above  mentioned,  the  mean  place 
of  the  sun  for  any  other  time  is  deduced,  on  the 
supposition  that  in  800  years,  there  are  contained 
992407  days,  f  This  supposition  involves  in  it  the 
length  of  the  sidereal  year,  or  the  time  that  the 
*ofc  takes  to  return  to  the  beginning  of  the  mew- 
able  zodiac,  and  makes  it  consist  of  $65  d.  6  &  1?, 
96'.  t  From  this,  in  order  to  find  the  tropical  year, 
or  that  which  regulates  the  seasons,  we  tnwt  take 
away  21',  55",  as  the  time  which  the  sub  takes  to 
move  over  the  54*,  that  the  stars  are  mpposed  to 
have  advanced  in  the  year ;  there  will  remain  90S  <L 
6  h.  50',  41",  which  is  the  length  of  the  tropical 
year  that  is  involved,  not  only  in  the  tables  of  Siam, 


*  M6m.  Acad.  Scienc  Tom.  VIII.  p.  312.  Astr.  Indienne, 
p.  11,  $  14. 

f  Astr.  Indienne,  p.  7,  §  fi- 

X  Menu  Acad.  Scienc.  Tom.  VIII.  p.  326. 
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but likww,  wry  »#wJf,  •* .41  rfi« rpaju*: 

domination  of  t&*  jtagtfe  of  the  y»ur  w  hut  J.', 
*iR8\  gmKerrtjim  that  *f  J_4#a^e,  vhk*  in  ajegifae 
#f  ipwirsfff  beyofld  whfttjs  JtQ  bfl  found-in  the  wwfce 

atttitpt  MJbl««fourA4iroP<Wir*:*        , .      •  m-it 
It,  3#*  nent  *hi«g  i»th; tfbiph  *tas«  tables  pjtf- 
seo*  »*  i>  a  oerrectio*  of  tb#  luo'tt  mm  {top, 

vfejtih  Apip»sposd»  to  what  we  ontt.fibe  eqMa*toa:fcf 
hit  xsntAfc  er  the  inequality  atibjng  4w>m  the  a*, 
eentricity  of  bi*  orbit,  i»  wnae^cflce  tf  which,  be 
is  Ornately  r#taded  s*d  ftwetowted,  Ws.  tote 
pl**bfti«g»  fer  «ae  Wf  of  (fee  year,  leftbehjjifl 
titemeiti,  and,  %  the  Other,  advanced  beibjiei*. 
Xhe  powt  whej»  the  gun  is  placed*  when  htf  roo- 
tvop  ip  sfotesk  w#  «dl  bis  apogee,  becaiise  bis  dis- 
tance frppa  the  #ai&fe  is  then  g»ea#8t ;  hut  *fce  to- 
$an  astronomy,  which  is  silent  with  respect  4f> 
Jfowry,  tgf*tf»  this  point  as  ocHh«g*pte  thm  fthsjt 
it  appears  to  be,  a  pott*,  yvtp  in  the  he»yen»,j|fhQOB 

the  sun's  Motion  is  the  sjowest  possible,  and.  about 

90°  distant  fcpm  that,  where  his  greatest  ^equaiitr 
tajce*  place*  This  greatest  inequality  is  her*  wede 
to  be  2°,  12' f  t  about  16'  greater  than  it  is  deter- 


*  Astr.  Indkime,  p.  184.  Tile  tables  of  Tirvalore  make 
the  year  6»  less. 

f  Tbe  equation  of  die  sun,  or  what  they  caU  the  ckaiai, 
it  calculated  in  die  Siamese  tables  only  for  every  15°  of  the 
mttteiomme,  or  mean  anomaly.    Cassini,  u6t  *M/>ra,  p.  299- 
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mined,  by  the  modern  astronomy  of  Europe*  This 
difference  is  very  considerable ;  but  we  shall  find 
that  it  is  not  to  be  ascribed  wholly  to  .error,  and 
that  there  was  a  time  when  the  inequality  in  ques- 
tion was  nearly  of  the  magnitude  here  assigned  to 
it.  In  the  other  points  of  the  sun's  path,  this  ine- 
quality is  diminished,  in  proportion  to  the  sine  of 
the  mean  distance  from  the  apogee,  that  is,  nearly 
as  in  our  own  tables.  The  apogee  is  supposed  to 
be  80°  advanced  beyond  the  beginning  of  the  zo- 
diac, and  to  retain  always  the  same  position  among 
the  fixed  stars,  or  to  move  forward  at  the  same  rate 
with  them.  *  Though  this  supposition  is  not  ac- 
curate, as  the  apogee  gains  upon  the  stars  about  10* 
annually,  it  is  much  nearer  the  truth  than  the  sys- 
tem of  Ptolemy,  where  the  sun's  apogee  is  sup- 
posed absolutely  at  rest,  so  as  continually  to  fall 
back  among  the  fixed  stars,  by  the  whole  quantity 
of  the  precession  of  the  equinoxes,  t 

14.  In  these  tables,  the  motions  of  the  moon  are 
deduced,  by  certain  intercalations,  from  a  period  of 
nineteen  yeqrs,  in  which  she  makes  nearly  935  re- 

*  Astr.  Indienne,  p.  9* 

t  The  error,  however,  with  respect  to  the  apogee,  is  less 
than  it  appears  to  be ;  for  the  motion  of  the  Indian  zodiac, 
being  nearly  4"  swifter  than  the  stars,  is  but  6"  slower  than 
the  apogee.  The  velocity  of  the  Indian  sodiac  is,  indeed, 
neither  the  same  with  that  of  the  stars,  nor  of  the  sun's  apo- 
gee, but  nearly  a  mean  between  them. 
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vohrtkrtik ;  and  it  is.  curious  to  find  ai  Siatevihe 
knowledge  of  that  cycle,  of  which  the  invert  tiofe  was 
thought  to  Ido  so  mtich  honour  to  the  Athenian 
astronomer  Meton,  and  which  makes  so  great  a  ft- 
gum  in  our.  modern  calendars.  *.  The  nooon'a  apo- 
gee is  supposed  to  have  been  in  the  beginnfag.of 
the  moveable -zodiac,  621  days  after  the  epophof 
the  41st  of  March  688,  /and  to  make  an  datirg  re- 
volution in  the  heavens  in  the  space  of  8$32  days*!  t 
The  first  of  these  suppositions  agrees  with  Mayers 
tables  to  less  than  a  degree*  and  the  second  differ* 
from  them  only  by  IX  ■  A  14',  31" ;  and  if  it  be 
considered  that  the  apogee  is  an  ideal  pdicrt  jn  the 
heavens,  which  even  the  eyes  of  an  astronomer  can* 
not  directly  perceive,  ta  have  discovered,  its  true 
motion  so  nearly,  argues  no  small  correctness  of 
observation*  . 

A8.^  From,  the  {dace  of  the  apog&i  tbusfojund, 
the  inequalities  of  the  moon's  motion,  which  are.  to 
reduce  her  mean  to  her  trUe  place,  are  ne*t  to  be 
jdeterminbL  ;Nw,  at  the  oppositions  and  con- 
junctions* the  two  greatest  of  the  moon's  inequali- 
ties, the  equation  of  the  -centre  and  the  evectien, 
both  depend  pn  the  distance  from  the  apogee,  and 


i  I'lm 


•  The  Indian  period  is  more  exact  than  that  of  our  golden 
number  by  35'.  Astr.  Indienne,  p.  5.  The  Indians  regu- 
late their  festivals  by  this  period.     Ibid.  Disc.  Prelim,  p.  8. 

t  Astr.  Indienne,  p.  11  and  20, 
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therefore  appear  but  as  our  inequality.  They  also 
partly  destroy  one  another  j  so  that  the  moon  is 
retarded  or  accelerated,  ooty  by  their  difference, 
-which,  when  greatest,  is,  according  to  Mayer's 
tables,  4°,  5J\  4A\  The  Siamese  roles,  whicfc 
calculate  only  for  oppositions  and  conjunction^, 
give,  accordingly,  but  one  inequality  to  the  moon, 
and  make  it,  when  greatest,  4%  46',  not  V  less  than 
the  preceding.  This  greatest  equation  is  applied, 
when  the  moon's  mean  distance  from  the  apegeeu 
90n ;  in  other  situations,  the  equation  is  less,  in 
proportion  as  the  sine  of  that  distance  diminishes.  P 
14.  The  Siamese  MS.  breaks  off  here,  and  dees 
not  inform  us  how  die  astronomers  of  that  country 
proceed,  in  the  remaining  parts  of  their  calculation, 
which  they  seem  to  have  qudeitpkn,  merely  for 
some  purpose  in  astrology.  Cassini,  to  whom  we 
are  indebted  for  the  explanation  of  ihese  tsbles,  ob- 
serves, that  they  are  not  originally  constructed  for 
the  meridian  of  Siam,  because  the  rules  direct  to 
take  away  $'  for  the  sun,  and  4tf  for  the  moo*, 
(being  the  motion  of  each  for  1  A.  1  if,)  from  their  Ion- 
gitudes  calculated  as  above,  t  The  roerufcan  of  the 
tables  is  therefore  Ik.  IS",  or  18?,  15^  west  of  Siam ; 
and  it  is  remarkable,  that  this  brings  us  very  near 


•  Astr.  Indienne,  p.  13.  Cassini,  M(m.  Acad.  Tom.  VIII. 
p  304. 

t  Mem.  Acad.  Scienc.  Tom.  VIII.  p.  302  and  309- 
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to<tiie  tacridian  of  Benknss,  the  ancient  epatoF  In- 
4ian  learning.*  The  same  agises  neariy  with  What 
edit  Hindoos  *all  their  first  ntendkn,:  which  pasees 
through  Ceyien  **d  the  BaiiJta  <jf  Ramanaacor. 
<We  ate,  therefore,  aathoriied,  or  rather,  We  aren4» 
ccssmity  ^determined  to  conclude,  that  the  tables  of 
£jpn  came  etiginaUy  fa*n  Hindostnn. 

15,  Another  aet  of  astronosndal  table*  now  in 
the  peoteooion  of  die  Academy  of  Sciences,  was  gent 
to  the  lata  M.  De  Lhle  from  Chrisnitauiraijs,  a 
town  in  the  Carnetic,  by  Father  D*  Cheap*  afceut 
the  yew  1750.  Though  these  tables  have  an  efe 
*ious  attnfcy  to  what  hate  already  been  described* 
they  form*  amah  mote  regular  and  extensh*  sja- 
tain  of  astronomical  knowledge.  Uiey  fens '  fifteen 
in  number'}  and  include,  beside  the  mean  muttons 
«f  the  sun,  tnoon  and  planets,  the  equations  to  th* 
centre  of  the  e*n  and  moon,  end  two  o^teetiena 
lor  each  of  the  pianeta,  the  one  of  which  <****- 
upends  to  its  apparent,  and  the  other  te  k#  red  In- 
equality. Tfoey  are  accompanied  also  with  pre- 
oepts,  and  *xaapke,  which  Father  Du  Champ  1*1 
eenred  from  «he  Brahmins  of  Chiisnabonram,  and 
which  he  has  translated  into  French.  + 

*  Aitr.  tod.  p.  12.  It  brings  us  to  a  maidim  to*  •*} 
east  of  Greenwich.  Benares  is  83°  1 V,  east  of  tfrrf  saejej  »ty 
8enneU's*nap. 

t  These,  tables  ate  published  by  Bailly,  Astr.  h>d.j>.fi35¥ 
kc    See  also  p.  51,  &c  *    v 
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i  The  epoch  of  these  tables  is  leas  ancient  than 
that  of  the  former,  and  answer*  to.  the  10th.  of 
March  at  sunrise,  in  the  year  1491  of  our  eita, 
.when  the  **n was  just  entering  the  moveable  %o- 
jliac,  and  waa  m .  conjunction  with  the  moon  $  two 
circumstances,  by  which  almost  all  the  Indian  eras 
are  distinguished.  The  places,  which  they  assign, 
at  that  timet  to  the  sun  and  moon,  agree  very  well 
with  the  calculations  made  from  the  tables  of 
J^ayer,  and  LacaiUe* .  In  their  mean  motions, 
they  indeed  differ  sdmewhat  from  them;  but  as 
they  do  so  equally  for  the  sun  and  moon,  they 
produce  no  error,  in  determining  the  relative  po- 
sition of  these  bodies,  nor,  of  consequence,  in  cal- 
culating the  phenomena  of  eclipses.  The  sun's 
Apogee  is  here  supposed  to  have  a  motion  swifter 
than  that  of  the  fixed  stars,  by  about  1"  in  nine 
years,  which,  though  it  falls  greatly  short  of  the 
truth*  does  credit  to  this  astronomy,  and  is  a 
strong  mark  of  originality.  The  equation  of  the 
sun  V  centre  is  somewhat  less  here  than  in  the  tables 
of  Sfem;  it  is  %°>  10,  30";  the  equation  of  the 
moon's  centre  is45Q,;2V:47"*  her  path*  where  it 
intersects  that  of  the  sun,  is  supposed  to  make  an 
angle  with  it  of  4°,  80',  and  the  motions,  both  of 
the  apogee  and  node,  are  determined  very  near  to 
the  truth. 

16.  Another  set  of  tables,  sent  from  India  by 
Father  Patouillet,  were  received  by  M.  De  Lisle, 
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about  th084tt»  tta*»  with'  those  of  Chrfofcaboflrertl' 
They  fca*e  ^not  the-natte  4f4iiy  p^ieula*!  p>*$ 
aflbte&tio  thorn;  bttt, 4*  they eontafoa iMte'lbr&P 
Ceratia&ig  the  kngthr  of'  tttfj<  day*  '*4&b>ana*ei*>t0 
the  latitude  of  16"  16',  Batfly  thhika  It  prtbabl* 
tktfthey co«ftiromiN«teMip»ttr**  -''''-  '^'j  *o  '^>J 
The^  preoepta  «*d  ^aafjplM,  which;  acoowpaniy 
thete  table*,  thoagb  without]  aay  4mfflje*«te  «*&* 
*4ee<to  fchetoy  are  «oii0ftett'tOith0caletrid^''of'tfi» 
eclij**  of  thoJBim  atod  mood  jK^tfotaMestfolft 
mho*  extend  40  th(ickition6f'thophi^,a^d*^ 
amch  Mi«mU**too*  of  GhAtooboiiititiv  «**$* 
that  they  are -gkeBfwithi  leas  deteilfriubfo  tt  AfliM 
mbch"m«ie  wrfgmaticakt !1  f**  epvetodf  &6ip»* 
cepta>  which  iBajMy  ha>  oyahedt^ithcgteat  iiaffltwifr 
ty,  gees  *»ck  TioJ  farther^  tkaacith^year  /  ]£0&<ot 
midndghfl,'  txttmtsm :  the  l?tb.  atodv  *8tb  of ^Utuikk 
*n>HMH».;ep»cbyihe  pla^ 
are  ooo^tedilaB  in  tte  tables  of  Siafflj>*kkth€l  a* 
■■<      .iinitfirwiim  •»>  l»<»i  i>  0"  t»j  *fcH  <<  -iwtil-Jii*/  ,iu 


..v. 


Wtomatiwoted Jlritt  c i  Ml  L*g*htil  think*' thafc 4liey  '4tttrf Uft 
appearance  of  being  copiMifronVi&daptM* 

not  in  vertical  columns,  and  without  any  title  to  point  out 
their  meaning,  or  (heir1  connection. '  These  ubles  are  pub-, 
li&hed,  Mem.  Acad.  ibid.  p.  492,  and  Astr.  Ind.  p.  414. 
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ditioa  jrf  an  equation,  which  i* indeed  extremely 
singular*  It  resemble*  that  correction  of  the  mooa'd 
motion,  yvhiQh  was  discovered  by  Tychot  and  which 
19. called  Jib*  ttumal  equttiOB,  becaftae  its  Quantity 
ftepeftd}  W>t  on  the  {dace  <rf  tb* mdon,  bufi  efc  the 
place  of  the  sun,  m  .the  ecttfrtic  It  i*  everywhere 
P rogMJwoaL.tt  of  the  sun's  mdtion, 

a«4ifl.pi*rlyateDthpBrtrfk.  Tht  tqblei  of  Narr 
#qpdurmlifc  their  tjuiual. equation  curfy  £•  efthe 
sm't*  but  thi*  ia  Hot  their  <toly  mistake  j  for  they 
4imcf»Abe  «guatio*  td  be  added  to  the  moan'*  lon- 
gitude, vdian  it  ought  to  be  subtracted  from  it*  and 
vke  vcrtai  i.  Ntwklt  ia. difficult  to  conceive  from 
whenefe  the  kst  sMfttioded  error  has  arisen  i  for 
tibufkitaa  not.  at  all  extraordinary*  that  the  astro- 
novelty  wto/caurtncted  these  tablet  should  mis- 
tike  the  .qutatity!  of:  a  sipall  equation*  yet  it  is  im*» 
gmsiblft  thai  tbe  satne  observation**  which  infam- 
4d  thewi  of  ito  e£istene4>  should  hot  hfci*  sktermm* 
edr  whether  it  was  to  be  added  or  subtracted.  It 
would  seem,  therefore,  that  something  accidental 
-must  have  occasioned  this  error ;  but  however  that 
be,  an  inequality  in  the  lunar  motions,  that  is  found 
Jn  no  system  with  which  the  astronomers  of  India 
cap  have  bad  any  communication,  is  at  least  a  proof 
of  the  originality  of  their  tablet. 

Yf.  The  tables,  and  methods,  of  the  Brahmins 
of  Tirvalore,  are,  in  many  respects,  more  singular 
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Jtban'itfty  tin*  have  yet  b<**i  ;d«k>rtb*d>  The  so- 
lar year  is  divided,  according  to  them,  into  t#fchfe 
.utamgaiinkcttiis,  each  of  which  ic  the  titte  th&the 
jrim  takes  to  move  ttirodgb  era  sign,  or  80\  of  ihV 
adipftia  wThua,  At*/<  OrJinuy  *bfefck  thai  nm  j*  in 
4it  thiixha^tviaud  *ia  rtotion  il»*&tt'  wdshte  of 
£\A  «(64.  flB7,  •nd^^arga^v^De^aib^wheb 
hb  »th  ti«;  ninth  sign,  awthfe  jabtioa  ^uiakeitt, 
nnnaiin  nnly  nf  iff  if  fmftnTTt  :  Urtiengtlw  Of 
Jkhate  atbafthaj  es^waseaVin  satanl  doyfc  ire  eoto- 
^aJoeAfe  alabl©,  which,  therefbrt,  intohes  in  it  the 
f|a*t  oirtheaan*  aawgete,  and  *&•  <aqtiil*c**f 'life 
MR***,-  ;  Tb*  former *4&»  to-be  77*  from  «h*>b4. 
gMutjtg  of  the  aeiliaev  Jmattibe  ktter  about  «Vlfc*, 
**rlrf  aa  ia  the  preioedintt  tablet.  In>  tlwir  ealc*- 
btyp**  tbfey  alio  tmpkiy  an  artrono»kiil  day,  ffhifch 
fe  djjftm*  from  tkt  natmrtl,  being  the  time  AHft 
the  Bun  takes  to  move  over  xrafe  degfee  *#  the  «*ip- 

,.     ,'                            '.-.■■;.                *           rft:.                   ...',;.:  iJi 
■tj,li   '■  "' ^  -  •*" : : .  f-* 
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'  ^  irihfabre  is  a  small  town  on  the  CoromancLel  coast 
about  12  G.  miles  west  of  Negapatnaih,  in  lat  Itt^  44*,  and 
caMtldbgl  0tJtti  QHettwick,  >?&  &',  by  ttenndl's  niap. 
Ffo^y$e*U«erfvt^  M.  Le^Mit  tnatts 

its  lat.  to  heW  4$ ,}***  (Mfra.  Ami,  Sd*m»  II.  p.  18&) 
Tne  meridian  of  Tirvalore  nearly  touches  the  west  side  of 
Ceylon,  and  therefore  may  bo  supposed  to  coincide  with  the 
first  meridian,  as  laid  down  by  Father  Du  Champ.  There 
i*  m  ffeAttetioil  of  lerigitude  employed  in  Che  methods  of 
Tirvalore. 
t  Those  are  Indian  fours,  &a 
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tic}  «nd  of  which  "days  there  art  just  660  in! a 

yW>;V      „.:>■:"  r^'"'' 

.; r.^Sti  These  tobies  #>  far  back  into  antiquity. 
Their  tepooh>  <jQiucidea  with  the  famous  era  of  the 
CaiyougWn^*hW  i*,:witbjthebegiiuung  of  the  year 
3103  baftip  Chriit-  When  the . Brahmins  of  Tir- 
valor^wtodd  <eloilate  the  place  .of,  the. son:  for  a 
given  ^iiMi  Jthey  begia  by  reducingi  into  days  the 
jntefyal  bettiten  that  time,;  and  the  oonimencenient 
ef  the  ,Calypugba»r  multi^lykig  the  year*  bySGSd. 
.^•il«;,^Cr  $ and staking  aWay  S£  3A<  S3*,  30% 
^t.a^rdnomical:  epoch,  hating  4»gun  that  matk 

Jj^ey.ltJwi  the  pwil.  f  I^hey  next  find,  hytn&to* 
of  icprt^a  divisions,  When  the^esr  current  begaa, 
-AT,  hQ^f  i  many  idays  have  elapsecUipce  the  beginning 
rfu&^nsd  them  by  the  table  of  the  duration1  of 
qtyptba^tbciy  reduce  thete  days  into  astronomical 
jH^h/l,  days,  fa»:i  which  is  the/same  with  the  feigns, 
degrees,  and  minutes  of  the  sun's,  longitude  from 
the  beginning  of  the  zodiac.  The  sun's  longitude, 
therefore,  is  found, 

}9». Somewhat  in  the. game  manner,  but  by  a 
rule  still  more  artificial  and  ingenious,  they  deduce 
the  place  of  the  moon,  at  any  given  time,  from  hex 


■    i 

•  Mem.  Acad,  dep  Scienc.  II.  p.  187j    Astr.  IncUeune,  p, 
76,' ike. 

t  The  Indian  hours  arc  here  reduced  to  European. 


OF  THE  BRAHMINS.  113 

place  at  the  beginning  of  the  Calyougham.*  This 
rule  is  so  contrived,  as  to  include  at  once  the  mo- 
tions both  of  the  moon  and  of  her  apogee,  and  da* 
pends  on  this  principle,  according  to  the  very  skil- 
ful interpretation  of  Bailly,  that,  1 600894  days  af- 
ter the  above  mentioned  epoch,  the  moon  was  in 
her  apogee,  and  7%  2°,  0',  1",  distant  from  the  be- 
ginning of  the  zodiac ;  that  after  12372  days,  the 
moon  was  again  in  her  apogee,  with  her  longitude 
increased,  9%  27°,  48',  10" ;  that  in  3031  days 
more,  the  moon  is  again  in  her  apogee,  with  11% 
7°>  31',  1',  more  of  longitude;  and,  lastly,  that, 
after  348  days,  she  is  again  in  her  apogee,  with 
S7P,  44',  6",  more  of  longitude.  By  means  of  the 
three  former  numbers,  they  find,  how  far,  at  any 
given  time,  the  moon  is  advanced  in  this  period  of 
248  days,  and  by  a  table,  expressing  how  long  the 
moon  takes  to  pass  through  each  degree  of  her  or- 
bit, during  that  period,  they  find  how  far  she  is 
then  advanced  in  the  zodiac,  f  This  rule  is  strong- 
ly marked  with  all  the  peculiar  characters  of  the 
Indian  astronomy  :  It  is  remarkable  for  its  accura- 
cy, and  still  more  for  its  ingenuity  and  refinement; 
but  is  not  reduced  withal,  to  its  ultimate  simpli- 
city. 
^ ^^— ^ —    i  iii  »^ — — ^ 

"  Mgm.  Acad,  des  Scienc.  ibid.  p.  229.     Astr.  Ind,  p.  84. 
t  M.  Legentil  has  given  this  table,  M£m.  Acad*  ibid*  p, 
261. 
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20.  The  tables  of  Tirvalore,  however,  though 
they  differ  in  form  very  much  from  those  formerly 
described,  agree  with  them  perfectly  in  many  of 
their  elements.  They  suppose  the  same  length  of 
the  year,  the  same  mean  motions,  and  the  same  in- 
equalities of  the  sun  and  moon,  and  they  are  adapt- 
ed nearly  to  the  same  meridian.  *    But  a  circum- 


*  The  accuracy  of  the  geography  of  the  Hindoos,  is  in  no 
proportion  to  that  of  their  astronomy,  and,  therefore,  it  is 
impossible  that  the  identity  of  the  meridians  of  their  tables 
can  be  fully  established.  All  that  can  be  said,  with  certain- 
ty, is,  that  the  difference  between  the  meridians  of  the  tables 
of  Tirvalore  and  Siam  is,  at  most,  but  inconsiderable,  and 
may  be  only  apparent,  arising  from  an  error  in  computing 
the  difference  of  longitude  between  these  places.  The  tables 
of  Tirvalore  are  for  Long.  79°,  42';  those  of  Siam  for  82°, 
34';  the  difference  is  2°,  52',  not  more  than  may  be  ascribe*} 
to  an  error  purely  geographical. 

As  to  the  tables  of  Chrisnabouram,  they  contain  a  reduc- 
tion, by  which  it  appears,  that  the  place  where  they  are  now 
used  is  45'  of  a  degree  east  of  the  meridian  for  which  they 
were  originally  constructed.  This  makes  the  latter  meridian 
agree  tolerably  with  that  of  Cape  Comorin,  which  is  in  Long. 
77°,  32',  80",  and  about  half  a  degree  west  of  Chrisnabou- 
ram.  But  this  conclusion  is  uncertain ;  because,  as  Bailly 
has  remarked,  the  tables  sent  from  Chrisnabouram,  and  un* 
derstood  by  Father  Duchamp  to  belong  to  that  place,  are 
not  adapted  to  the  latitude  of  it,  but  to  one  considerably 
greater,  as  appears  from  their  rule  for  ascertaining  the  length 
of  the  day.     (Astr.  Ind.  p.  33.) 

The  characters,  too,  by  which  the  Brahmins  distinguish 
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stance  in  which  they  seem  to  differ  materially  from 
the  rat  is,  the  antiquity  of  the  epoch  from  which 
they  take  their  date,  the  year  3102  before  the 
Christian  era.  We  must,  therefore,  inquire,  whe- 
ther this  epoch  is  real  or  fictitious,  that  is,  whether 
it  has  been  determined  by  actual  observation,  or 
has  been  calculated  from  the  modern  epochs  of  the 
other  tables.  For  it  may  naturally  be  supposed, 
that  the  Brahmins,  having  made  observations  in 
later  times,  or  having  borrowed  from  the  astrono- 
mical knowledge  of  other  nations,  have  imagined  to 
themselves  a  fictitious  epoch,  coinciding  with  the 
celebrated  era  of  the  Calyougham,  to  which,  through 
vanity  or  superstition,  they  have  referred  the  placet 
of  the  heavenly  bodies,  and  have  only  calculated 
what  they  pretend  that  their  ancestors  observed. 


their  first  meridian,  are  not  perfectly  consistent  with  one  an- 
other. Sometimes  it  is  described  as  bisecting  Ceylon ;  and 
at  other  times,  as  touching  it  on  the  west  side,  or  even  as 
being  as  far  west  as  Cape  Comoriiu  Lanka,  which  is  said 
to  be  a  point  in  it,  is  understood,  by  Fath.  Duchamp,  to  be 
Ceylon.  Bailly  thinks  that  it  is  the  lake  Lanka,  the  source 
of  the  Gogra,  placed  by  Rennell,  as  well  as  the  middle  of 
Ceylon,  in  Long.  80°,  42';  but,  from  a  Hindoo  map,  in  the 
Ayeen  Akbery,  Vol.  III.  p.  25,  Lanka  appears  to  be  an  island 
which  mar k3  the  intersection  of  the  first  meridian  of  the  map, 
nearly  that  of  Cape  Comorin,  with  the  equator;  and  is  pro- 
bably one  of  the  Maldives  Islands.  See  also  a  note  in  the 
Ayeen  Akbery,  ibid.  p.  36. 
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21.  In  doing  this,  however,  the  Brahmins  must 
have  furnished  us  with  means,  almost  infallible,  of 
detecting  their  imposture.  It  is  only  for  astrono- 
my, in  its  most  perfect  state,  to  go  back  to  the  dis- 
tance of  forty-six  centuries,  and  to  ascertain  the  si- 
tuation of  the  heavenly  bodies  at  so  remote  a  pe- 
riod. The  modern  astronomy  of  Europe,  with  all 
the  accuracy  that  it  derives  from  the  telescope  and 
the  pendulum,  could  not  venture  on  so  difficult  a 
task,  were  it  not  assisted  by  the  theory  of  gravita- 
tion, and  had  not  the  integral  calculus,  after  an 
hundred  years  of  almost  continual  improvement, 
been  able,  at  last,  to  determine  the  disturbances  in 
our  system,  which  arise  from  the  action  of  the  pla* 
nets  on  one  another. 

Unless  the  corrections  for  these  disturbances  be 
taken  into  account,  any  system  of  astronomical  ta- 
bles, however  accurate  at  the  time  of  its  formation, 
and  however  diligently  copied  from  the  heavens, 
will  be  found  less  exact  for  every  instant,  either  be- 
fore or  after  that  time,  and  will  continually  diverge 
more  and  more  from  the  truth,  both  for  future  and 
past  ages.  Indeed,  this  will  happen,  not  only  from 
the  neglect  of  these  corrections,  but  also  from  the 
small  errors  unavoidably  committed,  in  determining 
the  mean  motions,  which  must  accumulate  with  the 
time,  and  produce  an  effect  that  becomes  every  day 
more  sensible,  as  we  retire,  on  either  side,  from  the 
instant  of  observation.     For  both  these  reasons,  it 

1 
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may  be  established  as  a  maxim,  that,  if  there  be 
given  a  system  of  astronomical  tables,  founded  on 
observations  of  an  unknown  date,  that  date  may  be 
found,  by  taking  the  time  when  the  tables  repre- 
sent the  celestial  motions  most  exactly. 

'  Here,  therefore,  we  have  a  criterion,  by  which 
we  are  to  judge  of  the  pretensions  of  the  Indian 
astronomy  to  so  great  antiquity.  It  is  true,  that, 
in  applying  it,  we  must  suppose  our  modern  astro- 
nomy, if  not  perfectly  accurate,  at  least  so  exact  as 
to  represent  the  celestial  motions,  without  any  sen- 
sible error,  even  for  a  period  more  remote  than  the 
Calyougham $  and  this,  considering  the  multitude 
of  observations  on  which  our  astronomy  is  founded, 
the  great  antiquity  of  some  of  those  observations, 
and  the  extreme  accuracy  of  the  rest,  together  with 
the  assistance  derived  from  the  theory  of  physical 
causes,  may  surely  be  assumed  as  a  very  reasonable 
postulatum.  We  begin  with  the  examination  of 
the  mean  motions. 

22.  The  Brahmins  place  ihe  beginning  of  their 
moveable  zodiac,  at  the  time  of  their  epoch,  54? 
before  the  vernal  equinox,  or  in  the  longitude  of 
10*,  6°,  according  to  our  method  of  reckoning. 
Now,  M.  Legentil  brought  with  him  a  delineation 
of  the  Indian  zodiac,  from  which  the  places  of  the 
stars  in  it  may  be  ascertained  with  tolerable  exact- 
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ness.  *  In  particular,  it  appears,  that  Aldebaran, 
or  the  first  star  of  Taurus,  is  placed  in  the  last  de- 
gree of  the  fourth  constellation,  or  63°,  207,  dis- 
tant from  the  beginning  of  the  zodiac.  Aldebaran 
was  therefore  40*  before  the  point  of  the  vernal 
eqninox,  according  to  the  Indian  astronomy,  in  the 
year  3102  before  Christ.  But  the  same  star,  by 
the  best  modern  observations,  was,  in  the  year 
1750,  in  longitude,  «*,  6°,  17',  47*;  and  had  it 
gone  forward,  according  to  the  present  rate  of  the 
precession  of  the  equinoxes,  60ty  annually,  it  must 
have  been,  at  the  era  of  the  Calyougham,  1°,  3ft9 
before  the  equinox.  But  this  result  is  to  be  cor* 
rected,  in  consequence  of  the  inequality  in  the  pre- 
cession, discovered  by  Lagrange,  t  by  the  addition 
of  1°,  45',  22V  to  the  longitude  of  Aldebaran, 
which  gives  the  longitude  of  that  star  13'  from  the 
vernal  equinox,  at  the  time  of  the  Calyougham, 
agreeing,  within  53',  with  the  determination  of  the 
Indian  astronomy,  t 

This  agreement  is  the  more  remarkable,  that  the 
Brahmins,  by  their  own  rules  for  computing  the 
motion  of  the  fixed  stars,  could  not  have  assigned 


•  Mem.  Acad.  Scienc  1772,  II.  p.  214.     Astr.  Ind.  p. 

129. 

t  Mem.  Acad,  de  Berlin,  1782,  p.  287.    Astr.  Ind.  p. 

144. 
|  Astr.  Ind.  p.  130. 
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this  place  to  Aldebaran  for  the  beginning  of  the* 
Calyougham,  had  they  calculated  it  from  a  modem 
observation.  For  as  they  make  the  motion  of  the 
fixed  stars  too  great  by  more  than  3"  annually,  if 
they  had  calculated  backward  from  1491,  they 
would  have  placed  the  fixed  stars  less  advanced  by 
4°  or  5Q,  at  their  ancient  epoch,  than  they  have 
actually  done.  This  argument  carries  with  it  a 
great  deal  of  force ;  and  even  were  it  the  only  one 
we  had  to  produce,  it  would  render  it,  in  a  high 
degree,  probable,  that  the  Indian  zodiac  was  as  old 
as  the  Calyougham. 

23.  Let  us  next  compare  the  places  of  the  sua 
and  moon,  for  the  beginning  of  the  Calyougham, 
as  deduced  from  the  Indian  and  the  modern  astro* 
nomy.  And,  first,  of  the  sun,  though,  for  a  rea- 
son that  will  immediately  appear,  it  is  not  to  he 
considered  as  leading  to  any  thing  conclusive. 
Bailly,  from  a  comparison  of  the  tables  of  Tirva» 
lore  with  those  of  Chrisnabouram,  has  determined 
the  epoch  of  the  former  to  answer  to  midnight,  be- 
tween the  17th  and  18th  *  of  February  of  the  year 
8102  before  Christ,  at  which  time  the  sun  was  just 


*  Aatr.  Ind.  p.  110.  The  Brahmins,  however,  actually 
suppose  the  epoch  to  be  6  hours  later,  or  at  sunrise,  on  die 
same  day.  Their  mistake  is  discovered,  aa  has  been  said, 
by  comparing  the  radical  places  in  the  different  tables  with 
one  another. 
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entering  the  moveable  zodiac,  and  was  therefore  in 
longitude  10*,  6°.  Bailly  also  thinks  it  reasonable 
to  suppose,  that  this  was  not  the  mean  place  of  the 
sun,  as  the  nature  of  astronomical  tables  require, 
but  the  true  place,  differing  from  the  mean,  by  the 
equation  to  the  sun's  centre  at  that  time.  *  This, 
it  must  be  confessed,  is  the  mark  of  greatest  un- 
skilfulness,  that  we  meet  with  in  the  construction 
of  these  tables.  Supposing  it,  however,  to  be  the 
case,  the  mean  place  of  the  sun,  at  the  time  of  the 
epoch,  comes  out  10*,  S?,  38',  13".  Now,  the 
mean  longitude  of  the  sun,  from  Lacaille's  tables, 
for  the  same  time,  is  10*,  1°,  5',  57%  supposing  the 
precession  of  the  equinoxes  to  have  been  uniformly 
at  the  rate  it  is  now,  that  is,  60"}  annually.  But 
Lagrange  has  demonstrated,  that  the  precession  was 
less  in  former  ages  than  in  the  present ;  and  his 
formula  gives  1°,.45'»  22%  to  be  added,  on  that 
account,  to  the  sun's  longitude  already  found, 
which  makes  it  10*,  2Q,  51',  19*,  not  more  than  47' 
from  the  radical  place  in  the  tables  of  Tirvalore. 
This  agreement  is  near  enough  to  afford  a  strong 
proof  of  the  reality  of  the  ancient  epoch,  if  it  were 
not  for  the  difficulty  that  remains  about  consider- 
ing the  sun's  place  as  the  true,  rather  than  the 
mean ;  and,  for  that  reason,  I  am  unwilling  that 
any  stress  should  be  laid  upon  this  argument.    The 


•  Astr.  Ind.  p.  83. 
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place  of  the  moon  is  not  liable  to  the  same  objec- 
tion. 

24.  The  moon's  mean  place,  for  the  beginning 
of  the  Calyougham,  (that  is,  for  midnight  between 
the  17th  and  18th  of  February  3102,  A.  C.  at  Be- 
nares,) calculated  from  Mayer's  tables,  on  the  sup- 
position that  her  motion  has  always  been  at  the 
same  rate  as  at  the  beginning  of  the  present  cen- 
tury, is  10%  0°,  51',  16".*  But,  according  to  the 
same  astronomer,  the  moon  is  subject  to  a  small, 
but  uniform  acceleration,  such,  that  her  angular 
motion,  in  any  one  age,  is  9"  greater  than  in  the 
preceding,  which,  in  an  interval  of  4801  years, 
must  have  amounted  to  5P,  45',  44".  This  must 
be  added  to  the  preceding,  to  give  the  real  mean 
place  of  the  moon,  at  the  astronomical  epoch  of  the 
Calyougham,  which  is  therefore  10*,  6°,  37'.  Now, 
the  same,  by  the  tables  of  Tirvalore,  is  10*,  6Q,  0*  j 
the  difference  is  less  than  two-thirds  of  a  degree, 
which,  for  so  remote  a  period,  and  considering  the 
acceleration  of  the  moon's  motion,  for  which  no  al- 
lowance could  be  made  in  an  Indian  calculation,  is 
a  degree  of  accuracy  that  nothing  but  actual  obser- 
vation could  have  produced. 


*  Astr.  Ind.  p.  142,  &c.  The  first  meridian  is  supposed 
to  pass  through  Benares ;  but  even  if  it  be  supposed  3°  far- 
ther west,  the  difference,  which  is  here  37',  will  be  only  in- 
creased to  42'. 
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25.  To  confirm  this  conclusion,  Bailly  computes 
the  place  of  the  moon  for  the  same  epoch,  by  all 
the  tables  to  which  the  Indian  astronomers  can  be 
supposed  to  have  ever  had  access.*  He  begins 
with  the  tables  of  Ptolemy;  and  if,  by  help  of 
them,  we  go  back  from  the  era  of  Nabonassar,  to 
the  epoch  of  the  Calyougfaam,  taking  into  account 
the  comparative  length  of  the  Egyptian  and  Indian 
years,  together  with  the  difference  of  meridians  be- 
tween Alexandria  and  Tirvalore,  we  shall  find  the 
longitude  of  the  sun  10°,  21',  15*  greater,  and  that 
of  the  moon  11°,  52",  T  greater  than  has  just  been 
found  from  the  Indian  tables,  f  At  the  same  time 
that  this  shows,  how  difficult  it  is  to  go  back,  even 
for  a  less  period  than  that  of  3000  years,  in  an  as* 
tronomical  computation,  it  affords  a  proof,  altoge- 
ther demonstrative,  that  the  Indian  astronomy  is 
not  derived  from  that  of  Ptolemy. 

The  tables  of  Ulugh  Beig  are  more  accurate  than 
those  of  the  Egyptian  astronomer.  They  were 
constructed  in  a  country  not  far  from  India,  and 
but  a  few  years  earlier  than  1491 ,  the  epoch  of  the 
tables  of  Chrisnabouram.  Their  date  is  July  4,  at 
noon,  1437,  at  Samarcand ;  and  yet  they  do  not 
agree  with  the  Indian  tables,  even  at  the  above 
mentioned  epoch  of  1491.  %     But,  for  the  year 

*  Astr.  Ind.  p.  114.  t  Ibid.  p.  115. 

%  Ibid.  p.  117. 
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310*  before  Christ,  their  difference  from  them,  in 
the  place  of  the  sun,  is  1°,  SO7,  and  in  that  of  the 
moon  6° ;  which,  though  much  less  than  the  for- 
mer differences,  are  sufficient  to  show,  that  the 
tables  of  India  are  not  borrowed  from  those  of  Tar- 
tary. 

The  Arabians  employed  in  their  tables  the  mean 
motions  of  Ptolemy ;  the  Persians  did  the  same, 
both  in  the  more  ancient  tables  of  Chrysococca,  and 
the  later  ones  of  Nassireddin.  *  It  is,  therefore, 
certain,  that  the  astronomy  of  the  Brahmins  is  nei- 
ther derived  from  that  of  the  Greeks,  the  Arabians, 
the  Persians,  or  the  Tartars.  This  appeared  so 
clear  to  Cassini,  though  he  had  only  examined  the 
tables  of  Siam,  and  knew  nothing  of  many  of  the 
great  points  which  distinguish  the  Indian  astrono* 
my  from  that  of  all  other  nations,  that  he  gives  it 
as  his  opinion,  that  these  tables  are  neither  derived 
from  the  Persian  astronomy  of  Chrysococca,  nor 
from  the  Greek  astronomy  of  Ptolemy ;  the  places 
they  give  at  their  epoch  to  the  apogee  of  the  sun, 
and  of  the  moon,  and  their  equation  for  the  sun's 
centre,  being  very  different  from  both,  t 

96.  Bat  to  return  to  what  respects  the  moon's 
acceleration ;  it  is  plain,  that  tables,  as  ancient  at 


*  Astr.  Ind.  p.  118. 

t  M€m.  Acad.  Scicnc.  Tom.  VIII.  p.  286. 
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those  of  Tirvalore  pretend  to  be,  ought  to  make  the 
mean  motion  of  that  planet  much  slower  than  it  is 
at  present.     They  do  accordingly  suppose,  in  the 
rule  for  computing  the  place  of  the  moon,  already 
described,  that  her  motion  for  4883  years,  94  days, 
reckoned  in  the  moveable  zodiac  from  the  epoch  of 
the  Calyougham,  is  7%  «°,  0',  7%  or  9%  7°>  45', 
1%  when  referred  to  the  fixed  point  of  the  vernal 
equinox.    Now,  the  mean  motion  for  the  same  in- 
tenral,  taken  from  the  tables  of  Mayer,  is  greater 
than  this,  by  2°,  43',  4",*  which,  though  conform- 
able, in  general,  to  the  notion  of  the  moon's  mo* 
tion  having  been  accelerated,  falls,  it  must  be  con- 
fessed, greatly  short  of  the  quantity  which  Mayer 
has  assigned  to  that  acceleration.     This,  however, 
is  not  true  of  all  the  tables ;  for  the  moon's  motion 
in  43S3  years,  9*  days,  taken  from  those  of  Chris* 
nabouram,  is  3°,  2',  10*  less  than  in  the  tables  of 
Tirvalore  ;t  from  which  it  is  reasonable  to  con- 
dude,  with  Bailly,  that  the  former  are,  in  rea- 
lity, more  ancient  than  the  latter,  though  they  do 
not  profess  to  be  so :   and  hence,  also,  the  tables 
of  Chrisnabouiam  make  the  moon's  motion  less 
than  Mayer's  for  the  above  mentioned  interval,  by 
5*,  44,  14  ,  which  therefore  is,  according  to  them, 
the  quantity  of  the  acceleration. 


t  lb*i  IK  l*k 
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27.  Now,  it  is  worthy  of  remark,  that  if  the  same 
be  computed  on  Mayer's  principles,  that  is,  if  we 
calculate  how  much  the  angular  motion  of  the  moon 
for  4383  years,  94  days,  dated  from  the  beginning 
of  the  Calyougham,  must  have  been  less  than  if  her 
velocity  had  been  all  that  time  uniform,  and  the 
same  as  in  the  present  century,  we  shall  find  it  to 
be  5°,  43',  7"t  an  arch  which  is  only  1',  7",  less 
than  the  former.  The  tables  of  Chrisnabouram, 
therefore,  agree  with  those  of  Mayer,  when  cor- 
rected by  the  acceleration  within  1',  7",  and  that 
for  a  period  of  more  than  four  thousand  years. 
From  this  remarkable  coincidence,  we  may  con- 
elude,  with  the  highest  probability,  that  at  least 
one  set  of  the  observations,  on  which  those  tables 
are  founded,  is  not  less  ancient  than  the  Calyoug- 
ham; and  though  the  possibility  of  their  being 
some  ages  later  than  that  epoch,  is  not  absolutely 
excluded,  yet  it  may,  by  strict  mathematical  rea- 
soning, be  inferred,  that  they  cannot  have  been 
later  than  2000  years  before  the  Christian  era.  * 

*  The  reasoning  here  referred  to  is  the  following :  As  the 
mean  motions,  in  all  astronomical  tables,  are  determined  by 
the  comparison  of  observations  made  at  a  great  distance  of 
time  from  one  another ;  if  x  be  the  number  of  centuries  be- 
tween the  beginning  of  the  present,  and  the  date  of  the  more 
ancient  observations,  from  which  the  moon's  mean  motion  in 
the  tables  of  Chrisnabouram  is  deduced ;  and  \iy  denote  the 
same  for  the  more  modern  observations :  then  the  quantity 
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28.  This  last  is  one  of  the  few  coincidences  be- 
tween the  astronomy  of  India  and  of  Europe,  which 
their  ingenious  historian  has  left  for  others  to  observe. 
Indeed,  since  he  wrote,  every  argument,  founded 


by  which  the  moon's  motion  during  the  interval  x — y,  falls 
short  of  Mayer's,  for  the  same  interval,  is  (**— y*)9*. 

If,  therefore,  m  be  the  motion  of  the  moon  for  a  century 
in  the  last  mentioned  tables,  j*(x_y)-- 9"(**— y)  will  be 
the  mean  motion  for  the  interval  as— f  in  the  tables  of  Chris- 
nabouram.  If,  then,  a  be  any  other  interval,  as  that  of  43.83 
centuries,  the  mean  motion  assigned  to  it,  in  these  last  tables, 

by  the  rule  of  proportion,  will  be  ^if=St=^^=£l- 


9"fl(*+y).    Let  this  motion,  actually  taken  from  the 


tables,  bezzna,  ihenm*—na=:9*a(x+y),  or  x+y =— —= 

52.19  in  the  present  case.  It  is  certain,  therefore,  that  what- 
ever supposition  be  made  with  respect  to  the  interval  be- 
tween x  and  y,  their  sum  must  always  be  the  same,  and  must 
amount  to  5219  years.  But  that,  that  interval  may  be  long 
enough  to  give  the  mean  motions  with  exactness,  it  can 
scarcely  be  supposed  less  than  2000  years ;  and,  in  that  case, 
x  =r  3609  years,  which,  therefore,  is  its  least  value.  But  if 
3609  be  reckoned  back  from  1700,  it  goes  up  to  1909  years 
before  Christ,  nearly,  as  has  been  said. 

It  must  be  remembered,  that  what  is  here  investigated  is 
the  limit,  or  the  most  modern  date  possible  to  be  assigned 
to  the  observations  in  question.  The  supposition  that  x— y 
=  a,  is  the  most  probable  of  all,  and  it  gives  .r = 4801,  which 
corresponds  to  the  beginning  of  the  Calyougham. 
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on  the  moon's  acceleration,  has  become  more  wor- 
thy of  attention,  and  more  conclusive.  For  that 
acceleration  is  no  longer  a  mere  empirical  equa- 
tion, introduced  to  reconcile  the  ancient  observa- 
tions with  the  modern,  nor  a  fact  that  can  only  be 
accounted  for  by  hypothetical  causes,  such  as  the 
resistance  of  the  ether,  or  the  time  necessary  for 
the  transmission  of  gravity ;  it  is  a  phenomenon, 
which  Laplace  has,*  with  great  ability,  deduced 
from  the  principle  of  universal  gravitation,  and 
shown  to  be  necessarily  connected  with  the  changes 
in  the  eccentricity  of  the  earth's  orbit,  discovered 
by  Lagrange ;  so  that  the  acceleration  of  the  moon 
is  indirectly  produced  by  the  action  of  the  planets, 
which  alternately  increasing  and  diminishing  the 
said  eccentricity,  subjects  the  moon  to  different 
degrees  of  that  force  by  which  the  sun  disturbs  the 
time  of  her  revolution  round  the  earth.  It  is 
therefore  a  periodical  inequality,  by  which  th  e 
moon's  motion,  in  the  course  of  ages,  will  be  as 
much  retarded  as  accelerated ;  but  its  changes  are 
so  slow,  that  her  motion  has  been  constantly  ac- 
celerated, even  lor  a  longer  period  than  that  to 
which  the  observations  of  India  extend. 

A  formula  for  computing  the  quantity  of  this 
inequality,  has    been   given  by  Laplace,   which, 

•  Mgm.  Acad,  des  Scienc.  1786,  p.  235,  &c. 
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though  only  an  approximation,  being  derived  from 
theory,  is  more  accurate  than  that  which  Mayer 
deduced  entirely  from  observation ;  *  and  if  it  be 
taken  instead  of  Mayer's,  which  last,  on  account  of 
its  simplicity,  I  have  employed  in  the  preceding 
calculations,  it  will  give  a  quantity  somewhat  dif- 
ferent, though  not  such  as  to  affect  the  general  re- 
sult.    It  makes  the  acceleration  for  4383  years, 
dated  from  the  beginning  of  the  Calyougham,  to 
be  greater  by  17'>  39%  than  was  found  from  May- 
er's rule,  and  greater  consequently  by  16',  33% 
than  was  deduced  from  the  tables  of  Chrisnabou- 
ram.     It  is  plain  that  this  coincidence  is  still  near 
enough  to  leave  the  argument  that  is  founded  on 
it  in  possession  of  all  its  force,  and  to  afford  a 
strong  confirmation  of  the  accuracy  of  the  theory, 
and  the  authenticity  of  the  tables. 
•    That  observations  made  in  India,  when  all  Eu- 
rope was  barbarous  or  uninhabited,  and  investiga- 
tions into  the  most  subtle  effects  of  gravitation 
made  in  Europe,  near  five  thousand  years  after- 
wards, should  thus  come  in  mutual  support  of  one 
another,  is  perhaps  the  most  striking  example  of 
the  progress  and  vicissitude  of  science,  which  the 
history  of  mankind  has  yet  exhibited. 

29*  This,  however,  is  not  the  only  instance  of 
the  same  kind  that  will  occur,  if,  from  examining 

*  M6m.  Acad,  dee  Scienc.  1786,  p.  260. 
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the  radios!  places  and  mean  motions  in  the  Indian 
astronomy,  we  proceed  to  consider  some  other  of 
its  elements,  such  as,  the  length  of  the  year,  the  in- 
equality of  the  sun's  motion,  and  the  obliquity  of 
the  ecliptic,  and  compare  them  with  the  conclusions 
deduced  from  the  theory  of  gravity,  by  Lagrange* 
To  that  geometer,  physical  astronomy  is  indebted 
for  one  of  the  most  beautiful  of  its  discoveries,  viz. 
That  all  the  variations  in  our  system  are  periodical ; 
so  that,  though  every  thing,  almost  without  excep- 
tion, be  subject  to  change,  it  will,  after  a  certain 
interval,  return  to  the  same  state  in  which  it  is  at 
present,  and  leave  no  room  for  the  introduction  of 
disorder,  or  of  any  irregularity  that  might  constant- 
ly increase.  Many  of  these  periods,  however,  are 
of  vast  duration.  A  great  number  of  ages,  for  in- 
stance, must  elapse  before  the  year  be  again  exact- 
ly of  the  same  length,  or  the  sun's  equation  of  the 
same  magnitude  as  at  present.  *  An  astronomy, 
therefore,  which  professes  to  be  so  ancient  as  the 
Indian,  ought  to  differ  considerably  from  ours  in 
many  of  its  elements.  If,  indeed,  these  differences 
are  irregular,  they  are  the  effects  of  chance,  and 
must  be  accounted  errors ;  but  if  they  observe  the 
laws,  which  theory  informs  us  that  the  variations  in 
our  system  do  actually  observe,  they  must  be  held 
as  the  most  undoubted  marks  of  authenticity.   We 

•  M£m.  de  l'Acad.  de  Berlin,  1782,  p.  170,  ftc. 
VOL.  III.  I 
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are  to  examine,  as  Bailly  has  done,  which  of  these 
takes  place  in  the  case  before  us*  * 

SO.  The  tables  of  Tirvalore,  which,  as  we  have 
seen,  refer  their  date  to  the  beginning  of  the  Cal- 
yougham,  make  the  sidereal  year  to  consist  of  365  d. 
6  h.  12',  SO" ;  and  therefore  the  tropical  of  365  d. 
5  h.  50',  35%  which  is  1',  46"  longer  than  that  of 
Lacaille.  f  Now,  the  tropical  year  was  in  reality 
longer  at  that  time  than  it  is  at  present ;  for  though 
the  sidereal  year,  or  the  time  which  the  earth  takes 
to  return  from  one  point  of  space  to  the  same  point 
again,  is  always  of  the  same  magnitude,  yet  the 
tropical  year  being  affected  by  the  precession  of  the 
equinoxes,  is  variable  by  a  small  quantity,  which 
never  can  exceed  3',  40",  and  which  is  subject  to 
slow  and  unequal  alternations  of  diminution  and 
increase.  A  theorem,  expressing  the  law  and  the 
quantity  of  this  variation,  has  been  investigated  by 
Lagrange,  in  the  excellent  Memoir  already  men- 
tioned ;  X    and  it  makes  the  year  3102  before 

Christ,  40 '£  longer  than  the  year  at  the  beginning 
of  the  present  century.  §     The  year  in  the  tables 

of  Tirvalore  is  therefore  too  great  by  1',  5*|. 
31.  But  the  determination  of  the  year  is  always 


*  Astr.  Indienne,  p.  \60,  &c. 

t  Supra,  §  18  and  10. 

t  Mem.  Acad.  Berlin,  1788,  p.  289. 

§  Aitr.  Indienne,  p.  J  CO. 
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from  a  comparison  of  observations  made  at  a  con- 
siderable interval  from  one  another ;  and,  even  to 
produce  a  degree  of  accuracy  much  less  than  what 
we  see  belongs  to  the  tables  of  Tirvalore,  that  in* 
terval  must  have  been  of  several  ages.  Now,  says 
Bailly,  if  we  suppose  these  observations  to  have 
been  made  in  that  period  of  2400  years,  immedi- 
ately preceding  the  Calyougham,  to  which  the 
Brahmins  often  refer ;  and  if  we  also  suppose  the 
inequality  of  the  precession  of  the  equinoxes  to  in* 
crease  as  we  go  back,  in  proportion  to  the  square  of 
the  times,  we  shall  find,  that,  at  the  middle  of  this 
period,  or  1200  years  before  the  beginning  of  the 
Calyougham,  the  length  of  the  year  was  365  d.  5  Ju 
50',  41",  almost  precisely  as  in  the  tables  of  Tirva- 
lore. And  hence  it  is  natural  to  conclude,  that 
this  determination  of  the  solar  year  is  as  ancient  as 
the  year  1200  before  the  Calyougham,  or  4800 
before  the  Christian  era.  * 

S2.  In  this  reasoning,  however,  it  seems  impos- 
sible to  acquiesce  ;  and  Bailly  himself  does  not  ap- 
pear to  have  relied  on  it  with  much  confidence,  f 
We  are  not  at  liberty  to  suppose  that  the  precession 
of  the  equinoxes  increases  in  the  ratio  above  mention- 
ed, or,  which  is  the  same,  that  the  equinoctial  points 


*  Astr.  Indienne,  p.  161. 

t  He  says,  "  Sans  derate  il  ne  peut  resulter  de  ot  calcul 
qu'un  apperfu." 
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go  back  with  a  motion  equably  retarded*  If,  by 
Lagrange's  formula,  we  trace  back,  step  by  step, 
the  variation  of  the  solar  year,  we  shall  find,  that 
about  the  beginning  of  the  Calyougham,  it  had 
nearly  attained  the  extreme  point  of  one  of  those 
vibrations,  which  many  centuries  are  required  to 
complete  ;  and  that  the  year  was  then  longer  than 
it  has  ever  been  since,  or  than  it  had  been  for 
many  ages  before.  It  was  40}"  longer  than  it  is 
at  present ;  but,  at  the  year  5500  before  Christ, 
it  was  only  £9"  longer  than  at  present,  instead  of 
£',  50%  which  is  the  result  of  Bailly's  supposition. 
During  all  the  intervening  period  of  2400  years, 
the  variation  of  the  year  was  between  these  two 
quantities ;  and  we  cannot,  therefore,  by  any  ad- 
missible supposition,  reduce  the  error  of  the  tables 
to  less  than  I',  5".  The  smallness  of  this  error, 
though  extremely  favourable  to  the  antiquity,  as 
well  as  the  accuracy  of  the  Indian  astronomy,  is  a 
circumstance  from  which  a  more  precise  conclusion 
can  hardly  be  deduced. 

33.  The  equation  of  the  sun's  centre  is  an  ele- 
ment in  the  Indian  astronomy,  which  has  a  more 
unequivocal  appearance  of  belonging  to  an  earlier 
period  than  the  Calyougham.  The  maximum  of 
that  equation  is  fixed,  in  these  tables,  at  2°,  1 0',  S2\ 
It  is  at  present,  according  to  Lacaille,  1°,  55£', 
that  is,  15'  less  than  with  the  Brahmins.  Now, 
Lagrange  has  shown,  that  the  sun's  equation,  to- 
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gether  with  the  eccentricity  of  the  earth's  orbit, 
on  which  it  depends,  is  subject  to  alternate  dimi* 
nution  and  increase,  and  accordingly  has  been  di- 
minishing for  many  ages.  In  the  year  3102  before 
our  era,  that  equation  was  2°,  6',  28 1€" ;  less,  only 
by  4',  than  in  the  tables  of  the  Brahmins.  But  if 
we  suppose  the  Indian  astronomy  to  be  founded  on 
observations  that  preceded  the  Calyougham,  the 
extermination  of  this  equation  will  be  found  to  be 
still  more  exact.  Twelve  hundred  years  before  the 
commencement  of  that  period,  or  about  4300  years 
before  our  era,  it  appears,  by  computing  from  La- 
grange's formula,  that  the  equation  of  the  sun's 
centre  was  actually  2°,  8',  16" ;  so  that  if  the  In- 
dian astronomy  be  as  old  as  that  period,  its  error, 
with  respect  to  this  equation,  is  but  of  2'.  * 

34.  The  obliquity  of  the  ecliptic  is  another  ele- 
ment in  which  the  Indian  astronomy  and  the  Eu- 
ropean do  not  agree,  but  where  their  difference  is 
exactly  such  as  the  high  antiquity  of  the  former  is 
found  to  require.  The  Brahmins  make  the  obli- 
quity of  the  ecliptic  24°.  Now,  Lagrange's  for- 
mula for  the  variation  of  the  obliquity,  t  gives  22', 
32",  to  be  added  to  its  obliquity  in  1700,  that  is,  to 
23%  28,  41%  in  order  to  have  that  which  took  place 
in  the  year  3102  before  our  era.     This  gives  us 

— __  — * — ■ p 

"  Astr,  Ind.  p.  163. 

f  Mem.  Acad.  Berlin,  J  782,  p.  287- 
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83°,  51',  13%  which  is  8',  47%  short  of  the  deter- 
mination of  the  Indian  astronomers.  But  if  we 
suppose,  as  in  the  case  of  the  sun's  equation,  that 
the  observations  on  which  this  determination  is 
founded,  were  made  1200  years  before  the  Cal- 
yougham,  we  shall  find  that  the  obliquity  of  the 
ecliptic  was  $43°,  57',  45",  and  that  the  error  of 
the  tables  did  not  much  exceed  2\  * 

35.  Thus,  do  the  measures  which  the  Brahmins 
assign  to  these  three  quantities,  the  length  of  the 
tropical  year,  the  equation  of  the  sun's  centre,  and 
the  obliquity  of  the  ecliptic,  all  agree  in  referring 
the  epoch  of  their  determination  to  the  year  3102 
before  our  era,  or  to  a  period  still  more  ancient. 
This  coincidence  in  three  elements,  altogether  in- 
dependent of  one  another,  cannot  be  the  effect  of 
chance.  The  difference,  with  respect  to  each  of 
them,  between  their  astronomy  and  ours,  might 
singly  perhaps  be  ascribed  to  inaccuracy  ;  but  that 
three  errors,  which  chance  had  introduced,  should 
be  all  of  such  magnitudes,  as  to  suit  exactly  the 
same  hypothesis  concerning  their  origin,  is  hardly 
to  be  conceived.  Yet  there  is  no  other  alternative, 
but  to  admit  this  very  improbable  supposition,  or  to 
acknowledge  that  the  Indian  astronomy  is  as  an- 
cient as  one,  or  other  of  the  periods  above  men- 
tioned. 


Astr.  Ind.  p.  165. 
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36.  This  conclusion  would  receive  great  addi- 
tional confirmation,  could  we  follow  Bailly  in  his 
analysis  of  the  astronomy  of  the  planets,  contained 
in  the  tables  of  Chrisnabouram  ;*  but  the  length  to 
which  this  paper  is  already  extended,  will  allow 
only  a  few  of  the  most  remarkable  particulars  to  be 
selected. 

In  these  tables,  which  are  for  the  epoch  1491, 
the  mean  motions  are  given  with  considerable  ac- 
curacy, but  without  an  appearance  of  being  taken 
from  Ptolemy,  or  any  of  the  astronomers  already 
mentioned.  Two  inequalities,  called  the  schi- 
gram  and  the  manda,  are  also  distinguished  in 
each  of  the  planets,  both  superior  and  inferior,  t 
The  first  of  these  is  the  same  with  that  which  we 
call  the  parallax  of  the  earth's  orbit,  or  the  appar- 
ent inequality  of  a  planet,  which  arises  not  from  its 
own  motion,  but  from  that  of  the  observer j  but 
whether  it  is  ascribed,  in  the  Indian  astronomy,  to 
its  true  cause,  or  to  the  motion  of  the  planet  in  an 
epicycle,  is  a  question  about  which  the  tables  give 
no  direct  information.  The  magnitude,  however, 
of  this  equation  is  assigned,  for  each  of  the  planets, 
with  no  small  exactness,  and  is  varied,  in  the  dif- 
ferent points  of  its  orbit,  by  a  law  which  approaches 
very  near  to  the  truth. 

The  other  inequality  coincides  with  that  of  the 


*  Astr.  Ind.  p.  173,  &c.  t  Ibid,  p,  177, 
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planet's  centre,  or  that  which  arises  from  the  ec- 
centricity of  its  orbit,  and  it  is  given  near  the  truth 
for  all  the  planets,  except  Mercury,  by  which,  as  is 
(  no  wonder,  the  first  astronomers  were,  everywhere, 
greatly  deceived.  Of  this  inequality,  it  is  suppos- 
ed, just  as  in  the  cases  of  the  sun  and  moon,  that 
it  is  always  as  the  sine  of  the  planet's  distance  from 
the  point  of  its  slowest  motion,  or  from  what  we 
call  its  aphelion,  and  is  consequently  greatest  at 
90°  from  that  point. 

It  were  to  be  wished  that  we  knew  the  etymo- 
logy of  the  names  which  are  given  to  these  inequa- 
lities, as  it  might  explain  the  theory  which  guided 
the  authors  of  the  tables.  The  titles  of  our  astro- 
nomical tables,  the  terms  aphelion,  heliocentric,  or 
geocentric  place,  &c.  would  discover  the  leading 
ideas  of  the  Copernican  system,  were  no  other  de- 
scription of  it  preserved. 

37*  In  the  manner  of  applying  these  two  inequa- 
lities, to  correct  the  mean  place  of  a  planet,  the 
rules  of  this  astronomy  are  altogether  singular.  In 
the  case  of  a  superior  planet,  they  do  not  make  use 
of  the  mean  anomaly,  as  the  argument  for  finding 
out  the  equation  manda,  but  of  that  anomaly,  when 
corrected  first  by  half  the  equation  schigram,  and 
afterwards  by  half  the  equation  manda.*  By  the 
equation  of  the  centre,  obtained  with  this  argument, 


*  Astr.  Ind.  p.  19*. 
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the  mean  longitude  of  the  planet  is  corrected,  and 
its  true  heliocentric  place  consequently  found,  to 
which  there  is  again  applied  the  parallax  of  the 
annual  orbit,  that  the  geocentric  place  may  be  ob- 
tained. The  only  difficulty  here,  is  in  the  method 
of  taking  out  from  the  tables  the  equation  to  the 
centre*  It  is  evidently  meant  for  avoiding  some 
inaccuracy,  which  was  apprehended  from  a  more 
direct  method  of  calculation,  but  of  which,  even 
afler  the  ingenious  remarks  of  Bailly,  it  seems  im- 
possible to  give  any  clear  and  satisfactory  account. 
38.  The  manner  of  calculating  the  places  of  the 
inferior  planets  has  a  great  resemblance  to  the  for- 
mer ;  with  this  difference,  however,  that  the  equation  ► 
tnanda,  or  of  the  centre,  is  applied  to  correct,  not 
the  mean  place  of  the  planet,  but  the  mean  place 
of  the  sun  ;  and  to  this  last,  when  so  corrected,  is 
applied  the  equation  schigram,  which  involves  the 
planet's  elongation  from  the  sun,  and  gives  its  geo- 
centric place.  *  This  necessarily  implies,  that  the 
centre,  about  which  the  inferior  planets  revolve, 
has  the  same  apparent  mean  motion  with  the  sun : 
but  whether  it  be  a  point  really  different  from  the 
sun,  or  the  same ;  and,  if  the  same,  whether  it  be 
in  motion  or  at  rest,  are  left  entirely  undetermined, 
and  we  know  not,  whether  in  the  astronomy  of  In- 
dia, we  have  here  discovered  a  resemblance  to  the 

*  Artr.  Ind.  p.  199,  &c. 
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Ptolemaic,  the  Tychonic,  or  the  Copernican  sys- 
tem. 

39.  These  tables,  though  their  radical  places  are 

for  the  year  1491  of  our  era,  have  an  obvious  re- 

* 

ference  to  the  great  epoch  of  the  Calyougham. 
For  if  we  calculate  the  places  of  the  planets  from 
them,  for  the  beginning  of  the  astronomical  year, 
at  that  epoch,  we  find  them  all  in  conjunction  with 
the  sun  in  the  beginning  of  the  moveable  zodiac, 
their  common  longitude  being  10%  6°.*  Accord- 
ing to  our  tables,  there  was,  at  that  time,  a  con- 
junction of  all  the  planets,  except  Venus,  with  the 
sun  ;  but  they  were,  by  no  means,  so  near  to  one 
another  as  the  Indian  astronomy  represents.  It  is 
true,  that  the  exact  time  of  a  conjunction  cannot 
be  determined  by  direct  observation  ;  but  this  does 
not  amount  to  an  entire  vindication  of  the  tables  ; 
and  there  is  reason  to  suspect,  that  some  supersti- 
tious notions,  concerning  the  beginning  of  the  Cal- 
yougham, and  the  signs  by  which  nature  must 
have  distinguished  so  great  an  epoch,  has,  in  this 
instance  at  least,  perverted  the  astronomy  of  the 
Brahmins.  There  are,  however,  some  coincidences 
between  this  part  of  their  astronomy,  and  the 
theory  of  gravity,  which  must  not  be  forgotten. 

40.  The  first  of  these  respects  the  aphelion  of 
Jupiter,  which,  in  the  tables,  is  supposed  to  have  a 
■      —  i 

•  Astr.  Ind.  p.  181. 
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retrograde  motion  of  15°  in  200000  years,  *  and 
to  have  been,  at  the  epoch  of  1491,  in  longitude 
5%  21°,  40',  20",  from  the  beginning  of  the  zodiac. 
It  follows,  therefore,  that  in  the  year  3102  before 
Christ,  the  longitude  of  Jupiter's  aphelion  was 
S*>  $7%  0'»  reckoned  from  the  equinox.     Now,  the 
same,   computed  from  Lalande's  tables,   is  only 
3*,  16°,  48',  58" ;  so  that  there  would  seem  to  be 
an  error  of  more  than  10°  in  the  tables  of  the 
Brahmins.     But,  if  it  be  considered,  that  Jupiter's 
orbit  is  subject  to  great  disturbances,  from  the  ac- 
tion of  Saturn,  which  Lalande  does  not  profess  to 
have  taken  into  account,  we  will  be  inclined  to  apt 
peal  once  more  to  Lagrange's  formulas,  before  we 
pass  sentence  against  the  Indian  astronomy,  t 

From  one  of  these  formulas,  we  find,  that  the 
true  place  of  the  aphelion  of  Jupiter,  at  the  time 
above  mentioned,  was  3%  26°,  50',  40",  which  is 
but  10/,  40",  different  from  the  tables  of  Chrisna- 
bouram.  The  French  and  Indian  tables  are,  there- 
fore, both  of  them  exact,  and  only  differ  because 
they  are  adapted  to  ages  near  five  thousand  years 
distant  from  one  another. 

41.  The  equation  of  Saturn's  centre  is  an  in- 
stance of  the  same  kind.     That  equation,  at  pre- 


•  Astr.  IncL  p.  184,  §  13. 

t  Mem.  Acad.  Berlin,  1782,  p.  246.     Astr.  Ind.  p.  186. 
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lent,  is,  according  to  Lalande,  6°,  23',  19"  j  and 
hence,  by  means  of  one  of  the  formulas  above  men- 
tioned,  Bailly  calculates,  that,  3109  years  before 
Christ,  it  was  7°.  41',  22*.  *  The  tables  of  the 
Brahmins  make  it  7\  39 \  44",  which  is  less  only 
by  1',  38%  than  the  preceding  equation,  -though 
greater  than  that  of  the  present  century  by  1°»  16', 
£5". 

42*  Bailly  remarks,  that  the  equations  for  the 
other  planets  are  not  given  with  equal  accuracy, 
and  afford  no  more  such  instances  as  the  former. 
But  it  is  curious  to  observe,  that  new  researches 
into  the  effects  of  gravitation,  have  discovered  new 
coincidences  of  the  same  kind ;  and  that  the  two 
great  geometers,  who  have  shared  between  them 
the  glory  of  perfecting  the  theory  qf  disturbing 
Jbrces,  have  each  contributed  his  part  to  establish 
the  antiquity  of  the  Indian  astronomy.     Since  the 
publication  of  Bailly*s  work,  two  other  instances  of 
an  exact  agreement,  between  the  elements  of  these 
tables,  and  the  conclusions  deduced  from  the  theo- 
ry of  gravity,  have  been  observed,  and  communi- 
cated to  him  by  Laplace,  in  a  letter,  inserted  in 
the  Journal  des  Savans. 

In  seeking  for  the  cause  of  the  secular  equations, 
which  modern  astronomers  have  found  it  necessary 
to  apply  to  the  mean  motion  of  Jupiter  and  Saturn, 
— ^— ^—  ■  ^__^_      -^-^— — ^— — *~  ■    ■■ 

•  Aitr.  Ind.  p.  18S. 
II 
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Laplace  has  discovered,  that  there  are  inequalities 
belonging  to  both  these  planets,  arising  from  their 
mutual  action  on  one  another,  which  have  long  pe- 
riods, one  of  them  no  less  than  877  years ;  so  that 
the  mean  motion  must  appear  different,  if  it  be  de- 
termined from  observations  made  in  different  parts 
of  those  periods.  "  Now,  I  find,"  says  he,  "  by 
my  theory,  that  at  the  Indian  epoch  of  3104  years 
before  Christ,  the  apparent  and  annual  mean  mo- 
tion of  Saturn  was  l£°,  IS',  14",  and  the  Indian 
tables  make  it  12°,  13\  13\ 

"  In  like  manner,  I  find,  that  the  annual  and 
apparent  mean  motion  of  Jupiter  at  that  epoch  was 
30°,  20',  42",  precisely  as  in  the  Indian  astrono* 
my.    w 

43.  Thus  have  we  enumerated  no  less  than  nine 
astronomical  elements,  t  to  which  the  tables  of  In- 
dia assign  such  values  as  do,  by  no  means,  belong 
to  them  in  these  later  ages,  but  such  as  the  theory 
of  gravity  proves  to  have  belonged  to  them  three 
thousand  years  before  the  Christian  era.  At  that 
time,  therefore,  or  in  the  ages  preceding  it,  the  ob- 

*  Esprit  des  Jouraaux,  Nov.  1787,  p.  SO. 

t  The  inequality  of  the  precession  of  the  equinoxes,  ({ 
22 ;)  the  acceleration  of  the  moon;  the  length  of  the  solar 
year ;  the  equation  of  the  sun's  centre ;  the  obliquity  of  the 
ecliptic ;  the  place  of  Jupiter's  aphelion ;  the  equation  of  Sa- 
turn's centre ;  and  the  inequalities  in  the  mean  motion  of 
both  these  planets. 
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servations  must  have  been  made  from  which  these 
elements  were  deduced.  For  it  is  abundantly  evi- 
dent, that  the  Brahmins  of  later  times,  however 
willing  they  might  be  to  adapt  their  tables  to  so 
remarkable  an  epoch  as  the  Calyougham,  could  ne- 
ver think  of  doing  so,  by  substituting,  instead  of 
quantities  which  they  had  observed,  others  which 
they  had  no  reason  to  believe  had  ever  existed. 
The  elements  in  question  are  precisely  what  these 
astronomers  must  have  supposed  invariable,  and  of 
which,  had  they  supposed  them  to  change,  they 
had  no  rules  to  go  by  for  ascertaining  the  varia- 
tions ;  since,  to  the  discovery  of  these  rules  is  re- 
quired, not  only  all  the  perfection  to  which  astro- 
nomy is,  at  this  day,  brought  in  Europe,  but  all 
that  which  the  sciences  of  motion  and  of  extension 
have  likewise  attained.  It  is  no  less  clear,  that 
these  coincidences  are  not  the  work  of  accident ; 
for  it  will  scarcely  be  supposed  that  chance  has  ad- 
justed the  errors  of  the  Indian  astronomy  with  such 
singular  felicity,  that  observers,  who  could  not  dis- 
cover the  true  state  of  the  heavens,  at  the  age  in 
which  they  lived,  have  succeeded  in  describing  one 
which  took  place  several  thousand  years  before  they 
were  born. 

44.  The  argument,  however,  which  regards  the 
originality  of  these  tables,  is,  in  some  measure,  in- 
complete, till  we  have  considered  the  geometrical 
principles  which  have  been  employed  in  their  con- 
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struction.  For  it  is  Hot  impossible,  that  when  seen 
connected  by  those  principles,  and  united  into  ge- 
neral theorems,  they  may  be  found  to  have  rela- 
tions to  the  Greek  astronomy,  which  did  not  ap-  . 
pear,  when  the  parts  were  examined  singly.  Chi 
this  subject,  therefore,  I  am  now  to  offer  a  few  ob- 
servations. 

45.  The  rules  by  which  the  phenomena  of  eclip- 
ses are  deduced  from  the  places  of  the  sun  and 
moon,  have  the  most  immediate  reference  to  geo- 
metry; and  of  these  rules,  as  found  among  the 
Brahmins  of  Tirvalore,  M.  Legentil  has  given  a 
full  account,  in  the  Memoir  that  has  been  so  often 
quoted.  We  have  also  an  account  of  the  method 
of  calculation  used  at  Chrisnabouram  by  Father 
Duchamp.* 

It  is  a  necessary  preparation,  in  both  of  these,  to 
find  the  time  of  the  sun's  continuance  above  the 
horizon,  at  the  place  and  the  day  for  which  the  cal- 
culation of  an  eclipse  is  made,  and  the  rule  by 
which  the  Brahmins  resolve  this  problem,  is  ex- 
tremely simple  and  ingenious.  At  the  place  for 
which  they  calculate,  they  observe  the  shadow  of  a 
gnomon  on  the  day  of  the  equinox,  at  noon,  when 
the  sun,  as  they  express  it,  is  in  the  middle  of  the 
world.  The  height  of  the  gnomon  is  divided  into 
720  equal  parts,  in  which  parts  the  length  of  the 

•  Astr.  Ind.  p.  355,  &a 
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shadow  is  also  measured.  One  third  of  this  mea- 
sure is  the  number  of  minutes  by  which  the  day, 
at  the  end  of  the  first  month  after  the  equinox,  ex- 
ceeds twelve  hours ;  four-fifths  of  this  excess  is  the 
increase  of  the  day  during  the  second  month ;  and 
one  third  of  it  is  the  increase  of  the  day,  during 
the  third  month.  * 

46.  It  is  plain,  that  this  rule  involves  the  suppo- 
sition, that,  when  the  sun's  declination  is  given,  the 
same  ratio  every  where  exists  between  the  arch 
which  measures  the  increase  of  the  day  at  any 
place,  and  the  tangent  of  the  latitude;  for  that 
tangent  is  the  quotient  which  arises  from  dividing 
the  length  of  the  shadow  by  the  height  of  the 
gnomon.     Now,  this  is  not  strictly  true  ;  for  such 
a  ratio  only  subsists  between  the  chord  of  the  arch, 
and  the  tangent  above  mentioned.     The  rule  is, 
therefore,  but  an  approximation  to  the  truth,  as  it 
necessarily  supposes  the  arch  in  question  to  be  so 
small  as  to  coincide  nearly  with  its  chord.     This 
supposition  holds  only  of  places  in  low  latitudes ; 
and  the  rule  which  is  founded  on  it,  though  it  may 
safely  be  applied  in  countries  between  the  tropics, 
in  those  that  are  more  remote  from  the  equator, 
would  lead  into  errors  too  considerable  to  escape 
observation,  f 


•  M6m.  Acad,  des  Scienc.  II.  p.  175. 

t  To  judge  of  the  accuracy  of  this  approximation,  suppose 


Of  THE  BBAJHMIN8*  145 

Ai  some  of  the  former  rules,  therefore,  hare 
served  to  fix  the  time,  ao  does  this,  in  some  me** 
sure,  to  ascertain  the  place  of  its  invention.  It  ia 
the  simplification  of  a  general  rule,  adapted  to  the 
circumstances  of  the  torrid  zone,  and  suggested 
to  the  astronomers  of  Hindostan  by  their  peculiar 


O  to  be  the  obliquity  of  the  ecliptic,  and  x  the  excess  of  the 

semidiurnal  arch,  on  the  longest  day,  above  an  arch  of  90°, 

then  sin.  £=tan.O  x  tan.  lat     But  if  G  be  the  height  of  a 

gnomon,  and  S  the  length  of  its  shadow  on  the  equinoctial 

S  S 

day,  77=  tan.  lat.  and  sin.  x=  tan.O  x tv     Therefore  «s 

*     r*^  S   i  tan.O'xS5  ,  tan-C^xS5  .    .  .       .     _ 

tan.Ox  jt+ 553 + — 245s h  &c.  or  in  minutes 


of  time,  reckoned  after  the  Indian  manner,  x=578.957 

(tan.O  x  g+  tan.O»  x  ^5+  &c) 

If  0=24°,  then  tan.O=.445<2,  and  the  first  term  of  this 

formula  gives  *=s 572.957  X  L- g — ^"gT*    which  is  the 

same  with  the  rule  of  the  Brahmins. 

7808 


For  that  rule,  reduced  into  a  formula,  is  2x= 

51 S8  256S 


G 


Vl+I5  +  9>/~    G 


,  or  xzz 


G~* 


sufficient  accuracy;  the  error  produced  by  the  omission 
of  the  rest  of  the  terms  of  the  series  will  not  exceed  1',  even 
at  the  tropics,  but,  beyond  them,  it  increases  fast,  and,  in 
the  latitude  of  45°,  would  amount  to  8/. 

VOL.  III.  K 
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situation.  It  implies  the  knowledge  of  the  circles 
of  the  sphere,  and  of  spherical  trigonometry,  and 
perhaps  argues  a  greater  progress  in  mathematical 
reasoning  than  a  theorem  that  was  perfectly  accu- 
rate would  have  done.  The  first  geometers  must 
naturally  have  dreaded  nothing  so  much  as  any 
abatement  in  the  rigour  of  their  demonstrations, 
because  they  would  see  no  limits  to  the  error  and 
uncertainty  in  which  they  might,  by  that  means, 
be  involved.  It  was  long  before  the  mathematicians 
of  Greece  understood  how  to  set  bounds  to  such 
errors,  and  to  ascertain  their  utmost  extent,  whe- 
ther on  the  side  of  excess  or  defect ;  in  this  art 
they  appear  to  have  received  the  first  lessons  so  late 
as  the  age  of  Archimedes. 

47.  The  Brahmins  having  thus  obtained  the  va- 
riations of  the  length  of  the  day,  at  any  place,  or 
what  we  call  the  ascensional  differences,  apply  them 
likewise  to  another  purpose.  As  they  find  it  ne- 
cessary to  know  the  point  of  the  ecliptic,  which  is 
on  the  horizon,  at  the  time  when  an  eclipse  hap- 
pens, they  have  calculated  a  table  of  the  right  as- 
censions of  the  points  of  the  ecliptic  in  time,  to 
which  they  apply  the  ascensional  differences  for  the 
place  in  question,  in  order  to  have  the  time  which 
each  of  the  signs  takes  to  descend  below  the  ho- 
rizon of  that  place.  *     This  is  exactly  the  method, 

*  Acad,  des  Scienc  1772,  II;  p.  805. 


OP  THS  BRAHMINS.  147 

as  is  well  known,  which  the  most  skilful  astrono- 
mer, in  like  circumstances,  would  pursue.  Their 
table  of  the  differences  of  right  ascension  is  but  for. 
8  few  points  in  the  ecliptic,  viz.  the  beginning  of 
each  sign,  and  is  only  carried  to  minutes  of  time,  or 
tenths  of  a  degree.  It  is  calculated,  however,  so 
far  as  it  goes,  with  perfect  accuracy,  and  it  supposes 
the  obliquity  of  the  ecliptic,  as  before,  to  be  twenty* 
four  degrees* 

Such  calculations  could  not  be  made  without 
spherical  trigonometry,  or  some  method  equivalent 
to  it.  If,  indeed,  we  would  allow  the  least  skill 
possible  to  the  authors  of  these  tables,  we  may  sup- 
pose, that  the  arches  were  measured  on  the  circles 
of  a  large  globe,  or  armillary  sphere,  such  as  we 
know  to  have  been  one  of  the  first  instruments  of 
the  Egyptian  and  Greek  astronomers.  But  there 
are  some  of  the  tables  where  the  arches  are  put 
down  true  to  seconds,  a  degree  of  accuracy  which  8 
mechanical  method  can  scarcely  have  afforded. 

48.  In  another  part  of  the  calculation  of  eclipses, 
a  direct  application  is  made  of  one  of  the  most  re- 
markable propositions  in  geometry.  In  order  to  have 
the  semiduration  of  a  solar  eclipse,  they  subtract  from 
the  square  of  the  sum  of  the  semidiameters  of  the 
sun  and  moon,  the  square  of  a  certain  line,  which 
is  a  perpendicular  from  the  centre  of  the  sun  on 
the  path  of  the  moon ;  and  from  the  remainder, 
they  extract  the  square  root,  which  is  the  measure 
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of  the  semiduration.  *  The  same  thing  is  practised 
m  lunar  eclipses,  t  These  operations  are  all  found- 
ed on  a  very  distinct  conception  of  what  happens  in 
the  case  of  an  eclipse,  and  on  the  knowledge  of  this 
theorem,  that,  in  a  right-angled  triangle,  the  square 
on  the  hypothenuse  is  equal  to  the  squares  on  the 
other  two  sides.  It  is  curious  to  find  the  theorem 
of  Pythagoras  in  India,  where,  for  aught  we  know, 
it  may  have  been  discovered,  and  from  whence  that 
philosopher  may  have  derived  some  of  the  solid,  as 
well  as  the  visionary  speculations,  with  which  he 
delighted  to  instruct  or  amuse  his  disciples. 

49.  We  have  mentioned  the  use  that  is  made  of 
the  semidiameters  of  the  sun  and  moon  in  these 
calculations,  and  the  method  of  ascertaining  them, 
Is  deserving  of  attention.  For  the  sun's  apparent 
diameter,  they  take  four-ninths  of  his  diurnal  mo- 
tion, and  for  the  moon's  diameter,  one  twenty-fifth 
of  her  diurnal  motion.  In  an  eclipse,  they  sup- 
pose the  section  of  the  shadow  of  the  earth,  at  the 
distance  of  the  moon,  to  have  a  diameter  five  times 
that  of  the  moon ;  and  in  all  this,  there  is  consider- 
able accuracy,  as  well  as  great  simplicity.  The  ap- 
parent diameters  of  the  sun  and  moon,  increase  and 
diminish  with  their  angular  velocities ;  and  though 
there  be  a  mistake  in  supposing,  that  they  do  so  ex- 


♦  M&n.  Acad,  dea  Scienc.  1772,  II.  p.  259. 
t  Ibid.  241. 
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actly  in  the  same  proportion,  it  is  one  which,  with* 
out  telescopes  and  micrometers,  cannot  easily  be 
observed.  The  section  of  the  earth's  shadow,  like- 
wise, if  the  sun's  apparent  diameter  be  given,  in* 
creases  as  the  moon's  increases,  or  as  her  distance 
from  the  earth  diminishes,  and  nearly  enough  in  the 
same  ratio  to  justify  the  rule  which  is  here  'aid 
down. 

50.  The  historian  of  the  Academy  of  Sciences* 
in  giving  an  account  of  M.  Legentil's  Memoir, 
has  justly  observed,  that  the  rule  described  in  it, 
for  finding  the  difference  between  the  true  and  ap- 
parent conjunction,  at  the  time  of  a  solar  eclipse, 
contains  the  calculation  of  the  moon's  parallax,  but 
substitutes  the  parallax  in  right  ascension  for  the 
parallax  in  longitude  ;  *  an  error  which  the  authors 
of  this  astronomy  would  probably  have  avoided, 
had  they  derived  their  knowledge  from  the  writ- 
ings of  Ptolemy.     From  this  supposed  parallax  in 
longitude,  they  next  derive  the  parallax  in  latitude, 
where  we  may  observe  an  application  of  the  doc- 
trine of  similar  triangles ;  for  they  suppose  the  first 
of  these  to  be  to  the  last  in  the  constant  ratio  of 
2S  to  2,  or  nearly  as  the  radius  to  the  tangent  of 
the  inclination  of  the  moon's  orbit  to  the  plane  of 
the  ecliptic.     We  have  here,  therefore,  the  appli- 
cation of  another  geometrical  theorem,  and  that  too 
',« 

*  Hist.  Acad,  f  I.  p.  109.     Ibid.  M6m.  258— *SQ, 
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proceeding  on  the  supposition,  that  a  small  portion 
of  the  sphere,  on  each  side  of  the  point  which  the 
sun  occupies  at  the  middle  of  the  eclipse,  may  be 
held  to  coincide  with  a  plane  touching  it  in  that 
point. 

51.  The  result  which  the  Brahmins  thus  obtain 
will  be  allowed  to  have  great  accuracy,  if  it  be  con- 
sidered how  simple  their  rules  are,  and  how  long 
it  must  be  since  their  tables  were  corrected  by  ob- 
servations. In  two  eclipses  of  the  moon,  calculat- 
ed in  India  by  their  method,  and  likewise  observed 
there  by  M.  Legentil,  the  error,  in  neither  case, 
exceeded  23'  of  time,  (corresponding  to  one  of  13' 
of  a  degree,  in  the  place  of  the  moon ;)  and  in  the 
duration  and  magnitude  of  the  eclipse,  their  cal- 
culation came  still  nearer  to  the  truth.* 

.        ■  » 

*  In  the  language,  however,  of  their  ruleq,  we  may  trace 
some  marks  of  a  fabulous  and  ignorant  age,  from  which  in- 
deed even  the  astronomy  of  Europe  is  not  altogether  free* 
The  place  of  the  moon's  ascending  node,  is  with  them  the 
place  of  the  Dragon  or  the  Serpent;  the  moon's  distance  from 
the  node,  is  literally  translated  by  M.  Legentil  la  lune  offin- 
tie  du  dragon.  Whether  it  be  that  we  have  borrowed  these 
absurdities  from  India,  along  with  astrology,  or  if  the  popu- 
lar theory  of  eclipses  has,  at  first,  been  every  where  the 
same,  the  moon's  node  is  also  known  with  us  by  the  name 
of  the  cauda  draconis.  In  general,  however,  the  significa- 
tion of  the  terms  in  these  rules,  so  far  as  we  know  it,  is  more 
rational.  In  one  of  them  we  may  remark  considerable  re- 
finement; aj/anangiam,  which  is  the  name  for  the  reduction 
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52.  Since  an  inequality  was  first  observed  in  the 
motions  of  the  sun  or  moon,  the  discovery  of  the 
law  which  it  follows,  and  the  method  of  determin- 
ing the  quantity  of  it,  in  the  different  points  of 
their  orbits,  has  b&n  a  problem  of  the  greatest 
importance ;  and  it  is  curious  to  inquire,  in  what 
manner  the  astronomers  of  India  have  proceeded  to 
resolve  it.  For  this  purpose,  we  must  examine  the 
tables  of  the  chaiaa,  or  equations  of  the  centre  for 
the  sun  and  moon,  and  of  the  manda>  or  equations 
of  the  centre  for  the  planets.  With  respect  to  the 
first,  as  contained  in  the  tables  of  Siam,  M.  Cassi- 
ni  observed,  that  the  equations  followed  the  ratio 
of  the  sines  of  the  mean  distances  from  the  apogee  % 
but  as  they  were  calculated  only  for  a  few  points  of 
the  orbit,  it  could  not  be  known  with  what  degree 
of  exactness  this  law  was  observed.  Here,  how* 
ever,  the  tables  of  Chrisnabouram  remove  the  un- 
certainty, as  they  give  the  equation  of  the  centre 
for  every  degree  of  the  mean  motion,  and  make  it 
nearly  as  the  sine  of  the  distance  from  the  apogee. 

They  do  so,  however,  only  nearly ;  and  it  will 
be  found  on  trial,  that  there  is,  in  the  numbers  of 


made  on  the  sun's  longitude,  on  account  of  the  precession  of 
the  equinoxes,  is  compounded  from  ayanam,  a  course,  aim) 
angsam,  an  atom.  Mem.  Acad.  II.  p.  251.  The  equinox  is 
almost  the  only  point  not  distinguished  by  a  visible  objects 
of  which  the  course  or  motion  is  computed  in  this  astro- 
nomy. 
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the  table,  a  mall,  but  regular  variation  from  this 
law,  which  it  greatest  when  the  argument  is  90°, 
though  even  there  it  does  not  amount  to  a  minute. 
The  sun's  equation,  for  instance,  which,  when 
greatest,  or  when  the  argument  is  90°,  is,  by  these 
tables,  £°,  1(X,  32*,  should  be,  when  the  argument 
ii  &>°,  just  the  half  of  this,  or  1°,  5\  16",  did  the 
numbers  in  the  table  follow  exactly  the  ratio  of  the 
sines  of  the  argument.    It  is,  however,  1°,  6',  3" ; 
and  this  excess  of  47"  cannot  have  arisen  from  any 
mistake  about  the  ratio  of  the  sine  of  90°  to  that  of 
90°,  which  is  shown  to  be  that  of  1  to  2,  by  a  pro- 
position in  geometry*  much  too  simple  to  have 
been  unknown  to  the  authors  of  these  tables.    The 
rule,  therefore,  of  the  equations,  being  proportional 
exactly  to  the  sines  of  the  argument,  is  not  what 
was  followed,  or  intended  to  be  followed,  in  the 
calculation  of  them.     The  differences,  also,  be* 
tween  the  numbers  computed  by  that  rule,  and 
those  in  the  tables,  are  perfectly  regular,  decreas- 
ing from  the  point  of  30%  both  ways  toward  the 
beginning  and  end  of  the  quadrant,  where  they  va* 
niA  altogether. 

These  observations  apply  also  to  the  tables  of 
Narsapur,  t  and  to  the  moon's  equations,  as  well 
as  to  the  sun's,  with  a  circumstance,  however,  which 


•  Euc.  Lib.  IV.  Prop.  15. 
t  See  these  tables,  Astr.  Ind.  p.  414. 

tl 
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is  not  easily  accounted  for,  viz.  that  the  differences 
between  the  numbers  calculated  by  Cassini's  rule* 
and  those  in  the  tables,  are  not  greater  in  the  case 
of  the  moon  than  of  the  sun,  though  the  equation 
of  the  latter  be  more  than  double  that  of  the  former* 
They  apply  also  to  the  tables  manda  of  the  planet* 
where  the  equations  are  greater  than  the  ratio  of 
the  siues  of  their  arguments  requires,  the  excess 
being  greatest  at  30°,  and  amounting  to  some  mi* 
nutes  in  the  equations  of  Saturn,  Jupiter,  and  Mar* 
in  which  last  it  is  greatest  of  all. 

58.  Though,  for  these  reasons,  it  is  plain,  that 
the  rule  of  Cassini  is  not  the  same  with  that  of  the 
Brahmins,  it  certainly  includes  the  greater  part  of 
it ;  and  if  the  latter,  whatever  it  may  have  been, 
were  expressed  in  a  series,  according  to  the  me- 
thods of  the  modern  analysis,  the  former  would  be 
the  first  term  of  that  series.  We  are  not,  how- 
ever, much  advanced  in  our  inquiry  in  consequence 
of  this  remark ;  for  the  first  terms  of  all  the  series, 
which  can,  on  any  hypothesis,  express  the  relation 
of  the  equation  of  the  centre  to  the  anomaly  of  a 
planet,  are  so  far  the  same,  that  they  are  propor- 
tional to  the  sine  of  that  anomaly ;  and  it  becomes 
therefore  necessary  to  search  among  these  hypo* 
theses,  for  that  by  which  the  series  of  small  differ* 
ences,  described  above,  may  be  best  represented. 
It  is  needless  to  enter  here  into  any  detail  of  the 
reasonings  by  which  this  has  been  done,  and  by 
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which  I  have  found,  that  the  argument  in  the  table 
bears  very  nearly  the  same  relation  to  the  corre- 
sponding numbers,  that  the  anomaly  of  the  eccen 
trie  does  to  the  equation  of  the  centre.  By  the 
anomaly  of  the  eccentric,  however,  I  do  not  mean 
the  angle  which  is  known  by  that  name  in  the  so- 
lution of  Kepler's  problem,  but  that  which  serves 
the  same  purpose  with  it,  on  the  supposition  of  a 
circular  orbit,  and  an  uniform  angular  motion 
about  a  point  which  is  not  the  centre  of  that  orbit, 
but  which  is  as  distant  from  it,  on  the  one  side,  as 
the  earth  (or  the  place  of  the  observer)  is  on  the 
other.  It  is  the  angle,  which,  in  such  an  orbit, 
the  line  drawn  from  the  planet  to  the  centre,  makes 
with  the  line  drawn  from  thence  to  the  apogee ; 
and  the  argument  in  the  Indian  tables  coincides 
with  this  angle. 

-  This  hypothesis  of  a  double  eccentricity,  is  cer- 
tainly not  the  simplest  that  may  be  formed  with 
respect  to  the  motion  of  the  heavenly  bodies,  and 
is  not  what  one  would  expect  to  meet  with  here ; 
but  it  agrees  so  well  with  the  tables,  and  gives  the 
equations  from  the  arguments  so  nearly,  especially 
for  the  moon  and  the  planets,  that  little  doubt  re* 
mains  of  its  being  the  real  hypothesis  on  which  these 
tables  were  constructed.  * 


*  The  formula  deduced  from  this  hypothesis,  for  calcu- 
lating the  equation  of  the  centre  from  the  anomaly  of  the 

10 
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54.  Of  this,  the  method  employed  to  calculate  the 
place  of  any  of  the  five  planets  from  these  tables, 
affords  a  confirmation.  But,  in  reasoning  about 
that  method,  it  is  necessary  to  put  out  of  the  ques- 
tion the  use  that  is  made  of  the  parallax  of  the  an* 
nual  orbit,  or  of  the  schigram,  in  order  to  have  the 
argument  for  finding  the  equation  of  the  centre, 
which  is  evidently  faulty,  as  it  makes  that  equation 
to  be  affected  by  a  quantity,  (the  parallax  of  the 
annual  orbit,)  on  which  it  has  in  reality  no  depend- 
ence. To  have  the  rule  free  from  error,  it  is  to  be 
taken,  therefore,  in  the  case  when  there  is  no  pa- 
rallax of  the  annual  orbit,  that  is,  when  the  planets 
are  in  opposition  or  conjunction  with  the  sun.  In 
that  case,  the  mean  anomaly  is  first  corrected  by 
the  subtraction  or  addition  of  half  the  equation 
that  belongs  to  it  in  the  table.  It  then  becomes 
the  true  argument  for  finding,  from  that  same 
table,  the  equation  of  the  centre,  which  is  next  ap- 
plied to  the  mean  anomaly,  to  have  the  true.  Now, 
this  agrees  perfectly  with  the  conclusion  above ; 
for  the  mean  anomaly,  by  the  subtraction  or  addi* 
tion  of  half  the  equation  belonging  to  it  in  the 


eccentric,  is  the  following :  Let  x  be  the  equation  of  the 
centre,  <p  the  anomaly  of  the  eccentric,  e  the  eccentricity  of 
the  orbit,  or  the  tangent  of  half  the  greatest  equation ;  theq 

jr=2€  sm.<p-\ - — *-  -\ — £  +•  &c. 
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table,  is  converted,  almost  precisely,  into  the  ano- 
maly of  the  eccentric,  and  becomes  therefore  the 
proper  argument  for  finding  out  the  equation, 
which  is  to  change  the  mean  anomaly  into  the 
true.  *  There  can  be  no  doubt,  of  consequence, 
that  the  conclusion  we  have  come  to  is  strictly  ap- 
plicable to  the  planets,  and  that  the  orbit  of  each 
of  them,  in  this  astronomy,  is  supposed  to  be  a 
circle,  the  earth  not  being  in  its  centre,  but  the 
angular  velocity  of  the  planet  being  uniform  about 
a  certain  point,  as  far  from  that  centre  on  the  one 
side,  as  the  earth  is  on  the  opposite. 

55.  Between  the  structure  of  the  tables  of  the 
equations  of  the  sun  and  moon,  and  the  rules  for 
using  them,  there  is  not  the  same  consistency ;  for 
in  both  of  them,  the  argument,  which  we  have 
found  to  be  the  eccentric  anomaly,  is  nevertheless 


*  This  method  of  calculation  is  so  nearly  exact,  that  even 
in  die  orbit  of  Mars,  the  equation  calculated, from  the  mean 
anomaly,  rigorously  on  the  principle  of  his  angular  motion 
being  uniform,  about  a  point  distant  from  the  centre,  as  de- 
scribed above,  will  rarely  differ  a  minute  from  that  which  is 
taken  out  from  the  Indian  tables  by  this  rule.  It  was  re- 
marked, (§  37,)  that  it  is  not  easy  to  explain  the  rules  for 
finding  the  argument  of  the  equation  of  the  centre,  for  the 
planets.  What  is  said  here  explains  fully  one  part  of  that 
rule,  via.  the  correction  made  by  half  the  equation  manda  ; 
die  principle  on  which  the  other  part  proceeds,  via.  the  cor- 
rection by  half  the  equation  schigram,  is  still  uncertain. 
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treated  as  the  mean.  So  far  as  concerns  the  sun, 
this  leads  to  nothing  irreconcilable  with  our  suppo- 
sition, because  the  sun's  equation  being  small,  the 
difference  will  be  inconsiderable,  whether  the  argu- 
ment of  that  equation  be  treated  as  the  eccentric  or 
the  mean  anomaly. 

But  it  is  otherwise  with  respect  to  the  moon, 
where  the  difference  between  considering  the  ar* 
gument  of  the  equation  as  the  mean,  or  as  the  ec- 
centric anomaly,  is  not  insensible.  The  authority 
of  the  precepts,  and  of  the  tables,  are  here  opposed 
to  one  another;  and  we  can  decide  in  favour  of 
the  latter,  only  because  it  leads  to  a  more  accurate 
determination  of  the  moon's  place  than  the  former. 
It  would  indeed  be  an  improvement  on  their  me* 
thod  of  calculation,  which  the  Brahmins  might 
make  consistently  with  the  principles  of  their  own 
astronomy,  to  extend  to  the  moon  their  rule  for 
finding  the  equation  of  the  centre  for  the  planets. 
They  would  then  avoid  the  palpable  error  of  mak- 
ing the  maximum  of  the  moon's  equation  at  the 
time  when  her  mean  anomaly  is  90°,  and  would 
ascertain  her  place  every  where  with  greater  ex- 
actness. It  is  probable  that  this  is  the  method 
which  they  were  originally  directed  to  follow. 

56.  From  the  hypothesis  which  is  thus  found  to 
be  the  basis  of  the  Indian  astronomy,  one  of  the 
first  conclusions  which  presents  itself,  is  the  exist- 
ence of  a  remarkable  affinity  between  the  system  of 
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the  Brahmins  and  that  of  Ptolemy*  In  the  latter, 
the  same  thing  was  supposed  for  the  five  planets, 
that  appears  in  the  former  to  have  been  universally 
established,  via.  that  their  orbits  were  circles,  hav- 
ing the  earth  within  them,  but  removed  at  a  small 
distance  from  the  centre,  and  that  each  planet  de- 
scribed the  circumference  of  its  orbit,  not  with  an 
uniform  velocity,  but  with  one  that  would  appear 
uniform,  if  it  were  viewed  from  a  point  as  far  above 
the  centre  of  the  orbit,  as  that  centre  is  above  the 
earth.  This  point  was,  in  the  language  of  Ptole- 
my's astronomy,  the  centre  of  the  Equant. 

Now,  concerning  this  coincidence,  it  is  the  more 
difficult  to  judge,  as,  on  the  one  hand,  it  cannot  be 
ascribed  to  accident,  and,  on  the  other,  it  may  be 
doubted,  whether  it  arises  necessarily  out  of  the  na- 
ture of  the  subject,  or  is  a  consequence  of  some  un- 
known communication  between  the  astronomers  of 
India  and  of  Greece. 

The  first  hypothesis  by  which  men  endeavoured 
to  explain  the  phenomena  of  the  celestial  motions, 
was  that  of  a  uniform  motion  in  a  circle,  which  had 
the  earth  for  its  centre.  This  hypothesis  was, 
however,  of  no  longer  continuance  than  till  instru- 
ments of  tolerable  exactness  were  directed  to  the 
heavens.  It  was  then  immediately  discovered,  that 
the  earth  was  not  the  centre  of  this  uniform  mo- 
tion ;  and  the  earth  was  therefore  supposed  to  be 
placed  at  a  certain  distance  from  the  centre  of  the 
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orbit,  while  the  planet  revolved  in  the  circumfe- 
rence of  it  with  the  same  velocity  as  before.  Both 
these  steps  may  be  accounted  necessary ;  and  in 
however  many  places  of  the  earth,  and  however  cut 
off  from  mutual  intercourse,  astronomy  had  begun 
to  be  cultivated,  I  have  no  doubt  that  these  two  sup- 
positions would  have  succeeded  one  another,  just  as 
they  did  among  the  Greek  astronomers. 

But  when  more  accurate  observations  had  shown 
the  insufficiency  even  of  this  second  hypothesis, 
what  ought  naturally  to  be  the  third,  may  be 
thought  not  quite  so  obvious ;  and  if  the  Greeks 
made  choice  of  that  which  has  been  described 
above,  it  may  seem  to  have  been  owing  to  certain 
metaphysical  notions  concerning  the  simplicity  and 
perfection  of  a  circular  and  uniform  motion,  which 
inclined  them  to  recede  from  that  supposition,  no 
farther  than  appearances  rendered  absolutely  neces- 
sary. The  same  coincidence  between  the  ideas  of 
metaphysics  and  astronomy,  cannot  be  supposed  to 
have  taken  place  in  other  countries ;  and  therefore, 
where  we  find  this  third  hypothesis  to  have  prevail- 
ed, we  may  conclude  that  it  was  borrowed  from  the 
Greeks. 

57*  Though  it  cannot  be  denied,  that,  in  this 
reasoning,  there  is  some  weight,  yet  it  must  be  ob- 
served, that  the  introduction  of  the  third  hypothe- 
sis did  not  rest  among  the  Greeks  altogether  on  the 
coincidence  above  mentioned.     It  was  one  suited  to 
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their  progress  in  mathematical  knowledge,  and  of- 
fered almost  the  only  system,  after  the  two  former 
were  exploded,  which  rendered  the  planetary  mo- 
tions the  subject  of  geometrical  reasoning,  to  men 
little  versed  in  the  methods  of  approximation. 
This  was  the  circumstance  then,  which,  more  than 
any  other,  probably  influenced  them  in  the  choice 
of  this  hypothesis,  though  we  are  not  to  look  for  it 
as  an  argument  stated  in  their  works,  but  may  judge 
of  the  influence  it  had,  from  the  frequency  with 
which,  many  ages  afterwards,  the  wpmpmfp*  of 
Kepler's  system  was  objected  to  him  by  his  adver- 
saries j  an  objection  to  which  that  great  man  seemed 
to  pay  more  attention  than  it  deserved. 

There  is  reason,  therefore,  to  think,  that  in  every 
country  where  astronomy  and  geometry  had  neither 
of  them  advanced  beyond  a  certain  point,  the  hy- 
pothesis of  the  equant  would  succeed  to  that  of  a 
simple  eccentric  orbit,  and  therefore  cannot  be  ad- 
mitted as  a  proof,  that  the  different  systems  in  which 
it  makes  a  part,  are  necessarily  derived  from  the 
same  source.  Some  other  circumstances  attending 
this  hypothesis,  as  it  is  found  in  the  Indian  tables, 
go  still  farther,  and  seem  quite  inconsistent  with  the 
supposition  that  the  authors  of  these  tables  derived 
it  from  the  astronomers  of  the  west.  For,  Jirst^  It 
is  applied  by  them  to  all  the  heavenly  bodies,  that 
is,  to  the  sun  and  moon,  as  well  as  the  planets. 
With  Ptolemy,  and  with  all  those  who  founded 


i.. 
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their  systems  on  his,  it  extended  only  to  the  latter, 
insomuch  that  Kepler's  great  reformation  in  astro- 
nomy, the  discovery  of  the  elliptic  orbits,  began 
from  his  proving,  that  the  hypothesis  of  the  equant 
was  as  necessary  to  be  introduced  for  the  sake  of 
the  sun's  orbit,  as  for  those  of  the  planets,  and  that 
the  eccentricity  in  both  cases,  must  be  bisected. 
It  is,  therefore,  on  a  principle  no  way  different, 
from  this  of  Kepler,  that  the  tables  of  the  sun's 
motion  are  computed  in  the  Indian  astronomy, 
though  it  must  be  allowed,  that  the  method  of 
using  them  is  not  perfectly  consistent  with  this 
idea  of  their  construction. 

2<%,  The  use  made  of  the  anomaly  of  the  ec- 
centric in  these  tables,  as  the  argument  of  the  equa- 
tion of  the  centre,  is  altogether  peculiar  to  the  In* 
dian  astronomy.  Ptolemy's  tables  of  that  equation 
for  the  planets,  though  they  proceed  on  the  same 
hypothesis,  are  arranged  in  a  manner  entirely  dif- 
ferent, and  have  for  their  argument  the  mean  ano- 
maly. The  angle  which  we  call  the  anomaly  of  the 
eccentric,  and  which  is  of  so  much  use  in  the  In- 
dian tables,  is  not  employed  at  all  in  the  construc- 
tion of  his,  *  nor,  I  believe,  in  those  of  any  other 
astronomer  till  the  time  of  Kepler j  and  even  by 
Kepler  it  was  not  made  the  argument  of  the  equa- 
tion to  the  centre.     The  method,  explained  above, 

*  Almagest.  Lib.  XI.  cap.  ix.  and  x. 
VOL.  III.  L 
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of  converting  the  mean  anomaly  into  that  of  the 
eccentric,  and  consequently  into  the  argument  of 
the  equation,  is  another  peculiarity,  and  though 
simple  and  ingenious,  has  not  the  accuracy  suited 
to  the  genius  of  the  Greek  astronomy,  which  never 
admitted  even  of  the  best  approximation,  when  a 
rigorous  solution  could  be  found;  and,  on  the  whole, 
if  the  resemblance  of  these  two  systems,  even  with 
all  the  exceptions  that  have  been  stated,  must  still 
be  ascribed  to  some  communication  between  the 
authors  of  them,  that  communication  is  more  like- 
ly to  have  gone  from  India  to  Greece,  than  in  the 
opposite  direction.  It  may  perhaps  be  thought  to 
favour  this  last  opinion,  that  Ptolemy  has  no  where 
demonstrated  the  necessity  of  assigning  a  double 
eccentricity  to  the  orbits  of  the  planets,  and  has 
left  room  to  suspect,  that  authority,  more  than  ar- 
gument, has  influenced  this  part  of  his  system. 

58.  In  the  tables  of  the  planets,  we  remarked 
another  equation,  (schigram,)  answering  to  the  pa- 
rallax of  the  earth's  orbit,  or  the  difference  between 
the  heliocentric  and  the  geocentric  place  of  the 
planet.  This  parallax,  if  we  conceive  a  triangle  to 
be  formed  by  lines  drawn  from  the  sun  to  the 
earth  and  to  the  planet,  and  also  from  the  planet  to 
the  earth,  is  the  angle  of  that  triangle,  subtended 
by  the  line  drawn  from  the  sun  to  the  earth.  And 
so,  accordingly,  it  is  computed  in  these  tables  ;  for 
if  we  resolve  such  a  triangle  as  is  here  described, 
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w*  will  find  the  angle,  subtended  by  the  earth** 
distance  from  the  sun,  coincide  rery  nearly  with 
the  schigram. 

The  argument  of  this  equation  is  the  difference 
between  the  mean  longitude  of  the  sun  and  of  the 
planet*  The  orbits  are  supposed  circular;  but 
whether  the  inequality  in  question  was  understood 
to  arise  from  the  motion  of  the  earth,  or  from  the 
motion  of  the  planet  in  an  epicycle,  the  centre  of 
which  revolves  in  a  circle,  is  left  undetermined,  alt 
both  hypotheses  may  be  so  adjusted  as  to  give  the 
same  result  with  respect  to  this  inequality.  The 
proportional  distances  of  the  planets  from  the  earth , 
or  the  sun,  may  he  deduced  from  the  tables  of  these 
equations,  and  are  not  far  from  the  truth. 

59.  The  preceding  calculations  must  have  re* 
quired  the  assistance  of  many  subsidiary  tables,  cflf 
which  no  trace  has  yet  been  found  in  India.  Be- 
sides many  other  geometrical  propositions,  some  of 
them  also  involve  the  ratio,  which  the  diameter  of 
a  circle  was  supposed  to  bear  to  its  circumference, 
but  which  we  would  find  it  impossible  to  discover 
from  them  exactly,  on  account  of  the  small  quan- 
tities that  may  have  been  neglected  in  their  calculi 
tkms.  Fortunately,  we  can  arrive  at  this  know- 
ledge, which  is  very  material  when  the  progress  of 
geometry  is  to  be  estimated,  from  a  passage  hi  the 
Ayeen  Akbery,  where  we  are  told,  that  the  Hin- 
doos suppose  the  diameter  of  a  circle  to  be  to  its 
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circumference  as  1250  to  3927,  *  and  where  the 
author,  who  knew  that  this  was  more  accurate 
than  the  proportion  of  Archimedes,  (7  to  22,)  and 
believed  it  to  be  perfectly  exact,  expresses  his  as- 
tonishment, that  among  so  simple  a  people,  there 
should  be  found  a  truth,  which,  among  the  wisest 
and  most  learned  nations,  had  been  sought  for  in 
vain.  . 

The  proportion  of  1250  to  3927  is  indeed  a  near 
approach  to  the  quadrature  of  the  circle  ;  it  differs 
little  from  that  of  Metius,  US  to  355,  and  is  the 
same  with  one  equally  remarkable,  that  of  1  to 
3.1416.  When  found  in  the  simplest  and  most 
elementary  way,  it  requires  a  polygon  of  768  sides 
to  be  inscribed  in  a  circle ;  an  operation  which  can- 
not be  arithmetically  performed  without  the  know- 
ledge pf  some  very  curious  properties  of  that  curve, 
and,  at  least,  nine  extractions  of  the  square  root, 
each  as  far  as  ten  places  of  decimals.  All  this 
must  have  been  accomplished  in  India j  for  it  is  to 
be  observed,  that  the  above  mentioned  proportion 
cannot  have  been  received  from  the  mathematicians 
of  the  west.  The  Greeks  left  nothing  on  this  sub- 
ject more  accurate  than  the  theorem  of  Archimedes ; 
and  the  Arabian  mathematicians  seem  not  to  have 
attempted  any  nearer  approximation.  The  geo- 
metry of  modern  Europe  can  much  less  be  regarded 

*  Ayeen  Akbery,  Vol.  III.  p.  32. 
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as  die  source  of  this  knowledge.  Metius  and  Vieta 
were  the  first,  who,  in  the  quadrature  of  the  circle, 
surpassed  the  accuracy  of  Archimedes  ; .  and  they 
flourished  at  the  very  time  when  the  Institutes  of 
Akbar  were  collected  in  India. 

60.  On  the  grounds  which  have  now  been  ex- 
plained, the  following  general  conclusions  appear  to 
be  established. 

L  The  observations  on  which  the  astronomy  of 
India  is  founded,  were  made  more  than  three 
thousand  years  before  the  Christian  era ;  and,  in 
particular,  the  places  of  the  sun  and  moon,  at  die 
beginning  of  the  Calyougham,  were  determined  by 
actual  observation. 

This  follows  from  the  exact  agreement  of  the  ra- 
dical places  in  the  tables  of  Tirvalore,  with  thoee 
deduced  for  the  same  epoch  from  the  tables  of  La» 
caille  and  Mayer,  and  especially  in  the  case  of  the 
moon,  when  regard  is  had  to  her  acceleration.  It 
follows,  too,  from  the  position  of  the  fixed  stars  in 
respect  of  the  equinox,  as  represented  in  the  Indian 
zodiac ;  from  the  length  of  the  solar  year ;  and, 
lastly,  from  the  position  and  form  of  the  orbit*  of 
Jupiter  and  Saturn,  as  well  as  their  mean  motions ; 
in  all  of  which,  the  tables  of  the  Brahmins,  com- 
pared with  ours,  give  the  quantity  of  the  change 
that  has  taken  place,  just  equal  to  that  which  the 
action  of  the  planets  on  one  another  may  be  shown 
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to  have  produced,  in  the  space  of  forty-eight  cen- 
turies, reckoning  back  from  the  beginning  of  the 
present* 

Two  other  of  the  elements  of  this  astronomy,  the 
equation  of  the  sun's  centre,  and  the  obliquity  of 
the  ecliptic,  when  compared  with  those  of  the  pre- 
sent time,  seem  to  point  to  a  period  still  more  re* 
mote,  and  to  fix  the  origin  of  this  astronomy  1000 
or  1200  years  earlier,  that  is,  4300  years  before 
the  Christian  era ;  and  the  time  necessary  to  have 
brought  the  arts  of  calculating  and  observing  to  such 
perfection  as  they  must  have  attained  at  the  begin* 
ning  of  the  Calyougham,  comes  in  support  of  the 
same  conclusion. 

Of  such  high  antiquity,  therefore,  must  we  sup- 
pose the  origin  of  this  astronomy,  unless  we  can 
believe,  that  all  the  coincidences  which  hare  been 
enumerated,  are  but  the  effects  of  chance  ;  or,  what 
indeed  were  still  more  wonderful,  that,  some  ages 
•go,  there  had  arisen  a  Newton  among  the  Brah- 
mins, to  discover  that  universal  principle  which 
connects,  not  only  the  most  distant  regions  of  space, 
but  the  most  remote  periods  of  duration ;  and  a 
Lagrange,  to  trace,  through  the  immensity  of  both, 
its  most  subtle  and  complicated  operations. 

II.  Though  the  astronomy  which  is  now  in  the 
hands  of  the  Brahmins  is  so  ancient  in  its  origin, 
yet  it  contains  many  rules  and  tables  that  are  of 
later  construction. 


r»     -    _       ..  —   _ 
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The  first  operation  for  computing  the  moon's 
place  from  the  tables  of  Tirvalore,  requires  that 
1,600,984  days  should  be  subtracted  from  the  tine 
that  has  elapsed  since  the  beginning  of  the  Cal- 
yoogham,  which  brings  down  the  date  of  the  rule  to 
the  year  1282  of  our  era*  At  this  time,  too,  the 
place  of  the  moon,  and  of  her  apogee,  are  deter- 
mined  with  so  much  exactness,  that  it  must  have 
been  done  by  observation,  either  at  the  instant  re- 
ferred to,  or  a  few  days  before  or  after  it.  At  this 
time,  therefore*  it  is  certain,  that  astronomical  ob- 
servations were  made  in  India,  and  that  the  Brah- 
mins were  not,  as  they  are  now,  without  any 
knowledge  of  the  principles  on  which  their  rales 
are  founded.  When  that  knowledge  was  lost,  will 
not  perhaps  be  easily  ascertained ;  but  there  are,  I 
think,  no  circumstances  in  the  tables  from  which 
we  can  certainly  infer  the  existence  of  it  at  a  later 
period  than  what  has  just  been  mentioned ;  for, 
though  there  are  more  modern  epochs  to  be  found 
in  them,  they  are  such  as  may  have  been  derived ' 
from  the  most  ancient  of  all,  by  help  of  the  mean 
motions  in  the  tables  of  Chrisnabouram,  *  without 
any  other  doll  than  is  required  to  an  ordinary 
calculation.  Of  these  epochs,  beside  what  have 
been  occasionally  mentioned  in  the  course  of  oar 
remarks,  there  is  one  (involved  in  the  tables  of 

*  Astr.  Indienne,  p.  J07. 
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Naroapur)  as  late  as  the  year  1656,  and  another  as 
early  as  die  year  78  of  our  era,  which  marks  the 
death  of  Salivaganam,  one  of  their  princes,  in  whose 
reign  a  reform  is  said  to  have  taken  place  in  the 
methods  of  their  astronomy.  There  is  no  refer- 
ence to  any  intermediate  date,  from  that  time  to 
the  beginning  of  the  Calyougham. 

The  parts  of  this  astronomy,  therefore,  are  not 
all  of  the  same  antiquity ;  nor  can  we  judge, 
merely  from  the  epoch  to  which  the  tables  refer,  of 
the  age  to  which  they  were  originally  adapted.  We 
have  seen,  that  the  tables  of  Chrisnabouram,  though 
they  profess  to  be  no  older  than  the  year  1491  of 
our  era,  are,  in  reality,  more  ancient  than  the 
tables  of  Tirvalore,  which  are  dated  from  the  Cal- 
yougham,  or  at  least  have  undergone  fewer  altera- 
tions. This  we  concluded  from  the  slow  motion 
given  to  the  moon,  in  the  former  of  these  tables, 
which  agreed,  with  such  wonderful  precision,  with 
the  secular  equation  applied  to  that  planet  by 
Mayer,  and  explained  by  Laplace. 

But  it  appears,  that  neither  the  tables  of  Tirva- 
lore or  Chrisnabouram,  nor  any  with  which  we  are 
yet  acquainted,  are  the  most  ancient  to  be  found  in 
India.  The  Brahmins  constantly  refer  to  an  astro- 
nomy at  Benares,  which  they  emphatically  style 
the  ancient,  +  and  which  they  say  is  not  now  un- 

•  Astr.  Indienne,   p.   309.     M.    Legentil,   M6m.   Acad. 
Scienc.  177«-  P-  H.  p.  221. 
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derstood  by  them,  though  they  believe  it  to  be 
much  more  accurate  than  that  by  which  they  cal- 
culate. That  it  is  more  accurate,  is  improbable ; 
that  it  may  be  more  ancient,  no  one  who  has  duly 
attended  to  the  foregoing  facts  and  reasonings  will 
think  impossible ;  and  every  one,  I  believe,  will  ac- 
knowledge, that  no  greater  service  could  be  ren- 
dered to  the  learned  world,  than  to  rescue  this  pre- 
cious fragment  from  obscurity.  If  that  is  ever  to 
be  expected,  it  is  when  the  zeal  for  knowledge  has 
formed  a  literary  society  among  our  countrymen  in 
Bengal,  and  while  that  society  is  directed  by  the 
learning  and  abilities  of  Sir  William  Jones.  In- 
deed, the  farther  discoveries  which  may  be  made 
with  respect  to  this  science,  do  not  interest  merely 
the  astronomer  and  the  mathematician,  but  every 
one  who  delights  to  mark  the  progress  of  mankind, 
or  is  curious  to  look  back  on  the  ancient  inhabit- 
ants of  the  globe.  It  is  through  the  medium  of 
astronomy  alone  that  a  few  rays  from  those  distant 
objects  can  be  conveyed  in  safety  to  the  eye  of  a 
modern  observer,  so  as  to  afford  him  a  light,  which, 
though  it  be  scanty,  is  pure  and  unbroken,  and  free 
from  the  false  colourings  of  vanity  and  superstition. 

III.  The  basis  of  the  four  systems  of  astrono- 
mical tables  which  we  have  examined  is  evidently 
the  same. 

Though  these  tables  are  scattered  over  an  ex- 
tensive country,  they  seem  to  have  been  all  origi- 
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nally  adapted*  either  to  the  same  meridian*  or  to 
meridians  at  no  great  distance,  which  traverse  what 
we  may  call  the  classical  ground  of  India,  marked 
by  the  ruins  of  Canoge,  Palibothra,  and  Benares. 
They  contain  rules  that  hare  originated  between 
the  tropics ;  whatever  be  their  epoch,  they  are  all, 
by  their  mean  motions,  connected  with  that  of  the 
Calyougham ;  and  they  have  besides  one  uniform 
character  which  it  is  perhaps  not  easy  to  describe. 
Great  ingenuity  has  been  exerted  to  simplify  their 
rules ;  yet,  in  no  instance  almost,  are  they  reduced 
to  the  utmost  simplicity ;  and  when  it  happens  that 
the  operations  to  which  they  lead  are  extremely  ob- 
vious, these  are  often  involved  in  an  artificial  ob- 
scurity* A  Brahmin  frequently  multiplies  by  a 
greater  number  than  is  necessary,  where  he  seems 
to  gain  nothing  but  the  trouble  of  dividing  by  one 
that  is  greater  in  the  same  proportion ;  and  he  cal- 
culates the  era  of  Salivaganam  with  the  formality 
of  as  many  distinct  operations,  as  if  he  were  going 
to  determine  the  moon's  motion  since  the  begin- 
ning of  the  Calyougham  •  The  same  spirit  of  ex- 
clusion, the  same  fear  of  communicating  his  know- 
ledge,  seems  to  direct  the  calculus  which  pervades 
the  religion  of  the  Brahmin  >  and  in  neither  of  them 
is  he  willing  to  receive  or  to  impart  instruction* 
With  all  these  circumstances  of  resemblance,  the 
methods  of  this  astronomy  are  as  much  diversified 
a^we  can  suppose  the  sasne  system  to  be*  by  pass- 
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ing  through  die  hands  of  a  succession  of  ingenious 
men,  fertile  in  resources,  and  acquainted  with  the 
variety  and  extent  of  the  science  winch  they  culti- 
vated* A  system  of  knowledge,  which  is  thus  as- 
similated to  the  genius  of  the  people,  that  is  dif- 
fused so  widely  among  them,  and  diversified  so 
much,  has  a  right  to  be  regarded,  either  as  a  na- 
tive, or  a  very  ancient  inhabitant  of  the  country 
where  it  is  found. 

IV.  The  construction  of  these  tables  implies  fc 
great  knowledge  of  geometry,  arithmetic,  and  even 
of  the  theoretical  part  of  astronomy. 

In  proof  of  this,  it  is  unnecessary  to  recapitulate 
the  remarks  that  have  been  already  made.  It  may 
be  proper,  however,  to  add,  that  the  method  of  cal- 
culating eclipses,  to  which  these  tables  are  subser- 
vient, is,  in  no  respect,  an  empirical  one,  founded 
on  the  mere  observation  of  the  intervals  at  which 
eclipses  return,  one  after  another,  in  the  same  or- 
der. It  is  indeed  remarkable,  that  we  find  no  trace 
here  of  the  period  of  6585  days  and  8  hours,  or 
223  lunations,  the  Soros  of  the  Chaldean  astrono- 
mers, which  they  employed  for  the  prediction  of 
eclipses,  and  which  (observed  with  more  or  less  ac- 
curacy) the  first  astronomers  every  where  must  have 
employed,  before  they  were  able  to  analyse  eclipses, 
and  to  find  out  the  laws  of  every  cause  contributing 
jto  them.  That  empirical  method,  if  it  once  exist- 
ed in  India,  is  now  forgotten,  and  has  long  since 
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given  place  to  the  more  scientific  and  accurate  one, 
which  offers  a  complete  analysis  of  the  phenomena, 
and  calculates,  one  by  one,  the  motions  of  the  sun, 
of  the  moon,  and  of  the  node. 

But  what,  without  doubt,  is  to  be  accounted  the 
greatest  refinement  in  this  system,  is  the  hypothe- 
sis employed  in  calculating  the  equations  of  the 
centre  for  the  sun,  moon,  and  planets,  that,  viz.  of 
a  circular  orbit  having  a  double  eccentricity,  or 
having  its  centre  in  the  middle,  between  the  earth 
and  the  point  about  which  the  angular  motion  is 
uniform.  *     If  to  this  we  add  the  great  extent  of 


•  It  should  have  been  remarked  before,  that  Bailly  has 
taken  notice  of  the  analogy  between  the  Indian  method  of 
calculating  the  places  of  the  planets,  and  Ptolemy's  hypothe- 
sis of  the  equant,  though  on  different  principles  from  those 
that  have  been  followed  here,  and  such  as  do  not  lead  to  the 
same  conclusion.  In  treating  of  the  question,  whether  the 
sun  or  earth  has  been  supposed  the  centre  of  the  planetary 
motions  by  the  authors  of  this  astronomy,  he  says,  "  lis  sem- 
blent  avoir  reconnu  que  les  deux  inegalitgs  (l'equation  du 
centre  et  la  parallaxe  de  l'orbe  annuel)  etoient  vues  de  deux 
centres  differens;  et  dans  l'lmpossibilite*  ou  ils  e*toient  de 
determiner  et  le  lieu  et  la  distance  des  deux  centres,  ils  ont 
imagine  de  rapporter  les  deux  inegalites  &  un  point  qui  tint 
le  milieu,  c'est-a-dire,  &  un  point  egalement  eloigne  du  so- 
ldi, et  de  la  terre.  Ce  nouveau  centre  ressemble  assez  au 
centre  de  l'equant  de  Ptolemee.  (Astr.  Ind.  Disc  Prel.  p. 
69-)  The  fictitious  centre,  which  Bailly  compares  with  the 
equant  of  Ptolemy,  is  therefore  a  point  which  bisects  the 
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geometrical  knowledge  requisite  to  combine  this, 
and  the  other  principles*  of  their  astronomy  toge- 


distance  between  the  sun  and  earth,  and  which,  in  some  re-' 
spects,  is  quite  different  from  that  equant;  the  fictitious 
centre,  which,  in  the  preceding  remarks,  is  compared  with 
the  equant  of  Ptolemy,  is  a  point  of  which  the  distance  from 
the  earth  is  bisected  by  the  centre  of  the  orbit,  precisely  as 
in  the  case  of  that  equant.  Bailly  draws  his  conclusion  from 
the  use  made  of  half  the  equation  schigram,  as  well  as  half 
the  equation  manda,  in  order  to  find  the  argument  of  this 
last  equation.  The  conclusion  here  is  established,  by  ab- 
stracting altogether  from  the  former,  and  considering  the 
cases  of  oppositions  and  conjunctions,  when  the  latter  equa* 
v  tion  only  takes  place.  If,  however,  the  hypothesis  of  the 
equant  shall  be  found  of  importance  in  the  explanation  of 
the  Indian  astronomy,  it  must  be  allowed  that  it  was  first 
suggested  by  Bailly,  though  in  a  sense  very  different  from 
what  it  is  understood  in  here,  and  from  what  it  was  under- 
stood in  by  Ptolemy. 

For  what  farther  relates  to  the  parts  of  the  astronomy  of 
Chaldea  and  of  Greece,  which  may  be  supposed  borrowed 
from  that  of  India,  I  must  refer  to  the  10th  Chap,  of  the 
Astronomic  Indienne,  where  that  subject  is  treated  with  great 
learning  and  ingenuity.  After  all,  the  silence  of  the  ancients 
with  respect  to  the  Indian  astronomy,  is  not  easily  account- 
ed for.  The  first  mention  that  is  made  of  it,  is  by  the 
Arabian  writers ;  and  Bailly  quotes  a  very  singular  passage, 
where  Massoudi,  an  author  of  the  twelfth  century,  says  that 
Brama  composed  a  book,  entitled,  Sind-Hind,  that  is,  Of  the 
Age  of  Ages,  from  which  was  composed  the  book  Magkisti, 
and  from  thence  the  Almagest  of  Ptolemy.  (Astr.  Ind.  Disc. 
Prel.  p.  1 75.) 
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ther,  and  to  deduce  from  them  the  just  conclu- 
sions ;  the  possession  of  a  calculus  equivalent  to  tri- 
gonometry $  and,  lastly,  their  approximation  to  the 
quadrature  of  the  circle,  we  shall  be  astonished  at 
the  magnitude  of  that  body  of  science,  which  must 
have  enlightened  the  inhabitants  of  India  in  some 
remote  age,  and  which,  whatever  it  may  have  com- 
municated to  the  western  nations,  appears  to  have 
received  nothing  from  them. 

Such  are  the  conclusions  that  seem  to  me  to  fol- 
low, with  the  highest  probability,  from  the  facta 
which  have  been  stated.  They  are,  without  doubt, 
extraordinary ;  and  have  no  other  claim  to  our  be- 
lief, except  that,  as  I  think  has  been  fully  proved, 
their  being  false  were  much  more  wonderful  than 
their  being  true.  There  are  but  few  things,  how- 
ever, of  which  the  contrary  is  impossible.     It  must 


The  fabulous  air  of  this  passage  is,  in  some  measure,  re- 
moved, by  comparing  it  with  one  from  Abulfaragius,  who 
says  that,  under  the  celebrated  Almaimon,  the  7th  Khalif 
of  Babylon,  (about  the  year  813  of  our  era,)  the  astronomer 
Habash  composed  three  sets  of  astronomical  tables,  one  of 
which  was  ad  regtdas  Sind-Hind;  that  is,  as  Mr  Costard  ex* 
plains  it,  according  to  the  rules  of  some  Indian  treatise  of  as- 
tronomy. (Asiatic  Miscel.  Vol  I.  p.  84.)  The  Sind-Hind 
is  therefore  the  name  of  an  astronomical  book  that  existed  in 
India  in  the  time  of  Habash,  and  the  same,  no  doubt,  which 
Massoudi  says  was  ascribed  to  Brama. 
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be  remembered,  that  the  whole  evidence  on  this 
subject  is  not  yet  before  the  public,  and  that  the 
repositaries  of  Benares  may  contain  what  is  to  con- 
firm or  to  invalidate  these  observations. 
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1*  The  restoration  of  the  ancient  books  of  geo- 
metry would  have  been  impossible,  without  the 
coincidence  of  two  circumstances,  of  which,  though 
the  one  is  purely  accidental,  the  other  is  essentially 
connected  with  the  nature  of  the  mathematical 
sciences.  The  first  of  these  circumstances  is  the 
preservation  of  a  short  abstract  of  those  books, 
drawn  up  by  Pappus  Alexandrinus,  together  with 
a  series  of  such  lemmata  as  he  judged  useful  to  fa- 
cilitate the  study  of  them.  The  second  is,  the 
necessary  connection  that  takes  place  among  the 
objects  of  every  mathematical  work,  which,  by  ex- 
cluding whatever  is  arbitrary,  makes  it  possible  to 
determine  the  whole  course  of  an  investigation, 
when  only  a  few  points  in  it  are  known.  From 
the  union  of  these  circumstances,  mathematics  has 


■  i> 


*  From  the  Transactions  of  the  Royal  Society  of  Edin- 
burgh, Vol.  III.  (1794.)— Ed. 
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enjoyed  an  advantage  of  which  no  other  branch  of 
knowledge  can  partake;  and  while  the  critic  or 
the  historian  haa  only  been  able  to  lament  the  fate 
of  those  books  of  Livy  and  Tacitus  which  are  lost, 
the  geometer  has  had  the  high  satisfaction  to  be- 
hold the  works  of  Euclid  and  ApoUdhius  reviving 
under  his  hands. 

2.  The  first  restorers  of  the  ancient  books  were 
not,  however,  aware  of  the  full  extent  of  the  work 
which  they  had  undertaken.  They  thought  it  suf- 
ficient to  demonstrate  the  propositions,  which  they 
knew  from  Pappus,  to  have  been  contained  in  those 
books ;  but  they  did  not  follow  the  ancient  method 
of  investigation,  and  few  of  them  appear  to  have 
had  any  idea  of  the  elegant  and  simple  analysis  by 
which  these  propositions  were  originally  discovered, 
and  by  which  the  Greek  geometry  was  peculiarly 
distinguished. 

Among  these  few,  Burma!  and  Halley  are  to  be 
particularly  remarked.  The  former,  one  of  the 
greatest  mathematicians  of  the  last  age,  and  a  man 
in  all  respects  of  superior  abilities,  had  very  just 
notions  of  the  geometrical  analysis,  and  appears 
often  abundantly  skilful  in  the  use  of  it ;  yet  in 
his  restoration  of  the  Loci  Fkni,  it  is  remarkable, 
that  in  the  most  difficult  propositions,  he  lays  aside 
the  analytical  method,  and  contents  himself  with 
giving  the  synthetical  demonstration.  The  latter, 
among  the  great  number  mid  variety  of  his  literary 
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occupations,  found  time  fbr  a  most  attentive  study 
of  the  ancient  mathematician^  and  was  an  instance 
of,  what  experience  shows  to  be  much  rarer  thsft 
might  be  expected,  a  man  equally  well  acquainted 
with  the  ancient  and  the  modern  geometry,  and 
equally  disposed  to  do  justice  to  the  merit  of  both* 
He  restored  the  books  of  Apollotiius,  on  the  pro* 
Mem  De  Sectione  Spatii,  according  to  the  true 
principles  of  the  ancient  analysis. 

These  books,  however,  are  but  short,  so  that  the 
first  restoration  of  considerable  extent  that  can  be 
reckoned  complete,  is  that  of  the  Loci  Plani  by  Dr 
Simsoti,  published  in  174*9,  which,  if  it  differs  at 
all  from  the  work  it  is  intended  to  replace,  setms 
to  do  so  only  by  its  greater  excellence.  This  much 
at  least  is  certain,  that  the  method  of  the  ancient 
geometers  does  not  appear  to  greater  advantage  in 
the  most  entire  of  their  writings,  than  in  the  M» 
Btoration  above  mentioned;  and  that  Dr  Simson 
has  often  sacrificed  the  elegance  to  which  his  own 
analysis  would  have  led,  in  order  to  tread  more  ex- 
actly  in  what  the  lemmata  of  Pappus  pointed  out 
to  him,  as  the  track  which  Apollonius  had  pur- 
sued. 

3.  There  was  another  subject*  that  of  Porismsk 
the  most  intricate  and  enigmatical  of  any  thing  in 
the  ancient  geometry,  which  was  still  reserved  to 
exercise  the  genius  of  Dr  Simson,  and  to  call  forth 
that  enthusiastic  admiration  of  antiquity,  and  that 


4 
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Unwearied  perseverance  in  research,  for  which  he 
was  so  peculiarly  distinguished.  A  treatise  in 
three  books,  which  Euclid  had  composed  on  Po- 
risms, was*  lost,  and  all  that  remained  concerning 
them  was  an  abstract  of  that  treatise,  inserted  by 
Pappus  Alexandrinus,  in  his  Mathematical  Collec- 
tions, in  which,  had  it  been  entire,  the  geometers 
of  later  times  would  doubtless  have  found  where* 
withal  to  console  themselves  for  the  loss  of  the  ori- 
ginal work.  But  unfortunately  it  has  suffered  so 
much  from  the  injuries  of  time,  that  all  which  we 
can  immediately  learn  from  it  is,  that  the  ancients 
put  a  high  value  on  the  propositions  which  they 
called  Porisms,  and  regarded  them  as  a  very  im- 
portant part  of  their  analysis.  The  Porisms  of 
Euclid  are  there  said  to  be,  "  Collectio  artificio- 
sissima  multarum  rerum  quae  spectant  ad  analysin 
difficiliorum  et  generalium  problematum."  *  The 
Curiosity,  however,  which  is  excited  by  this  enco- 
mium, is  quickly  disappointed ;  for  when  Pappus 
prooeeds  to  explain  what  a  Porism  is,  he  lays  down 
two  definitions  of  it,  one  of  which  is  rejected  by 
him  as  imperfect,  while  the  other,  which  is  stated 
as  correct,  is  too  vague  and  indefinite  to  convey 
any  useful  information. 

These  defects  might  nevertheless  have  been  sup* 
plied,  if  the  enumeration  which  h$  next  gives  of 

11  Collections  Math.  Lib.  VII.  in  imt 
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Euclid's  propositions  had  been  entire ;  but  09  ae- 
eount  of  the  extreme  brevity  of  his  enunciations, 
and  their  reference  to  a  diagram  which  is  lost,  and 
for  the  constructing  of  which  no  directions  are 
given,  they  are  all,  except  one,  perfectly  unintel- 
ligible* For  these  reasons,  the  fragment  in  ques- 
tion is  so  obscure,  that  even  to  the  learning  and 
penetration  of  Dr  Halley,  it  seemed  impossible 
that  it  could  ever  be  explained  ;  and  he  therefore 
concluded,  after  giving  the  Greek  text  with  all 
possible  correctness,  and  adding  the  Latin  transla- 
tion, "  Hactenus  Porismatum  descriptio  nee  mihi 
mteliecta,  nee  lectori  profotura.  Neque  alker  fieri 
potuit,  tarn  ob  defectum  schematis  cujus  fit  mention 
quam  ob  omissa  quaedam  et  transposita,  vel  aliter 
Vitiata  in  propositions  generalis  expositione,  unde 
quid  sibi  velit  Pappus  haud  mihi  datum  est  co^jt- 
cere.  His  adde  dictionis  modum  jrimis  contract- 
um,  ac  in  re  diflicili,  qualis  hsec  est,  minime  usur- 
pandum."  * 

4.  It  is  true,  however,  that  before  this  time, 
Fermat  had  attempted  to  explain  the  nature  of 
Fbrisms,  and  not  altogether  without  success,  f 
Guiding  his  conjectures  by  the  definition  which 
Pappus  censures  as  imperfect,  because  it  defined 

*  De  Sectione  Rationis,  proem,  p.  37* 
t  "  Periamatum  £ucUd»orum  renovate  doctrina,  et  sob 
forma  Isagoges  exhibit?,"    Fermat  Opera  Varia,  *.  1)6. 
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Porpms  only  "  ab  accident*,"  via.  "  Porisma  est 
quod  deficit  hypothesi  a  Theoremate  Locali,"  he 
formed  to  himself  a  tolerably  just  notion  of  these 
propositions,  and  illustrated  his  general  description 
by  examples  that  are  in  effect  Porisms.  But  he 
was  able  to  proceed  no  farther;  and  he  neither 
proved  that  his  notion  of  a  Porism  was  the  same 
with  Euclid's,  nor  attempted  to  restore,  or  explain 
any  one  of  Euclid's  propositions,  much  less  did  he 
suppose  that  they  were  to  be  investigated  by  an 
analysis  peculiar  to  themselves.  And  so  imperfect, 
indeed,  was  this  attempt,  that  the  complete  resto- 
ration of  the  Porisms  was  necessary  to  prove  that 
Fermat  had  even  approximated  to  the  truth. 

5.  All  this  did  not,  however,  deter  Dr  Simson 
from  turning  his  thoughts  to  the  same  subject, 
Which  he  appears  to  have  done  very  early,  and  long 
before  the  publication  of  the  Loci  Plani  in  1749* 
The  account  he  gives  of  his  progress,  and  of  the 
obstacles  he  encountered,  will  be  always  interesting 
to  mathematicians.  "  Postquam  vero  apud  Pap* 
pum  legeram  Porismata  Euclidis  collectionem  fuisse 
artificiosissimara  multarum  rerum,  qua?  $pectant  ad 
analysin  difficiliorum  et  generalium  problematum, 
magno  desiderio  tenebar,  aliquid  de  iis  cognoscen- 
di  y  quare  saepius  et  multis  variisque  viis  turn  Pappi 
propositionem  generalem,  mancam  et  imperfectam, 
turn  primum  lib.  i.  Porisma,  quod  solum  ex  omni- 
bus  in  tribus  Iibris  integrum  adhuo  manet,  intelli- 


INVESTIGATION  OF  PORISMS.  185 

gere  et  restituere  conabar;  frustra  tamen,  nihil 
enim  proficiebam.  Cumque  cogitationes  de  hac  re 
muJtum  mibi  temporis  consumpserint,  atque  mole*-: 
tae  admodum  evaserint,  firmiter  animum  induxi  hsec 
nunquam  in  posterum  investigare ;  pnesertim  cum 
optimjis  geometra  Halleius  spem  omnem  de  iis  in* 
telligendis  abjecisset.  Unde  quoties  menti  occui> 
rebant,  toties  eas  arcebam.  Postea  tamen  accidit* 
ut  improvidum  et  propositi  immemorem  invaserint, 
meque  detinuerint  donee  tandem  lux  qua&dam  efiUU 
sent,  qute  spem  mihi  faciebat  inveniendi  saltern  Pap- 
pi  propositionem  generalem9  quam  quidem  mult* 
investigatione  tandem  restitui.  Haec  autem  paule 
post  una  cum  Porismate  primo  lib.  i.  impress*  ert 
inter  Transactiones  Phil,  anni  1723,  No.  177."  * 

The  propositions  here  mentioned,  as  inserted  in 
the  Philosophical  Transactions  for  1723,  are  all 
that  Dr  Simson  published  on  the  subject  of  Po- 
risms  during  his  life,  though  he  continued  his  in- 
vestigations concerning  them,  and  succeeded  in  re- 
storing a  great  number  of  Euclid's  propositions,  to- 
gether with  their  analysis*  The  propositions  thus 
restored  form  a  part  of  that  valuable  edition  of  the 
posthumous  works  of  this  geometer  which  the  ma- 
thematical world  owes  to  the  munificence  of  th# 
late  Earl  Stanhope. 

6.  The  subject  of  Porisms  is  not,  however,  ex- 

•  Rob.  Simtoii,  Op.  reliqua,  p.  319* 
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hausted,  nor  is  it  yet  placed  in  so  clear  a  light  as 
to  need  no  farther  illustration.  It  yet  remains  to 
inquire  into  the  probable  origin  of  these  proposi- 
tions, that  is  to  say,  into  the  steps  by  which  the 
ancient  geometers  appear  to  have  been  led  to  the 
discovery  of  them.  It  remains  also  to  point  out 
the  relations  in  which  they  stand  tp  the  other 
classes  of  geometrical  truths j  to  consider  the  spe- 
cies of  analysis,  whether  geometrical  or  algebraical, 
that  belongs  to  them ;  and,  if  possible,  to  assign 
the  reason  why  they  have  so  long  escaped  the  no- 
tide  of  modern  mathematicians.  It  is  to  these 
points  that  the  following  observations  are  chiefly 
directed. 

I  begin  with  describing  the  steps  that  appear  to 
have  led  the  ancient  geometers  to  the  discovery  of 
Porisms ;  and  must  here  supply  the  want  of  ex- 
press testimony  by  probable  reasonings,  such  as  are 
necessary,  whenever  we  would  trace  remote  disco- 
veries to  their  sources,  and  which  have  more  weight 
in  mathematics  than  in  any  other  of  the  sciences. 

7.  It  cannot  be  doubted,  that  it  has  been  the 
solution  of  problems  which,  in  all  states  of  the  ma- 
thematical sciences,  has  led  to  the  discovery  of  most 
geometrical  truths.  Hie  first  mathematical  in- 
quiries, in  particular,  must  have  occurred  in  the 
form  of  questions,  where  something  was  given,  and 
something  required  to  be  done ;  and  by  the  rea- 
sonings necessary  tp  answer  these  questions,  or  to 
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discover  the  relation  between  the  things  that  were 
given,  and  those  that  were  to  be  found,  many  truths 
were  suggested,  which  came  afterwards  to  be  die 
subjects  of  separate  demonstration  The  number 
of  these  was  the  greater,  that  the  ancient  geometer* 
always  undertook  the  solution  of  problems  with  a 
scrupulous  and  minute  attention,  which  would 
scarcely  suffer  any  of  the  collateral  truths  to  escape 
their  observation.  We  know  from  the  examples 
which  they  have  left  us,  that  they  never  considered 
a  problem  as  resolved,  till  they  had  distinguished 
all  its  varieties,  and  evolved  separately  every  differ, 
ent  case  that  could  occur,  carefully  remarking  what* 
ever  change  might  arise  in  the  construction,  from 
any  change  that  was  supposed  to  take  place  among 
the  magnitudes  which  were  given. 

Now,  as  this  cautious  method  of  proceeding  was 
not  better  calculated  to  avoid  error  than  to  lay 
hold  of  every  truth  that  was  connected  with  the 
main  object  of  inquiry,  these  geometers  soon  ob- 
served, that  there  were  many  problems  which,  in 
certain  circumstances,  would  admit  of  no  solution 
whatever,  and  that  the  general  construction  by 
which  they  were  resolved  would  fail,  in  consequence 
of  a  particular  relation  being  supposed  among  the 
quantities  which  were  given.  Such  problems  were 
then  said  to  become  impossible ;  and  it  was  readily 
perceived,  that  this  always  happened  when  one  of 
the  conditions  prescribed  was  inconsistent  with  the 
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rest,  so  that  the  supposition  of  their  being  united 
in  the  tame  mlgect  involved  a  contradiction.  Thus 
when  it  was  required  to  divide  a  given  line,  so  that 
the  rectangle  under  ita  segments  should  be  equal 
to  a  given  space,  it  was  evident  that,  if  this  space 
was  greater  than  the  square  of  half  the  given  line* 
the  thing  required  could  not  possibly  be  done  % 
die  two  conditions,  the  one  defining  the  magnitude 
of  the  line,  and  the  other  that  of  the  rectangle 
under  its  segments,  being  then  inconsistent  with 
one  another*  Hence  an  infinity  of  beautiful  pro* 
positions  concerning  the  maxima  and  the  minima 
of  quantities,  or  the  limits  of  the  possible  relations 
which  quantities  may  stand  in  to  one  another. 

8.  Such  cases  as  these  would  occur  even  in  the 
solution  of  the  simplest  problems ;  but  when  geo- 
meters proceeded  to  the  analysis  of  such  as  were 
more  complicated,  they  must  have  remarked,  that 
their  constructions  would  sometimes  fail,  for  a  rea- 
aon  directly  contrary  to  that  which  has  now  been 
assigned.  Instances  would  be  found  where  the 
lines  that,  by  their  intersection,  were  to  determine 
the  thing  sought,  instead  of  intersecting  one 
another,  as  they  did  in  general,  or  of  not  meeting 
at  all,  as  in  the  above  mentioned  case  of  impossibi- 
lity, would  coincide  with  one  another  entirely,  and 
leave  the  question  of  consequence  unresolved  But 
though  this  circumstance  must  have  created  consi- 
derable embarrassment  to  the  geometers  who  fimt 
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observed  it,  as  being,  perhaps,  the  only  instance  in 
which  the  language  of  their  own  science  had  yet 
appeared  to  them  ambiguous  or  obscure,  it  would 
not  probably  be  long  till  they  found  out  the  true 
interpretation  to  be  put  on  it.  After  a  little  re- 
flection, they  would  conclude,  that,  since,  in  the 
general  problem,  the  magnitude  required  was  de* 
termined  by  the  intersection  of  the  two  lines  above 
mentioned,  that  is  to  say,  by  the  points  common  to 
them  both  j  so,  in  the  case  of  their  coincidence,  as 
all  their  points  were  in  common,  every  one  of  these 
points  must  afford  a  solution;  which  solutions, 
therefore,  must  be  infinite  in  number ;  and  also, 
though  infinite  in  number,  they  must  all  be  related 
to  one  another,  and  to  the  things  given,  by  certain 
laws,  which  the  position  of  the  two  coinciding  lines 
must  necessarily  determine. 

On  inquiring  farther  into  the  peculiarity  in  the 
state  of  the  data  which  had  produced  this  unex- 
pected result,  it  might  likewise  be  remarked,  that 
the  whole  proceeded  from  one  of  the  conditions  of 
the  problem  involving  another,  or  necessarily  in- 
cluding it ;  so  that  they  both  together  made,  in 
fact,  but  one,  and  did  not  leave  a  sufficient  number 
of  independent  conditions,  to  confine  the  problem 
to  a  single  solution,  or  to  any  determinate  number 
of  solutions.  It  was  not  difficult  afterwards  toper- 
ceive,  that  these  cases  of  problems  formed  very  o»- 
rtotts  propositions,  of  an  intermediate  nature  be- 
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tween  problems  and  theorem*,  and  that  they  ad- 
mitted of  being  enunciated  separately,  in  a  manner 
peculiarly  elegant  and  concise.  It  was  to  such 
propositions,  so  enunciated,  that  the  ancient  geo- 
meters gave  the  name  of  Porisms. 
•  9*  This  deduction  requires  to  be  illustrated,  by 
examples.  Suppose,  therefore,  that  it  is  proposed 
to  resolve  the  following  problem  : 

Prop.  I.    Prob.    Fig.  6. 

A  circle  ABC,  a  straight  line  DE,  and  a  point. F, 

,    being  given  in  position,  to  find  a  point  G  in  the 

:    straight  line  DE,  such  that  GF,  the  line  drawn 

from  it  to  the  given  point,  shall  be  equal  to 

GB,  the  line  drawn  from  it  touching  the  given 

circle. 

Suppose  the  point  G  to  be  found,  and  GB  to  be 
drawn  touching  the  circle  ABC  in  B;  let  H  be 
the  centre  of  the  circle  ABC ;  join  HB,  and  let 
HD  be  perpendicular  to  DE ;  from  D  draw  DL, 
touching  the  circle  ABC  in  L,  and  join  HL. 
Also  from  the  centre  G,  with  the  distance  GB  or 
GF,  describe  the  circle  BKF,  meeting  HD  in  the 
points  K  and  K'. 

It  is  plain,  that  the  lines  HD  and  DL  are  given 
in  position  and  in  magnitude.  Also,  because  GB 
touches  the  circle  ABC,  HBG  is  a  right  angle j 
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Ana  since  G  is  the  centre  of  the  circle  BKF,  there* 
fore  HB  touches  the  circle  BKF9  and  consequent- 
ly the  square  of  HB  or  of  HL,  is  equal  to  the  rect- 
angle KHK.  But  the  rectangle  KHK,  together 
with  the  square  of  DK,  is  equal  to  die  square  of 
DH,  because  KK'  is  bisected  in  D ;  therefore  the 
squares  of  HL  and  DK  are  also  equal  to  the  square 
of  DH.  But  the  squares  of  HL  and  LD  are  equal 
to  the  same  square  of  DH ;  wherefore  the  square 
of  DK  is  equal  to  the  square  of  DL,  and  the  line 
DK  to  the  line  DL.  But  DL  is  given  in  magni- 
tude ;  therefore  DK  is  given  in  magnitude,  and  K 
is  therefore  a  given  point.  For  the  same  reason* 
K'  is  a  given  point,  and  the  point  F  being  ajatit 
given  by  hypothesis,  the  circle  BKF  is  given  in 
position.  The  point  G  therefore,  the  centre  of 
the  circle  BKF  is  given,  which  was  to  be  found* 

Hence  this  construction:  Having  drawn  HD 
perpendicular  to  DE,  and  DL  touching  the  circle 
ABC,  make  DK  and  DK'  each  equal  to  DL,  and 
find  G  the  centre  of  a  circle  described  through  the 
points  K,  F  and  K' ;  that  is,  let  FK'  be  joined, 
and  bisected  at  right  angles  by  the  line  MN,  which 
meets  DE  in  G;  G  will  be  the  point  required,  or 
it  will  be  such  a  point,  that  if  GB  be  drawn  from 
it,  touching  the  circle  ABC,  and  GF  to  the  gfrfad 

point,  GB  and  GF  will  be  equal  to  one  another.4 

•^ » «« « «^^^^^^^^™^^^^^^*«^»^«^»^»— — ■"■™^^™^^^^^«^««^^^™« 

*  This  solution  of  the  problem  was  suggested  to  me  by 
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The  synthetical  demonstration  needs  not  be  ad- 
ded ;  but  it  is  necessary  to  remark,  that  there  are 
cases  in  which  this  construction  fails  altogether. 

For,  first,  if  the  given  point  F  be  any  where  in 
the  line  HD,  as  at  F,  it  is  evident,  that  MN  be- 
comes parallel  to  DE,  and  that  the  point  6  is  no 
where  to  be  found,  or,  in  other  words,  is  at  an  infi- 
nite distance  from  D. 

This  is  true  in  general ;  but  if  the  given  point  F 
coincide  with  K,  then  the  line  MN  evidently  coin- 
cides with  DE  ;  so  that,  agreeably  to  a  remark  al- 
ready made,  every  point  of  the  line  DE  may  be  ta- 
ken for  6,  and  will  satisfy  the  conditions  of  the 
problem ;  that  is  to  say,  6B  will  be  equal  to  GK, 
wherever  the  point  G  be  taken  in  the  line  DE. 
The  same  is  true  if  F  coincide  with  K'. 

This  is  easily  demonstrated  synthetically ;  for  if 
G  be  any  point  whatsoever  in  the  line  DE,  from 
which  GB  is  drawn  touching  the  circle  ABC ;  if 
DK  and  DK'  be  each  made  equal  to  DL ;  and  if 
a  circle  be  described  through  the  points  B,  K,  and 
K' ;  then,  since  the  rectangle  KHK',  together  with 
the  square  of  DK,  that  is,  of  DL,  is  equal  to  the 
square  of  DH,  that  is,  to  the  squares  of  DL  and 
LH,  the  rectangle  KHK'  is  equal  to  the  square  of 
HB,  so  that  HB  touches  the  circle  BKK'.     But 


Professor  Robison ;  and  is  more  simple  than  that  which  I 
had  originally  given. 

10 
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BG  is  at  right  angles  to  HB ;  therefore  the  centre 
of  the  circle  BKK'  is  in  the  line  BG ;  and  it  is  al- 
so in  the  line  DE ;  therefore  G  is  the  centre  of  the 
circle  BKK ,  and  GB  is  equal  to  GK. 

Thus  we  have  an  instance  of  a  problem,  and  that 
too  a  very  simple  one,  which  is  in  general  determi- 
nate, admitting  only  of  one  solution,  but  which  ne- 
vertheless, in  one  particular  case,  where  a  certain 
relation  takes  place  among  the  things  given,  be- 
comes indefinite,  and  admits  of  innumerable  solu- 
tions. The  proposition  which  results  from  this 
case  of  the  problem  is  a  Porism,  according  to  the 
remarks  that  were  made  above,  and  in  effect  will  be 
found  to  coincide  with  the  66th  proposition  in  Dr 
Simson's  Restoration.  It  may  be  thus  enunciat- 
ed: "A  circle  ABC  being  given  in  position,  and 
also  a  straight  line  DE,  which  does  not  cut  the 
circle,  a  point  K  may  be  found,  such,  that  if  G  be 
any  point  whatever  in  the  line  DE,  the  straight 
line  drawn  from  G  to  the  point  K,  shall  be  equal 
to  the  straight  line  drawn  from  G,  touching  the 
circle  ABC." 

10.  The  following  Porism  is  also  derived  in  the 
same  manner  from  the  solution  of  a  very  simple 
problem : 


VOL.  111.  N 
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Prop.  II.    Prob.    Fig.  7. 

A  triangle  ABO  being  given,  and  also  a  point  D, 
to  draw  through  D  a  straight  line  DG,  such, 
that  perpendiculars  being  drawn  to  it  froA  the 
three  angles  of  the  triangle,  viz.  AE,  BG,  CF, 
the  sum  of  the  two  perpendiculars  on  the  same 
side  of  DG,  shall  be  equal  to  the  remaining  per* 
pendicukr ;  or,  that  AE  and  BG  together,  may 
be  equal  to  CF. 

Suppose  it  done:  Bisect  AB  in  H,  join  CH, 
and  draw  HK  perpendicular  to  DG. 

Because  AB  is  bisected  in  H,  the  two  perpendi- 
culars AE  and  BG  are  together  double  of  HK  j 
send  as  they  are  also  equal  to  CF  by  hypothesis,  CF 
must  be  double  of  HK,  and  CL  of  LH.  Now,CH 
h  given  m  position  and  magnitude  ;  therefore  the 
point  L  \s  given  5  and  die  point  D  being  also  given, 
t!he  fere  DL  is  given  in  position,  which  was  to  be 
found. 

the  construction  is  obvious.  Bisect  AB  in  H, 
jOi*  CH>  and  take  HL  tqual  to  xtoe  third  of  CH ; 
the  straight  line  which  joins  the  points  D  and  L  it 
the  line  require^ 

Now,  it  is  plain,  that  while  the  triangle  ABC 
remains  the  same,  the  point  L  also  remains  the  same* 
wherever  the  point  D  may  be.     The  point  D  may 
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therefore  coincide  with  L?  and  when  this  hap- 
pens, the  position  of  the  line  to  be  drawn  is  left 
undetermined;  that  is. to  say,  any  line  whatever 
drawn  through  L  will  asttafy  the  conditions  of  the 
problem. 

Here  therefore  we  have  another  indefinite  case 
of  a  problem,  amd  of  consequence  another  Poriaa, 
which  may  be  thus  enunciated :  "  A  triangle  being 
given  m  position,  a  point  in  it  nay  be  found,  such, 
that  any  straight  tine  whatever  being  drawn  through 
that  point,  the  perpendiculars  drawn  to  this  straight 
line  from  the  two  angles  of  the  triangle  which  are 
on  one  side  of  it,  will  be  together  equal  to  the  per- 
pendicular that  Is  drawn  to  the  same  line  from  the 
angle  on  Ae  other  ad*  -of  it." 

11.  This  Periam  may  be  made  much  mote  jgene- 
ral ;  lor  i£  instead  of  the  angles  of  *  trimglfe  we 
anppose  ever  so  many  points  to  be  g£*en  in  a  plane, 
a  point  nay  be  found,  *ueh,  that  /any  staiigt*  line 
being  drawn  through  it,  the  sum  *f  all  the  pofpen- 
,  diculars  that  fall  on  that  line  from  the  given  points 
on  one  side  of  it,  is  equal  to  the  mm  of  the  perpen- 
dieularfl  that  fall  on  H  from  *U  tfce  paints  «ttr&e 
jather  aide  of  iit. 

Or  stall  imoro  generally*  jutj  fwwhtr  /of  poiats 
being  given  not  in  the  same  plane,  a  point  JBajrJfc 
found,  through  which  if  any  plane  be  supposed  to 
pass,  the  sum  of  all  the  perpei\dicn lars  which  /all 
on  that  plane  from  the  points  on  one  side  of  jfcja 
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equal  to  the  sum  of  all  the  perpendiculars  that  fall 
on  the  same  plane  from  the  points  on  the  other 
aide  of  it. 

It  is  unnecessary  to  observe,  that  the  point  to  be 
found  in  these  propositions,  is  no  other  than  the 
centre  of  gravity  of  the  given  points ;  and  that 
therefore  we  have  here  an  example  of  a  Porism 
very  well  known  to  the  modern  geometers,  though 
not  distinguished  by  them  from  other  theorems. 

12.  The  problem  which  follows  appears  to  have 
led  to  the  discovery  of  more  than  one  Porism. 

Prop.  III.    Prob.    Fig.  8. 

A  circle  ABC,  and  two  points  D  and  E,  in  a  dia- 
meter of  it  being  given,  to  find  a  point  F  in  the 
circumference  of  the  given  circle,  from  which,  if 
straight  lines  be  drawn  to  the  given  points  E  and 
D,  these  straight  lines  shall  have  to  one  another 
the  given  ratio  of  a  to  £•* 

_  •  

Suppose  the  problem  resolved,  and  that  F  is 
found,  so  that  FE  has  to  FD  the  given  ratio  of  a 
to  P.  Produce  EF  any  how  to  B,  bisect  the  angle 
EFD  by  the  line  FL,  and  the  angle  DFB  by  the 

lineFM. 

%*         .  . 

•  The  ratio  of  a  to  0  is  supposed  that  of  a  greater  to  a 
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Then,  because  the  angle  EFD  is  bisected  by  FL, 
EL  is  to  LD  as  EF  to  FD,  that  is,  in  a  given  ra- 
tio ;  and  as  ED  is  given,  each  of  the  segments  EL, 
LD,  is  given,  and  also  the  point  L. 

Again,  because  the  angle  DFB  is  bisected  by 
FM,  EM  is  to  MD  as  EF  to  FD,  that  is,  in  a 
given  ratio ;  and  therefore,  since  ED  is  given,  EM, 
MD,  are  also  given,  and  likewise  the  point  M. 

But  because  the  angle  LFD  is  half  of  the  angle 
EFD,  and  the  angle  DFM  half  of  the  angle  DFB, 
the  two  angles  LFD,  DFM,  are  equal  to  the  half 
of  two  right  angles,  that  is,  to  a  right  angle.  The 
angle  LFM  being  therefore  a  right  angle,  and  the 
points  L  and  M  being  given,  the  point  F  is  in  the 
circumference  of  a  circle  described  on  the  diameter 
LM,  and  consequently  given  in  position. 

Now,  the  point  F  is  also  in  the  circumference 
of  the  given  circle  ABC ;  it  is  therefore  in  the  in- 
tersection of  two  given  circumferences,  and  there- 
fore is  found. 

Hence  this  construction :  Divide  ED  in  L,  so 
that  EL  may  be  to  LD  in  the  given  ratio  of  a  to 
0 ;  and  produce  ED  also  to  M,  so  that  EM  may 
be  to  MD  in  the  same  given  ratio  of  a  to  £•  Bi- 
sect LM  in  N,  and  from  the  centre  N,  with  the 
distance  NL,  describe  the  semicircle  LFM,  and 
the  point  F,  in  which  it  intersects  the  circle  ABC, 
is  the  point  required,  or  that  from  which  FE  and 
FD  are  to  be  drawn. 
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Th*  synthetical  demonstration  follows  so  readily 
from  the  preceding  analysis,  that  it  is  not  necessity 
t*  be  added. 

It  must  however  be  remarked,  that  the  coostffcc- 
titri  fails  when  the  circle  LFM  falls  either  wholly 
without,  ot  wholly  within  the  circle  ABC;  so  that 
dfttf  circumferences  do  not  intersect $  and  in  theie 
cases  the  solution  is  impossible.  It  is  plain  also, 
thai  in  another  ease  the  construction  will  fail,  viz. 
when  it  so  happens  that  the  circumference  LFM 
wholly  coincides  with  the  circumference  ABC.  In 
this  case,  it  is  farther  evident,  that  every  point  in 
the  circumference  ABC  will  answer  die  conditions 
erf  the  problem,  which  therefore  admits  of  innume* 
Table  aalutidns,  and  may,  as  in  the  foregoing  in- 
stances, be  converted  into  a  Porism. 
«  13.  We  are  therefore  to  inquire,  in  what  cir- 
eusstances  the  point  L  may  coincide  with  the 
point  A,  and  the  point  M  with  the  point  C,  and 
of  consequence  the  circumference  LFM  with  the 
circumference  ABC* 

On  the  supposition  that  they  coincide,  EA  is  to 
AD,  and  also  EC  to  CD,  as  « to  &  %  and  therefore 
EA  is  to  EC  as  AD  to  CD,  or,  by  conversion, 
EA  to  AC  as  AD  to  the  excess  of  CD  above  AD, 
(or  to  twice  DO,  O  being  the  centre  of  the  circle 
ABC.  Therefor*  also,  E  A  is  to  AO,  or  the  half 
Of  AC,  as  AD  to  DO,  and  E  A  together  with  AO, 
to  AO,  as  AD  together  with  DO>  to  DO ;  that  k, 


k. 


INVESTIGATION  OF  FQRIftMS.  199 

EO  to  AO  as  AO  to  DO,  and  so  the  rectangle 
EO.OD  equal  to  the  square  of  AQ. 

Hence,  if  the  situation  of  the  given  points  £  and 
£)»  (%<  9»)  in  respect  of  the  circle  ABC,  be  such, 
that  the  rectangle  EO.OD  is  equal  to  the  square 
of  AO,  the  semidiameter  of  the  circle  >  and  if,  at 
the  same  time,  the  given  ratio  of  a  to  p  he  the  same 
with  that  of  EA  to  AO.  or  of  EC  to  CD,  the 
problem  admits  of  innumerable  solution* ;  end  as  it 
is  manifest,  that  if  the  circle  ABC,  and  one  of 
the  points  D  or  E  be  given,  the  other  point9 
and  also  the  ratio  which  is  required  to  render  the 
problem  indefinite,  may  be  found,  therefore  we 
have  this  Porism :  "  A  circle  ABC  being  given* 
and  also  a  point  D,  a  point  E  may  be  found,  suqh* 
that  the  two  lines  inflected  from  these  points  to  any 
point  whatever  in  the  circumference  ABC,  ahaU 
have  to  one  another  a  given  ratio,  which  r»tio  is 
also  to  be  found," 

This  Porism  is  the  second  in  the  treatise  De  Po- 
rismatihus,  where  Dr  Simson  gives  it,  not  as  one 
of  Euclid's  propositions,  but  as  an  illustration  of 
his  own  definition.  It  answers  equally  well  for  (he 
purpose  I  have  here  in  view,  the  explaining  the 
origin  of  Porismg ;  and  I  have  been  the  mpre  will- 
ing to  introduce  it,  that  it  has  afforded  me  w  op* 
portunity  of  giving  what  seems  to  be  the  simplest 
investigation  of  the  second  proposition  in  the  se- 
cond book  of  the  Loci  Plani,  by  proving,  as  has 


400  ON  THE  ORIGIN  AND 

been  done  above,  that  on  the  hypothesis  of  that 
proposition,  LFM  (fig.  8,)  is  a  right  angle,  and 
L  and  M  given  points. 

14.  Hence  also  an  example  of  the  derivation  of 
Porisms  from  one  another.  For  the  circle  ABC, 
and  the  points  E  and  D,  remaining  as  in  the  last 
construction,  (fig.  9,)  if  through  D  we  draw  any 
line  whatever  HDB,  meeting  the  circle  in  B  and 
H,  and  if  the  lines  EB,  EH  be  also  drawn,  these 
lines  will  cut  off  equal  circumferences  BF  and  HG. 
Let  FC  be  drawn,  and  it  is  plain  from  the  fore- 
going analysis,  that  the  angles  DFC,  CFB  are 
equal.  Therefore  if  OG,  OB  be  drawn,  the  angles 
BOC,  COG  are  equal,  and  consequently  the  angles 
DOB,  DOG.  In  the  same  manner,  by  joining 
AB,  the  angle  DBE  being  bisected  by  BA,  it  is 
evident,  that  the  angle  AOF  is  equal  to  the  angle 
AOH,  and  therefore  the  angle  FOB  to  the  angle 
HOG,  that  is,  the  arch  FB  to  the  arch  HG. 

Now,  it  is  plain,  that  if  the  circle  ABC,  and  one 
of  the  points  D  or  E  be  given,  the  other  point 
may  be  found;  therefore  we  have  this  Porism, 
which  appears  to  have  been  the  last  but  one  in  the 
third  book  of  Euclid's  Porisms.4  "  A  point  being 
given,  either  without  or  within  a  circle  given  in 
position,  if  there  be  drawn,  any  how  through  that 
point,  a  line  cutting  the  circle  in  two  points ;  ano- 

*  Simton  De  Porismmtibus,  Prop.  53. 
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ther  point  may  be  found,  such,  that  if  two  lines  be 
drawn  from  it  to  the  points,  in  which  the  line  al- 
ready drawn  cuts  the  circle,  these  two  lines  will 
cut  off  from  the  circle  equal  circumferences/9 

There  are  other  Porisms  that  may  be  deduced 
from  the  same  original  problem,  (§  12,)  all  con- 
nected, as  many  remarkable  properties  of  the  circle 
are,  with  the  harmonical  division  of  the  diameter. 

15.  The  preceding  proposition  also  affords  a 
good  illustration  of  the  general  remark  that  was 
made  above,  concerning  the  conditions  of  a  pro- 
Mem  being  involved  in  one  another,  in  the  Porisma- 
tic,  or  indefinite  case.  Thus,  several  independent 
conditions  are  here  laid  down,  by  help  of  which  the 
problem  is  to  be  resolved :  Two  points  D  and  £ 
are  given,  (fig.  8,)  from  which  two  lines  are  to  be 
inflected,  and  a  circumference  ABC,  in  which 
these  lines  are  to  meet,  as  also  a  ratio,  which  they 
are  to  have  to  one  another.*  Now,  these  condi- 
tions are  all  independent  of  each  other,  so  that  any 
one  of  them  may  be  changed,  without  any  change 
whatever  in  the  rest.  This  at  least  is  true  in  ge- 
neral ;  but  nevertheless  in  one  case,  viz.  when  the 
given  points  are  so  related  to  one  another,  that  the 
rectangle  under  their  distances  from  the  centre,  is 
equal  to  the  square  of  the  radius  of  the  circle,  it 

*  The  given  points,  and  the  centre  of  the  given  circle,  are 
understood,  throughout,  to  be  in  the  same  straight  line. 
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fellows  from  the  foregoing  analysis,  that  the  ratio 
which  the  inflected  lines  are  to  have  to  one  another, 
w  no  longer  a  matter  of  choice,  bat  is  a  necessary 
consequence  of  this  disposition  of  the  points.  For 
if  any  other  ratio  were  now  assigned  than  thai  of 
AO  to  OD,  or,  which  is  the  same,  of  £  A  to  AD, 
it  would  easily  be  shown,  that  no  lines  having  that 
ratio  could  be  inflected  from  the  points  £  and  D, 
to  any  point  in  the  circle  ABC.  Two  of  the  con- 
ditions are  therefore  reduced  into  one ;  and  hence 
it  is  that  the  problem  is  indefinite. 

16.  From  this  account  of  the  origin  of  Porisms, 
it  follows,  that  a  Porism  may  be  defined,  A  propo* 
sition  affirming  the  possibility  qfjinding  such 
conditions  as  will  render  a  certain  problem  hide* 
terminate,  or  capable  of  innumerable  solutions. 

To  this  definition,  the  different  characters  which 
Ffeppus  has  given  will  apply  without  difficulty* 
Hie  propositions  described  in  it,  like  those  which 
he  mentions,  are,  strictly  speaking,  neither  theo* 
terns  nor  problems,  but  of  an  intermediate  nature 
between  both  ;  for  they  neither  simply  enunciate  a 
truth  to  be  demonstrated,  nor  propose  a  question 
to  be  resolved  ;  but  are  affirmations  of  a  truth,  in 
which  the  determination  of  an  unknown  quantity 
is  involved.  In  as  far,  therefore,  as  they  assert, 
that  a  certain  problem  may  become  indeterminate, 
they  are  of  the  nature  of  theorems  j  and  in  as  far 
as  they  seek  to  discover  the  conditions  by  which 


INVESTIGATION  OF  PORISMS.  908 


that  is  brought  about,  they  are  of  the  nature 
problem*. 

17*  III  the  preceding  definition,  also,  and  the  in* 
stances  from  which  it  is  deduced,  we  may  trace 
that  imperfect  description  of  Porisms  which  Pap- 
pus ascribes  to  the  later  geometers,  viz.  "  Porisma 
eat  quod  deficit  hypothesi  a  theoremate  locali." 
Now,  to  understand  this,  it  must  be  observed,  that 
if  we  take  the  converse  of  one  of  the  propositions 
called  Loci,  and  make  the  construction  of  the  fi- 
gure a  part  of  the  hypothesis,  we  have  what  was 
called  by  the  ancients  a  Local  Theorem.  And 
again,  if,  in  enunciating  this  theorem,  that  part  of 
the  hypothesis  which  contains  the  construction  be 
suppressed,  the  proposition  arising  from  thence 
will  be  a  Porism  ;  for  it  will  enunciate  a  truth,  and 
will  also  require,  to  the  full  understanding  and  in* 
vestigation  of  that  truth,  that  something  should 
be  found,  viz.  the  circumstances  in  the  construct 
tion,  supposed  to  be  omitted. 

Thus,  when  we  say;  If  from  two  given  points  £ 
and  D,  (fig.  9,)  two  lines  EF  and  FD  are  inflect- 
ed to  a  third  point  F,  so  as  to  be  to  one  another  in 
a  given  ratio,  the  point  F  is  in  the  circumference 
of  a  circle  given  in  position  :  we  have  a  Locus. 

But  when  conversely  it  is  said  ;  If  a  circle  ABC, 
of  which  the  centre  is  O,  be  given  in  position,  as 
also  a  point  E,  and  if  D  be  taken  in  the  line  EO# 
so  that  the  rectangle  EQ.OD  be  equal  to  the  sqaare 
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of  AO,  the  semidiameter  of  the  circle ;  and  if  from 
E  and  D,  the  lines  EF  and  DF  be  inflected  to  any 
point  whatever  in  the  circumference  ABC;  the 
ratio  of  EF  to  DF  will  be  a  given  ratio,  and  the 
«me  with  that  of  £  A  to  AD :  we  have  a  local 
theorem. 

And,  lastly,  when  it  is  said ;  If  a  circle  ABC  be 
given  in  position,  and  also  a  point  E,  a  point  D 
may  be  found,  such,  that  if  the  two  lines  EF  and 
FD  be  inflected  from  E  and  D  to  any  point  what- 
ever F,  in  the  circumference,  these  lines  shall  have 
a  given  ratio  to  one  another :  the  proposition  be- 
comes a  Porism,  and  is  the  same  that  has  been  just 
investigated. 

Here  it  is  evident,  that  the  local  theorem  is 
changed  into  a  Porism,  by  leaving  out  what  relates 
to  the  determination  of  the  point  D,  and  of  the 
given  ratio.  But  though  all  propositions  formed  in 
this  way,  from  the  conversion  of  Loci,  be  Porisms, 
yet  all  Porisms  are  not  formed  from  the  conversion 
of  Loci.  The  first  and  second  of  the  preceding, 
for  instance,  cannot  by  conversion  be  changed  into 
Loci ;  and  therefore  the  definition  which  describes 
all  Porisms  as  being  so  convertible,  is  not  sufficient- 
ly comprehensive.  Fermat's  idea  of  Porisms,  as 
has  been  already  observed,  was  founded  wholly  on 
this  definition,  and  therefore  could  not  fail  to  be 
imperfect. 

18.  It  appears,  therefore,  that  the  definition  of 
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Porisms  given  above,  (§  16,)  agrees  with  Pappus's 
idea  of  these  propositions,  as  far  at  least  as  can  be 
collected  from  the  imperfect  fragment  which  con- 
tains his  general  description  of  them.  It  agrees, 
also,  with  Dr  Simson's  definition,  which  is  this :  * 
"  Porisma  est  propositio  in'  qua  proponitur  demon- 
strare  rem  aliquam,  vel  plures  datas  esse,  cui,  vel 
quibus,  ut  et  cuilibet  ex  rebus  innumeris,  non  qui- 
dem  datis,  sed  quae  ad  ea  quae  data  sunt  eandem 
habent  relationem,  convenire  ostendendum  est  af- 
fectionem  quandam  communem  in  propositione  de- 
script  am." 

It  cannot  be  denied,  that  there  is  a  considerable 
degree  of  obscurity  in  this  definition ;  f  notwith- 

■i  <<+ 

*  Simson's  Opera  Reliqua,  p.  323. 

t  The  following  translation  will  perhaps  be  found  to  re* 
medy  some  of  the  obscurity  complained  of. 

"  A  Porism  is  a  proposition,  in  which  it  is  proposed  to 
demonstrate,  that  one  or  more  things  are  given,  between 
which  and  every  one  of  innumerable  other  things,  not  given, 
but  assumed  according  to  a  given  law,  a  certain  relation,  de- 
scribed in  the  proposition,  is  to  be  shown  to  take  place." 

It  may  be  proper  to  remark,  that  there  is  an  ambiguity  in 
the  word  given,  as  used  here  and  on  many  other  occasions, 
where  it  denotes  indifferently,  things  that  are  both  determi- 
nate and  known,  and  things  that,  though  determinate,  are  un» 
known,  provided  they  can  be  found.  This  holds  as  to  the 
first  application  of  the  term  in  the  above  definition ;  from 
which,  however,  no  incon  veniency  arises,  when  the  reader  is 
apprised  of  it  In  the  course  of  this  paper,  I  have  endea- 
voured, as  much  as  possible,  to  avoid  the  like  ambiguity. 
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standing  of  which,  it  is  certain,  that  every  proposi- 
tion to  which  it  applies  must  contain  a  problemati- 
cal party  viz.  "  in  qua  proponitur  demonstrate  rem 
abqnam,  vel  plures  datas  esse  ;M  and  also  a  theore- 
tical part,  which  contains  the  property,  or  commm- 
mb  afiecisOy  affirmed  of  certain  things  which  have 
been  previously  described. 

v  It  is  also  evident,  that  the  subject  of  every  such 
proposition  is  the  relation  between  magnitudes  of 
three  different  kinds;  determinate  magnitudes, 
which  are  given  >  determinate  magnitudes,  which 
are  to  be  found ;  and  indeterminate  magnitudes, 
-which,  though  unlimited  in  number,  are  connected 
with  the  others  by  some  common  property.  Now, 
these  are  exactly  the  conditions  contained  in  the 
definition  that  has  been  given  here. 

19.  To  confirm  the  truth  of  this  theory  of  the 
origin  of  Porisms,  or  at  least  the  justness  of  the 
notions  founded  on  it,  I  must  add  a  quotation  from 
an  Essay  on  the  same  subject,  by  a  member  of  this 
Society,  the  extent  and  correctness  of  whose  views 
make  every  coincidence  with  his  opinions  peculiar- 
ly flattering.  In  a  paper  read  several  years  ago,  be- 
fore the  Philosophical  Society,  Professor  Dugald 
.Stewart  defined  a  Porism  to  be,  "  A  proposition  af- 
firming the  possibility  of  findingone  or  more  of  the 
conditions  of  an  indeterminate  theorem ;"  where, 
by  an  indeterminate  theorem,  as  he  had  previously 
explained  it,  is  meant  one  which  expresses  a  reU- 
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tion  between  certain  quantities  that  are  determi- 
nate, and  certain  others  that  are  indeterminate^ 
both  in  magnitude  and  in  number.  The  near 
agreement  of  this  with  the  definition  and  explana- 
tions which  have  been  given  above,  is  too  obvious 
to  require  to  be  pointed  out ;  and  I  have  only  to 
observe,  that  it  Was  not  long  after  the  publication 
of  Simson's  posthumous  works,  when,  being  both 
of  us  occupied  in  speculations  concerning  Porisms, 
we  were  led  separately  to  the  conclusions  which  I 
have  now  stated.  * 


•  In  an  inquiry  into  the  origin  of  Porisms,  the  etymology 
of  the  term  ought  not  to  be  forgotten.  The  question,  indeed, 
is  not  about  the  derivation  of  the  word  Ilog/tf^a,  for  concern* 
ing  that  there  is  no  doubt ;  but  about  the  reason  why  this 
term  was  applied  to  the  class  of  propositions  above  described. 
Two  opinions  may  be  formed  on  this  subject,  and  each  of 
them  with  considerable  probability. 

Imo,  One  of  the  significations  of  4rog/£a,  is  to  acquire  or  06- 
iain  ;  and  hence  Hogm/jut,  the  thing  obtained  or  gained.  Ac- 
cordingly, Scapula  says, "  Est  vox  a  geometris  desumpta  qui 
theorema  aliquid  ex  demonstrative  syllogismo  necessario  se- 
quens  inferentes,  illud  quasi  hicrari  dicuntur,  quod  non  ex 
professo  quidem  theorematis  hujus  institute  sit  demonstration 
ted  tamen  ex  demonstratis  recte  sequatur.™  In  this  sense, 
Euclid  uses  the  word  in  his  Elements  of  Geometry,  where 
he  calls  the  corollaries  of  his  propositions,  Porismata.  This 
circumstance  creates  a  presumption,  that  when  the  word  was 
applied  to  a  particular  class  of  propositions,  it  was  meant,  in 
both  cases,  to  convey  nearly  the  same  idea,  as  it  is  tiot  at  aD 
probable,  that  so  correct  a  writer  as  Euclid,  and  so  scrupii- 
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20.  We  might  next  proceed  to  consider  the  par- 
ticular Porisms  which  Dr  Simson  has  restored,  and 


lous  in  his  use  of  words,  should  employ  the  same  term  to  ex- 
press two  ideas  which  are  perfectly  different.  May  we  not 
therefore  conjecture,  that  these  propositions  got  the  name  of 
Porisms,  entirely  with  a  reference  to  tlteir  origin  ?  Accord- 
ing to  the  idea  explained  above,  they  would  in  general  oo 
cur  to  mathematicians  when  engaged  in  the  solution  of  the 
more  difficult  problems,  and  would  arise  from  those  partial* 
lar  cases,  where  one  of  the  conditions  of  the  data  involved 
in  it  some  one  of  the  rest.  Thus,  a  particular  kind  of  theo- 
rem would  be  obtained,  following  as  a  corollary  from  the  so- 
lution of  the  problem ;  and  to  this  theorem  the  term  Ilog/<r/Aa 
might  be  very  properly  applied,  since,  in  the  words  of  Sca- 
pula, already  quoted,  "  Non  ex  professo  theorematis  hujus 
instituta  sit  demonstratio,  sed  tamen  ex  demonstratis  recte 
sequatur." 

2do,  But  though  this  interpretation  agrees  so  well  with 
the  supposed  origin  of  Porisms,  it  is  not  free  from  difficulty. 
The  verb  tfog/£u  has  another  signification,  to  find  out,  to  dis- 
cover, to  devise ;  and  is  used  in  this  sense  by  Pappus,  when 
he  says,  that  the  propositions  called  Porisms,  afford  great 
delight,  rotg  dwafttwe  opx,v  xcu  <rog/£iiv,  to  those  who  are  able 
to  understand  and  investigate.  Hence  comes  *ogs<t/JH>{,  the 
act  of  finding  out,  or  discovering,  and  from  <rof /djuoc,  in  this 
sense,  the  same  author  evidently  considers  nog/djua  as  being 
derived.  His  words  are,  Epatav  dt  (<w  a^atoi)  nog/0/ta  uvou  to 
wpnivo/Mm  t/i  nogitftov  ours  ru  rpruw/Mvx,  the  ancients  said, 
that  a  Porism  is  something  proposed  for  the  Jinding  out,  or 
discovering  of  the  very  thing  proposed.  It  seems  singular, 
however,  that  Porisms  should  have  taken  their  name  from  a 
circumstance  common  to  them  with  so  many  other  geome- 

ll 
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to  show,  that  every  one  of  them  is  the  indetermi- 
nate case  of  some  problem.  But  of  this  it  is  so 
easy  for  any  one,  who  has  attended  to  the  preceding 
remarks,  to  satisfy  himself,  by  barely  examining  the 
enunciations  of  those  propositions,  that  the  detail 
into  which  it  would  lead  seems  to  be  unnecessary. 
I  shall  therefore  go  on  to  make  some  observations 
on  that  kind  of  analysis  which  is  particularly  adapt* 
ed  to  the  investigation  of  Poristns. 

If  the  idea  which  we  have  given  of  these  propo- 
sitions be  just,  it  follows,  that  they  ate  always  to 
be  discovered,  by  considering  the  cases  in  which 
the  construction  of  a  problem  fails,  in  consequence 
of  the  lines  which,  by  their  intersection,  or  the 
points  which,  by  their  position,  were  to  determine 
the  magnitude  required,  happening  to  coincide  witji 
one  another.  A  Porism  may  therefore  be  deduced 
from  the  problem  it  belongs  to,  in  the  same  man- 
ner that  the  propositions  concerning  the  maxima 
and  minima  of  quantities  are  deduced  from  the  pro- 
blems of  which  they  form  the  limitations)  and  such 


trioal  truths;  and  if  this  was  really  the  case,  it  must  have 
been  on  account  of  the  enigmatical  form  of  their  enunciation, 
which  required,  that  in  the  analysis  of  these  propositions/a 
sort  of  double  discovery  should  be  made,  not  only  of  the 
truth,  but  also  of  the  meaning  of  the  very  thing  which  was 
proposed.  They  may  therefore  have  been  called  Porismata 
or  Investigations,  by  way  of  eminence. 
VOL.  HI.  O 
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no  doubt  is  the  most  natural  and  most  obvious  ana- 
lysis of  which  this  class  of  propositions  will  admit* 

It  is  not,  however,  the  only  one  that  they  will 
admit  of;  and  there  are  good  reasons  for  wishing 
to  be  provided  with  another,  by  means  of  which,  a 
Porism  that  is  any  how  suspected  to  exist,  may  be 
ftmnd  out,  independently  of  the  general  solution  of 
the  problem  to  which  it  belongs.  Of  these  rea- 
sons, one  is,  that  the  Porism  may  perhaps  admit  of 
being  investigated  more  easily  than  the  general 
problem  admits  of  being  resolved ;  and  another  is, 
that  the  former,  in  almost  every  case,  helps  to  dis- 
cover the  simplest  and  most  elegant  solution  that 
can  be  given  of  the  latter. 

The  truth  of  this  last  observation  has  been  al- 
ready exemplified  in  two  of  the  preceding  problems, 
where  the  Porismatic  case,  by  determining  the  point 
K  in  the  first,  and  L  in  the  second  of  them,  be- 
came necessary  to  the  general  solution.  In  more 
difficult  problems,  the  same  will  be  found  to  hold 
still  more  remarkably,  and  this  is  evidently  what 
Pappus  had  in  view,  when,  in  a  passage  already 
quoted,  he  called  Porisms,  "  Collectio  artificiosissi- 
ma  multarum  rernm  quae  spectant  ad  analysin  diffi- 
ciliorum  et  generalium  problematum." 

On  this  account,  it  is  desirable  to  have  a  method 
of  investigating  Porisms,  which  does  not  require, 
that  we  should  have  previously  resolved  the  pro- 
blems they  are  connected  with,  and  which  may  al- 
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ways  serve  to  determine,  whether  to  any  git  en  pro* 
blem  Ijhere  be  attached  a  Purism,  pr  not.  Dr  Shu* 
son's  analysis  may  he  conadered  as  anewering  f» 
this  deacription  ;  for  as  that  geometer  did  not  re* 
gard  these  propositions  at  all  in  the  light  that  ia 
done  here,  mat  tn  idation  to  their  origin,  an  hide* 
pendent  ehaiyeis  of  t hie  kind,  waa  the  only  one  that 
could  oeeur  to  him;  and  he  has  accordingly  given 
one  which  is  extremely  iagenioos,  and  by  no  mesne 
easy  to  he  invented,  bat  which  he  uses  with  gnat 
skilfulness  and  dexterity  throughout  the  whole  of 
his  Jtestocatiaiu 

It  is  not  easy  to  ascertain  whether  this  he  the 
precise  method  treed  by  the  ancients*  Dr  Sampan 
had  here  nothing  to  direct  him  hit  his  genius,  are) 
has  the  fall  wait  nf  the  first  inventor.  U  scene 
probable,  however,  tfiat  there  is  at  least  a  great  *£> 
finity  between  the  methods,  since  the  lemmata 
given  by  Pappus  as  necessary  to  Euclid' s  demon* 
stratum,  are  .subservient  aJsp  to  those  of  enr  mo* 
dern  geometer* 

SI,  I  ahaU  employ  the  aame  aort  of  analysis  in 
the  Porisms  that  follow,  at  feast  tiH  we  /oome  to  treat 
of  them  algebraically,  where  a  method  of  invest!* 
gating  these  propositions  will  present  itself,  which 
is  perhaps  more  simple  and  direct  than  any  other. 
The  following  Porism  is  the  first  of  Euclid's,  and 
the  firtt  also  that  was  restored.  It  is  given  here 
to  eaempiiiy  the  advantage  which,  in  investigations 
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of  this  kind,  may  be  derived  from  employing  the 
law  of  continuity  in  its  utmost  extent,  and  pursu- 
ing Porisms  to  those  extreme  cases,  where  die  in- 
determinate magnitudes. increase  ad  infinitum;  in- 
to which  state  Dr  Simson  probably  did  not  think  it 
safe  to  follow  them,  and  was  thereby  deprived  of  no 
inconsiderable  help  toward  the  simplifying  of  his 
constructions.  If  therefore  it  can  be  shown,  that 
this  help  may  be  obtained  without  any  sacrifice  of 
geometrical  accuracy,  it  will  be  some  improvement 
in  this  branch  of  the  analysis. 

The  Porism  just  mentioned  may  be  considered 
as  having  occurred  in  the  solution  of  a  problem. 
Suppose  it  were  required ;  two  points  A  and  B, 
(fig.  10,)  and  also  three  straight  lines  DE,  FK, 
KL,  being  given  in  position,  together  with  two 
points  H  and  M,  in  two  of  these  lines,  to  inflect 
from  A  and  B  to  a  point  in  the  third  line,  two  lines 
that  shall  cut  off  from  KF  and  KL  two  segments, 
adjacent  to  the  given  points  H  and  M,  having  to 
one  another  the  given  ratio  of  a  to  p. 

Now,  in  order  to  find  whether  there  he  any  Po- 
rism connected  with  this  problem,  suppose  that 
there  is,  and  that  the  following  proposition  is  true. 

Prop.  IV.    Porism.    Fig.  10. 

£8.  Two  points  A  and  B,  and  two  straight  lines 
DE  and  FK,  being  given  in  position  and  also  a 
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point  H  in  one  of  theiri,  a  line  LK  may  be  found, 
and  also  a  point  in  it  M,  both  given  in  position, 
such, that  AE  and  BE,  inflected  from  the  point* 
A  and  B  to  any  point  whatsoever  of  the  line  DE, 
shall  cut  off  from  the  other  lines  FK  and  LK, 
segments,  HG  and  MN,  adjacent  to  the  given 
points  H  and  M,  having  to  one  another  the  given 
ratio  of  a  to  p. 

first,  let  AE',  BE'  be  inflected  to  the  point  E', 
so  that  AE'  may  be  parallel  to  FK,  then  shall  E'B 
be  parallel  to  KL,  the  line  to  be  found.  For  if  it 
be  not  parallel  to  KL,  the  point  of  their  intersec- 
tion must  be  at  a  finite  distance  from  the  point  M, 
and  therefore  making  as  0  to  «,  so  this  distance  to  a 
fourth  proportional,  the  distance  from  H,  at  which 
AE'  intersects  FK,  will  be  equal  to  that  fourth  pro* 
portional.  But  AE  does  not  intersect  FK,  for 
they  are  parallel  by  construction ;  therefore  BE' 
cannot  intersect  KL ;  KL  is  therefore  parallel  to 
BE',  a  line  given  in  position. 

Again,  let  AE",  BE  be  inflected  to  E ',  so  that 
AE"  may  pass  through  the  given  point  H }  then  it 
is  plain,  that  BE '  must  pass  through  the  point  to  be 
found  M  j  for  if  not,  it  may  be  demonstrated,  juak 
as  has  been  done  above,  that  AE"  does  not  pan 
through  H,  contrary  to  the  supposition.  The  point 
to  be  found  is  therefore  in  the  line  EB,  which  is 
given  in  position. 
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Now,  if  from  £  there  be  drawn  EP  parallel  to 
AF,  and  ES  parallel  to  BE',  BS  ie  to  SEaa  BL 
to  LN, and  AP to  FEasAFtoFG;  wherefore 
the  ratio  of  FG  to  124  is  componnded  of  the  ratios 
of  AF  to  BL,  PE  to  SE,  and  BS  to  AP,  But  the 
latio  of  PE  to  SE  ia  the  same  with  that  of  AE'  to 
BE',  and  the  ratio  of  BS  to  AP  is  the  tame  with 
that  of  DB  to  DA,  because  DB  is  to  BS  aa  DE' 
to  E'E,  or  as  DA  to  AP.  Therefore  the  ratio  of 
FG  to  LN  ia  compounded  of  the  ratios  of  AF  to 
BL>  AE'  to  BE',  and  DB  to  DA* 

In  like  manner,  because  E"  is  a  point  in  the  line 
DE,and  AE",  BE"  are  inflected  to  it,  the  ratio  of 
FH  to  LM,  ia  compounded  of  the  same  ratios  of 
AF  to  BL,  AE  to  BE',  and  DB  to  D  A  ;  and 
therefore  the  ratio  of  FH  to  LM  is  the  same  with 
that  of  FO  to  NL,  and  the  same  consequently  with 
that  of  HG  to  MN.  Bat  the  ratio  of  HG  to  MN 
is  given,  being  by  supposition  that  of  a  to  0 ;  the 
ratio  of  FH  to  LM  is  therefore  also  given,  and  FH 
being  given,  LM  is  given  in  magnitude.  Now, 
LM  is  parallel  to  BE7,  a  line  given  in  position ; 
therefore  M  is  in  a  line  QM  parallel  to  AB,  and 
given  in  position.  But  the  point  M  is  also  in  an- 
other line  BE"  given  in  position;  therefore  the 
point  M,  and  also  the  line  KML  drawn  through 
it  parallel  to  BE7,  are  given  in  position,  which  were 
to  be  found. 

The  construction  is  thus :    From  A  draw  AE' 
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parallel  to  FK,  meeting  DE  in  E' ;  join  BE',  and 
take  in  it  BQ,  so  that  as  « to  0  so  HF  to  BQ,  and 
through  Q  draw  QM  parallel  to  AB.  Let  HA 
be  drawn,  and  produced  till  it  meet  DE  in  E",  and 
let  BE"  be  drawn  meeting  QM  in  M.  Through 
M  draw  KML  parallel  to  BE' ;  then  is  KML  the 
line,  and  M  the  point,  which  were  to  be  found. 

It  is  plain,  that  there  are  two  lines  which  will 
answer  the  conditions  of  the  Porism $  for  if  in  QB, 
produced  on  the  other  side  of  B,  there  be  taken  Bq 
equal  to  BQ ;  and  if  qm  be  drawn  parallel  to  AB, 
intersecting  MB  in  m;  and  if  mx  be  drawn  parallel 
to  BQ,  the  part  ww,  cut  off  by  EB  produced,  will 
be  equal  to  MN,  and  have  to  HG  the  ratio  re- 
quired. 

It  is  plain  also,  that  whatever  be  the  ratio  of  *  to 
g,  and  whatever  be  the  magnitude  of  FH,  if  the 
other  things  given  remain  the  same,  the  lines  found 
will  be  all  parallel  to  BE'.  But  if  the  ratio  of  « to 
3  remain  the  same  likewise,  and  if  only  the  point 
H  vary,  the  position  of  KL  will  remain  the  same, 
and  the  point  M  will  vary. 

23.  This  construction,  from  which,  and  the  fore- 
going analysis,  the  synthetical  demonstration  fol« 
lows  readily,  will  be  found  to  be  more  simple  than 
Dr  Simson'8,  owing  entirely  to  the  use  that  has 
been  made  of  the  law  of  continuity  in  the  two  ex- 
treme cases,  where,  according  to  the  language  of 
the  modern  analysis,  H6  becomes  infinite,  in  the 
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one,  and  equal  to  nothing,  in  the  other.  Had  it 
been  affirmed,  agreeably  to  that  same  language, 
that  in  the  first  of  those  cases,  because  of  the  con- 
stant ratio  of  HG  to  MN,  these  lines  must  both 
become  infinite  at  the  same  time,  and  in  the  second, 
that  for  the  same  reason  they  must  both  vanish  at 
the  same  time,  we  might  have  been  accused  of  de- 
parting from  the  strict  form  of  reasoning  employed 
in  the  ancient  geometry.  But  when  the  thing  is 
stated  as  above,  and  it  is  proved,  that  when  AE' 
does  not  meet  KF,  it  is  impossible  for  BE'  to  meet 
ML ;  and  again,  that  when  AE"  passes  through  H, 
it  is  impossible  for  BE"  not  to  pass  through  M,  the 
air  of  paradox  is  entirely  removed,  and  the  tracing 
of  the  law  of  continuity  is  rendered  perfectly  con- 
sistent with  the  utmost  severity  of  geometrical  de- 
monstration. 

Dr  Simson  has  applied  this  Porism  very  ingeni- 
ously to  the  solution  of  the  same  problem  from  which 
it  is  here  supposed  to  be  derived ;  *  and  it  is  wor- 
thy of  remark,  that  supposing  the  points  A  and  B, 
and  the  lines  DE  and  FK  to  be  as  in  the  figure  of 
this  Porism,  if  the  third  of  the  given  lines  be  not 
parallel  to  BE",  that  problem  can  always  be  resolved, 
and  admits  of  two  solutions ;  but  if  it  be  parallel  to 
BE',  the  problem  either  becomes  impossible,  or  a 
Porism j  that  is,  it  either  admits  of  no  solution,  or 

•  Opera  Reliqua,  de  Porismatibus,  Prop.  25. 
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of  an  infinite  number.  We  shall  soon  have  occa- 
sion to  extend  the  same  observation  to  other  Po- 
risms. 

Another  general  remark  which  I  have  to  make 
on  the  analysis  of  Porisms  is,  that  it  frequently 
happens,  as  in  the  last  example,  that  the  magni- 
tudes required  may  all,  or  a  part  of  them,  be  found 
by  considering  the  extreme  cases  ;  but  for  the  dis- 
covery of  the  relation  between  them,  and  the  inde- 
finite, magnitudes,  or  res  innumerce,  we  must  have 
recourse  to  the  hypothesis  of  the  Porism  in  its  most 
general,  or  indefinite  form,  and  must  endeavour  so 
to  conduct  the  reasoning,  that  the  indefinite  mag- 
nitudes shall  at  length  wholly  disappear,  and  leave 
a  proposition,  containing  only  a  relation  of  deter- 
minate magnitudes  to  one  another.  Now,  in  order 
to  accomplish  this,  Dr  Simson  frequently  employs 
two  statements  of  the  general  hypothesis,  which  he 
compares  together ;  as  for  instance,  in  his  analysis 
of  the  last  Porism,  he  assumes,  not  only  E,  any 
point  whatsoever  in  the  line  DE,  but  also  another 
point  O,  any  whatsoever  in  the  same  line,  to  both 
of  which  he  supposes  lines  to  be  inflected  from  the 
given  points  A  and  B.  This  double  statement, 
however,  cannot  be  made,  without  rendering  the* 
investigation  long  and  complicated ;  and  therefore 
it  may  be  of  use  to  remark,  that  it  is  never  neces- 
sary, but  may  always  be  avoided  by  an  appeal  to 
simpler  Porisms,  or  to  Loci,  or  to  the  propositions 
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of  the  Data.  I  shall  give  the  following  Porism  as 
an  example,  where  this  is  done  with  some  difficulty, 
but  with  considerable  advantage,  in  regard  to  the 
simplicity  and  shortness  of  the  investigation. 

Prop.  V.    Porism.    Fig.  11. 

«4.  Let  there  be  three  straight  lines  AB,  AC,  CB 
given  in  position,  and  from  any  point  whatsoever 
in  one  of  them,  as  D,  let  perpendiculars  be 
drawn  to  the  other  two*  as  DF,  DE ;  a  point  G 
may  be  found,  such,  that  if  GD  be  drawn  from 
it  to  the  point  D,  the  square  of  that  line  shall 
have  a  given  ratio  to  the  sum  of  the  squares  of 
the  perpendiculars  DF  and  DE,  which  ratio  is 
to  be  found. 

Draw  from  A  and  B  the  lines  AH,  BK  at  right 
angles  to  BC  and  CA,  and  divide  AB  in  L,  so 
that  AL  may  be  to  LB  in  the  given  ratio  of  the 
square  of  AH  to  the  square  of  BE,  or,  which  is 
the  same,  of  the  square  of  AC  to  the  square  of  CB. 
The  point  L  is  therefore  given ;  and  if  N  be  taken 
so  as  to  have  to  AL  the  same  ratio  that  AB2  has 
to  AH*,  N  will  be  given  in  magnitude.  Also  since 
AH*:BK*::AL:LB,  and  AH*:AB*::AL:N,  ex 
aequo  BKf :  AB*: : LB: N.  From  L  draw  LO,  LM 
perpendicular  to  AG,  CB ;  LO  and  LM  are  given 
in  magnitude. 


mverriGATioH  op  porisms.  219 

Now,  because  AB?:BK'::AD*:DF*,  NLB:: 
AD*:DFf  so  that  DF=^f  AD*,  and  for  the  same 

reason,  DE^-^-BD*.  But  (Loci  Plant,  Append. 

Lew.  lO^Aiy+~-BD,==^AL,+^.BL,+ 

^•DL*;  thafcis>DE,+DP=LO^+Llf,+^.D]>t 

Join  LG ;  then  by  hypothesis,  LO*+  LM*  has 
to  LG*  the  same  ratio  which  DF+DE*  has  to 
DGf;  and  if  this  ratio  be  that  of  R  to  N,  LOM- 

LM,=~.LCT ;  and  therefore  DE'+DF^  LG* 
+^DL*.    But  DE'+DF^-DG* }  therefore 

iLff+^.DL^I.DG1,  and  ^DU^CDO* 

— LG*)«  The  excess  of  the  square  of  DG  above 
the  square  of  LG,  has  therefore  a  constant  ratio  to 
the  square  of  DL,  viz.  that  of  AB  to  R.  The 
angle  DLG  is  therefore  a  right  angle,  and  the  ra- 
tio of  AB  to  R,  the  ratio  of  equality,  otherwise 
LD  would  be  given  in  magnitude,  which  is  con- 
trary to  the  supposition.  The  line  LG  is  there- 
fore given  in  position  ;  and  since  R  is  to  N,  that 
is  AB  to  N,  as  the  squares  of  LO  and  LM  to  the 
square  of  LG,  therefore  the  square  of  LG,  and 
consequently  the  line  LG,  is  given  in  magnitude. 
The  point  G  is  therefore  given,  and  also  the  ratio 
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of  the  squares  of  DE  and  DF  to  the  square  of 
DG9  which  is  the  same  with  that  of  AB  to  N. 

Hence  this  construction :  Divide  AB  in  L,  so 
that  AL  may  be  to  LB  as  the  square  of  AH  to 
the  square  of  BK,  and  make  as  the  square  of  AH 
to  the  square  of  AB,  so  AL  to  N j  and,  lastly, 
having  drawn  from  L  upon  AC  and  CB  the  per- 
pendiculars LO  and  LM,  make  LG  perpendicular 
to  AB,  and  such,  that  as  AB  to  N,  so  the  sum  of 
the  square?  of  LO  and  LM  to  the  square  of  LG ; 
G  will  be  the  point  required,  and  the  given  ratio, 
which  the  squares  on  DF  and  DE  have  to  the 
square  on  DG,  will  be  that  of  AB  to  N. 

This  is  the  construction  which  follows  most  di- 
rectly from  the  analysis  ;  but  it  may  be  rendered 
more  simple.  For,  since  AH* :  AB* : :  AL :  N,  and 
BK*:AB*::BL:N,  therefore  AH*+BK*:AB*: : 
AB:N.  Likewise,  if  AG,  BG  be  joined,  AB: 
N : :  AH* :  AG*,  and  AB : N : :  BK*:  BG*  j  where- 
fore AB:N: :  AH*+BK*:  AG*+BG*,  that  is,  AH2 
+ BK* :  AB* : :  AH*+ BK* :  AG*+ BG*,  and  AG* 
+GB*=AB*.  The  angle  AGB  is,  therefore,  a 
right  angle,  and  AL:  LG:LB,  If,  therefore,  AB 
be  divided  in  L,  as  in  the  preceding  construction ; 
and  if  LG,  a  mean  proportional  between  AL  and 
LB,  be  placed  at  right  angles  to  AB,  G  will  be 
the,  point  required. 

Cor.  It  is  evident  from  the  construction,  that  if 
at  the  points  A  and  B  we  suppose  weights  to  be 
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placed  that  are  as  the  Sqtoares  of  the  sines  of  the 
angles  CAB,  CBA,  L  will  be  the  centre  of  gravity 
of  these  weights.  For  AL  is  to  LB  as  AC1  to  CB9, 
or  inversely  as  the  squares  of  the  sines  of  the 
angles  at  A  and  B. 

85.  Now,  the  step  in  this  analysis  by  which  a 
second  introduction  of  the  general  hypothesis  is 
avoided,  is  that  in  which  the  angle  GLD  is  con- 
cluded to  be  a  right  angle.  This  conclusion  fol- 
lows from  the  excess  of  the  square  of  DG  above 
the  square  of  GL,  having  a  given  ratio  to  the 
square  of  LD,  at  the  same  time  that  LD  is  of  qo 
determinate  magnitude.  For,  if  possible,  let  GLp 
be  obtuse,  (fig.  12,)  and  let  the  perpendicular  from 
G  upon  AB  meet  AB  in  V,  which  point  V  is 
therefore  given.  And  since  the  excess  of -the 
square  of  GD  above  the  square  of  LG  is  equal  to 
the  square  of  LD,  together  with  twicfe  the  rect- 
angle DLV,  therefore  by  the  supposition,  the 
square  of  LD,  together  with  twice  the  rectangle 
DLV,  must  have  a  given  ratio  to  the  square  of 
LD ;  the  ratio  of  the  rectangle  DLV  to  the  square 
of  LD,  that  is,  of  VL  to  LD,  is  therefore  given, 
so  that  VL  being  given  in  magnitude,  LD  is  also 
given.  But  this  is  contrary  to  the  supposition,  for 
LD  is  indefinite  by  hypothesis;  and  therefore 
GLD  cannot  be  obtuse,  nor  any  other  than  a  right 
angle. 

The  same  conclusion  that  is  here  drawn  immedi- 
ately from  the  indetermination  of  LD,  would  be 
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deduced,  according  to  Dr  Simson's  method,  by 
fuming  another  point  D',  any  how,  and  from  the 
supposition,  that  the  excess  of  GET  above  GV 
waa  to  LD*  in  the  same  ratio  that  the  excess  of 
GD'  above  GL*  is  to  LD',  it  would  follow  with, 
out  much  difficulty,  that  GLD  must  be  a  right 
angle,  and  the  given  ratio,  a  ratio  of  equality*  The 
method  followed  above  is  shorter  and  lev  intricate 
dian  this  last,  and  has,  I  think,  the  advantage  of 
discovering  more  plainly  the  spirit  of  the  analysis, 
and  the  effect  which  the  indefinite  nature  of  the 
quantities  supposed  indeterminate  in  the  Porism, 
has  in  ascertaining  the  relation  that  must  subsist 
between  the  magnitudes  that  are  given,  and  those 
that  are  to  be  found* 

56.  This  Porism  may  be  extended  to  any  num- 
ber of  lines  whatsoever,  and  may  be  thus  enun- 
ciated :  "  Let  there  be  any  number  of  straight 
lines  given  in  position,  and  from  any  point  in  one 
of  them,  let  perpendiculars  be  drawn  to  all  the 
rest,  a  point  may  be  ibund,  such,  that  the  square 
of  the  line  joining  it,  and  the  point  from  which  the 
perpendiculars  are  drawn,  shall  have  to  the  sum  of 
the  squares  of  these  perpendiculars  a  giren  ratio, 
which  ratio  is  also  to  be  found." 

The  analysis  of  the  Porism,  when  thus  general- 
ised, is  too  hmg  to  be  given  here.  *  We  must  not, 


Pwisn,  ia  the  cmc  <ceuafclei*d  abftvgj  vie  when 
there  #re  three  straight  lines  given  in  potition,  wss  ooioaiu* 
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however,  omit  to  take  notice,  that  the  point  I* 
where  the  perpendicular  from  the  point  to  be  found 
meets  the  line,  from  which  the  perpendiculars  are 
drawn  to  the  rest,  is  in  all  oases  determined  by  the 
rale  suggested  in  the  corollary,  (§  24.)  For  if,  at 
the  points  in  which  the  said  line  i*  intersected  by 
the  others,  there  be  placed  weights  proportional 
to  the  squares  of  the  sines  of  the  angles  of  inter- 
section, L  will  be  the  centre  of  gravity  of  these 
weights. 

£7*  These  Forisms  facilitate  the  solution  of  the 
general  problems  from  which  they  are  derived. 
For,  if  it  were  proposed,  three  straight  lines  AB, 
AC,  BC  being  given  in  position,  and  also  a  point 
R,  (fig.  11,)  to  find  a  point  D  in  one  of  the  given 
lines  AB,  such,  that  the  sum  of  the  squares  of  the 
perpendiculars  drawn  from  D  to  the  other  two 
fines,  should  have  a  given  ratio  to  the  square  of 
DR,  it  is  plain,  that  the  finding  of  the  point  G  in 
the  Borism,  would  render  the  construction  easy. 
For  the  squares  of  RDand  GD,  having  each  given 

tiicated  to  ne  aereral  year*  ago,  without  any  analysis  or  4t- 
ttmstntiinti,  by  Dr  Trail,  Prebendary  of  Lisburn,  in  Ire- 
land* who  told  me,  also,  that  he  had  met  with  it  among  some 
of  Dr  Simson's  -papers,  which  had  been  put  into  his  hands 
at  the  time  when  the  posthumous  works  of  that  geometer 
were  preparing  for  the  press.  The  application  of  it  to  the 
second  of  the  pnMems,  ($  fc7#)  was  also  suggested  by  Dr 
Trafl. 
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ratios  to  the  sum  of  the  squares  of  the  perpendicu- 
lars drawn  from  D,  have  a  given  ratio  to  one 
another.  The  ratio  of  the  lines,  RD  and  GD 
themselves,  is  therefore  given,  and  the  points  R 
and  G  being  given,  D  is  in  the  circumference  of  a 
circle  given  in  position  j  and  it  is  also  in  the  straight 
Kne  AB  given  in  position ;  therefore  it  is  given. 
The  same  holds,  whatever  be  the  number  of  lines 
given  in  position. 

The  same  Porisms  assist  also  in  the  solution  of 
another  problem.  For  if  it  were  proposed  to  find 
D,  so  that  the  sum  of  the  squares  of  the  perpendi- 
culars drawn  from  it  to  AC,  and  CB,  should  be 
equal  to  a  given  square,  this  would  be  dime  by  find- 
ing G ;  and  then  because  the  sum  of  the  squares  of 
the  perpendiculars  is  given,  and  has  a  given  ratio 
to  the  square  of  DG,  DG  will  be  given,  and  con- 
sequently the  point  D.  This  is  also  true,  what- 
ever be  the  number  of  the  lines. 

28.  The  connection  of  the  Porisms  with  the  im- 
possible cases  of  these  problems,  is  abundantly  evi- 
dent j  the  point  L  being  that  from  which,  if  per- 
pendiculars be  drawn  to  AC  and  CB,  the  sum  of 
their  squares  is  the  least  possible.  For  since  (fig. 
ll.)DF+DE,:DG,::LO,+LM,:LG,,and  since 
LG  is  less  than  DG,  LO*+LM*  must  be  less  than 
DF+DE*. 

Hence  also  a  point  Q  may  be  found,  from  which, 
if  perpendiculars  be  drawn  to  the  sides  of  the  tri- 
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angle  ABC,  the  sum  of  the  squares  of  these  per- 
pendiculars is  less  than  the  sum  of  the  squares  of 
the  perpendiculars  drawn  to  the  sides  of  the  tri- 
angle from  any  other  point. 

For  if  ab  (fig.  13,)  be  any  line  drawn  parallel  to 
AB,  and  if  it  be  divided  in  x,  so  that  a*  may  be 
to  x£  in  the  duplicate  ratio  of  aC  to  C6,  or  of 
AC  to  CB,  then  of  all  the  points  in  the  line  ab9  x 
is  that  from  which,  if  perpendiculars  be  drawn  to 
the  lines  AC,  CB,  the  sum  of  their  squares  is  the. 
least  possible.  But  since  a\  is  to  x£  as  the  square 
of  AC  to  the  square  of  BC,  that  is,  as  AL  to  LB, 
therefore  the  locus  of  x  is  the  straight  line  LC,  join-: 
ing  the  given  points  L  and  C.  The  point  to  be 
found  therefore,  or  that  from  which  perpendiculars 
being  drawn  to  the  sides  of  the  figure,  the  sum  of 
their  squares  is  the  least  possible,  is  in  the  straight 
line  LC. 

For  let  q  be  any  point  on  either  side  of  LC,  and 
let  the  line  ab  be  drawn  through  q  parallel  to  AB, 
meeting  LC  in  x,  then  the  sum  of  the  squares  of 
the  perpendiculars  from  q  upon  AC,  CB,  is  great- 
er than  the  sum  of  the  squares  of  the  perpendicu- 
lars from  x  upon  the  same  lines.  Therefore  add- 
ing the  square  of  the  perpendicular  from  q,  or  x,  on 
AB,  to  both,  the  sum  of  the  squares  of  the  perpen- 
diculars from  q,  will  be  greater  than  the  Slim  of 
the  squares  of  the  perpendiculars  from  x.  The 
point,  therefore,  which  makes  the  sum  of  the  squares 

VOL.  III.  p 
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of  the  perpendiculars  drawn  from  it,  to  the  sides  of 
the  triangle  ABC,  a  minimum,  is  not  on  either 

side  of  the  line  LC ;  it  is  therefore  m  the  line 
LC. 

For  the  same  reason,  if  AC  be  divided  in  I/,  so 
that  AL  is  to  L'C  as  the  square  of  AB  to  the 
stjudre  of  BC,  and  if  BI/  be  joined,  the  point  to  be 
found  is  in  BI/.  It  is  therefore  in  the  point  Q, 
wfeere  the  lines  CL  and  BL'  intersect  one  an- 
other* 

The  point  Q,  in  any  other  figure,  may  be  found 
nearly  in  the  same  manner.  Let  A  BCD,  for  in* 
stance,  (fig.  14,)  be  a  quadrilateral  figure ;  let  the 
opposite  sides,  AB  and  DC,  be  produced  till  they 
meet  in  E,  and  let  ab  be  drawn  parallel  to  AB, 
meeting  CE  in  *,  and  let  x  be  the  point  in  the  line 
ab  from  which  perpendiculars  are  drawn  to  the 
three  lines  BC,  CD,  DA,  so  that  the  sum  of  their 
squares  is  less,  than  if  they  were  drawn  from  any 
other  point,  in  the  same  line ;  then  if  weights  be 
placed  at  b9  a  and  e,  proportional  to  the  squares  of 
the  sines  of  the  angles  Cba,  bdD9  aeD*  x  is  the 
centre  of  gravity  of  these  weights,  (§  26.)  Now, 
these  weights  having  given  ratios  to  one  another, 
the  locus  of  the  point  x,  from  the  known  properties 
of  the  centre  of  gravity,  is  a  straight  line  Lx,  given 
in  position.  The  point  to  be  found  is,  therefore, 
in  that  line.    For  the  same  reason,  it  is  in  another 
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straight  line  I/*'  also  given  in  position  $  and  there- 
fore it  is  in  Q,  the  point  of  their  intersection. 

There  are  many  other  remarkable  properties  of 
this  point,  which  appear  sometimes  in  the  form  of 
Porisms,  and  sometimes  of  theorems.  Of  the  for- 
mer, some  curious  instances  will  be  found  in  Dr 
Small's  Demonstrations  of  Dr  Stewart's  Theo- 
rems.* Of  the  latter,  I  shall  only  add  one,  omit- 
ting the  demonstration,  which  would  lead  into  too 
long  a  digression.  "  If  Q  be  the  point  in  a  trU 
angle  from  which  perpendiculars  are  drawn  to  the 
sides  of  the  triangle,  so  that  the  sum  of  their  squares 
is  the  least  possible ;  twice  the  area  of  the  triangle 
is  a  mean  proportional  between  the  sum  of  the 
squares  of  the  sides  of  the  triangle,  and  the  sum  of 
the  squares  of  the  above  mentioned  perpendicu- 
lars." 

29.  Kit  to  return  to  the  subject  of  Porisms :  It 
is  evident  from  what  has  now  appeared,  that  in 
some  instances  at  least,  there  is  a  close  connection 
between  these  propositions  and  the  maxima  or  mi- 
nma$  and,  of  consequence,  the  impossible  cases,  of 
problems.  The  nature  of  this  connection  requires 
to  be  further  investigated,  and  is  the  more  interest- 
ing, that  the  transition  from  the  indefinite,  to  the 
impossible  cases  of  a  problem  seems  to  be  made 
with  wonderful  rapidity.     Thus,  in  the  first  pro- 


»  Trans.  R.  &  Edm.  VaL  II.  p.  119,  ftc. 
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position,  though  there  be  not,  properly  speaking, 
an  impossible  case,  but  only  one  where  the  point  t# 
be  found  goes  off  ad  infinitum,  we  may  remark, 
that  if  the  given  point  F  be  any  where  out  of  the 
line  HD,  the  problem  of  drawing  GB  equal  to  GF 
is  always  possible,  and  admits  just  of  one  solution ; 
but  if  F  be  in  the  line  DH,  the  problem  admits  of 
no  solution  at  all,  the  point  being  then  at  an  infi- 
nite distance,  and  therefore  impossible  to  be  assign- 
ed* There  is,  however,  this  exception,  that  if  the 
given  point  be  at  K,  in  this  same  line  DH,  deter- 
mined by  making  DK  equal  to  DL,  then  every 
point  in  the  line  DE  gives  a  solution,  and  may  be 
taken  for  the  point  G.  Here  therefore  the  case  of 
innumerable  solutions,  and  the  case  of  no  solution, 
are  as  it  were  conterminal,  and  so  close  to  one  an- 
other, that  if  the  given  point  be  at  K,  the  problem 
is  indefinite,  but  that  if  it  remove  ever  so  little  from 
K,  remaining  at  the  same  time  in  the  line  DH,  the 
problem  cannot  be  resolved. 

I  had  observed  this  remarkable  affinity  between 
cases,  which  in  other  respects  are  diametrically  op- 
posite, in  a  great  variety  of  instances,  before  I  per- 
ceived the  reason  of  it,  and  found,  that  by  attend- 
ing to  the  origin  which  has  been  assigned  to 
Porisms,  I  ought  to  have  discovered  it  a  priori. 
It  is,  as  we  have  seen,  a  general  principle,  that  a 
problem  is  converted  into  a  Forism,  when  one,  or 
when  two,  of  the  conditions  of  it,  necessarily  in- 
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volve  in  them  some  one  of  the  rest  Suppose,  then; 
that  two  of  the  conditions  are  exactly  in  that  state, 
which  determines  the  third  ;  then,  while  they  ie& 
main  fixed  or  given,  should  that  third  one  be  supj 
posed  to  vary,  or  differ,  ever  so  little,  from  the  state 
required  by  the  other  two,  a  contradiction  will  en- 
sue. Therefore  if,  in  the  hypothesis  of  a  problem, 
the  conditions  be  so  related  to  one  another  as  to 
render  it  indeterminate,  a  Porism  is  produced; 
but  if,  of  the  conditions  thus  related  to  one  another, 
some  one  be  supposed  to  vary,  while  the  others  con* 
tinue  the  same,  an  absurdity  follows,  and  the  pro^ 
blem  becomes  impossible*  Wherever,  therefore,* 
any  problem  admits  both  of  an  indeterminate  and 
an  impossible  case,  it  is  certain,  that  these  cam 
are  nearly  related  to  one  another,  and  that  some  of 
the  conditions  by  which  they  are  produced,  are 
common  to  both.  This  affinity,  which  seems  to  be 
one  of  the  most  remarkable  circumstances  respect* 
ing  Porisms,  will  be  more  fully  illustrated,  when 
we  treat  of  the  algebraic  investigation  of  these  pro- 
positions* 

SO.  It  is  supposed  above,  that  two  of  the  condi* 
tions  of  a  problem  involve  in  them  a  third,  afed 
wherever  that  happens,  the  conclusion  which  hfti 
been  deduced  will  invariably  take  place.  But  a 
Porism  may  sometimes  be  so  simple,  as  to  arise 
from  the  mere  coincidence  of  one  condition  of  a 
Problem  with  another,  though  in  no  case  whatever, 
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any  inconsistency  can  take  place  between  them. 
Thus,  in  the  second  of  the  foregoing  propositions, 
the  coincidence  of  the  point  given  in  the  problem 
with  another  point,  viz.  the  centre  of  gravity  of  the 
given  triangle,  renders  the  problem  indeterminate  f 
hot  as  there  is  no  relation  of  distance,  or  position, 
between  these  points,  that  may  not  exist,  so  the 
problem  has  no  impossible  case  belonging  to  it. 
There  are,  however,  comparatively  but  few  Porisms 
so  simple  in  their  origin  as  this,  or  that  arise  from 
problems  in  which  the  conditions  are  so  little  com* 
plicated ;  for  it  usually  happens,  that  a  problem 
which  can  become  indefinite,  may  also  become  im- 
possible ;  and  if  so,  the  connection  between  these 
cases,  which  has  been  already  explained,  never  faU§ 
to  take  place. 

81.  Another  species  of  impossibility  may  fre» 
quently  arise  from  the  porismatic  case  of  a  problem, 
which  will  very  much  affect  the  application  of  geo- 
metry to  astronomy,  or  any  of  the  sciences  of  ex- 
periment, or  observation.  For  when  a  problem  is 
to  be  resolved  by  help  of  data  furnished  by  expert- 
meat  or  observation,  the  first  thing  to  be  consider- 
ed is,  whether  the  data  so  obtained,  be  sufficient 
for  determining  the  thing  sought ;  and  in  this  a 
very  erroneous  judgment  may  be  formed,  if  we  rest 
satisfied  with  a  general  view  of  the  subject;  For 
though  the  problem  may  in  general  be  resolved 
from  the  data  that  we  are  provided  srith,  yet  these 
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date  may  be  so  related  to  one  another  in  the  ewe- 
before  us,  that  the  problem  will  become  indetermi- 
note,  and  instead  of  one, solution,  will  admit  of  a* 
infinite  number. 

Suppose,  for  instance,  that  it  were  required  to 
determine  the  position  of  a  point  F,  (fig.  9,)  from 
knowing  that  it  was  situated  in  the  circumference 
of  a  given  circle  ABC,  and  alio  from  knowing  the 
ratio  of  its  distance*  from  two  given  points  £  and 
D;  it  i§  certain,  that  in  general  these  data  would 
be  sufficient  for  determining  the  situation  of  F: 
But  nevertheless,  if  E  and  D  should  be  so  situated, 
that  they  were  in  the  same  straight  line  with  the 
centre  of  the  given  circle ;  and  if  the  rectangle 
under  their  distances  from  that  centre,  were  also, 
equal  to  the  square  of  the  radius  of  the  circle,  thank 
aa  was  shown  above,  (£  13,)  the  position  of  F  could 
not  be  determined* 

This  particular  instance  Aaey  not  indeed  occur 
in  any  of  the  practical  applications  of  geontotry!; 
but  there  is  one  of  the  same  kind  which  has  acta* 
ally  occurred  in  astronomy :  And  as  the  history  iff 
it  is  not  a  little  singular,  aflbrding  besides  aa  ex- 
cellent illustration  of  the  nature  of  Fotisms,  I  hope 
to  be  excused  for  entering  into  the  following  detail 
concerning  it  .,...  > 

32.  Sir  Isaac  Newton  having  demonstrated*  *hrt 
the  trajectory  of  a  comet  is  a  parabola,  reduced  the 
actual  determination  of  the  orbit  ef  any  particular 
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comet,  to  the  solution  of  a  geometrical  problem, 
depending  on  the  properties  of  the  parabola,  but  of 
such  considerable  difficulty,  that  it  is  necessary  to 
take  the  assistance  of  a  more  elementary  problem, 
ift  order  to  find,  at  least  nearly,  the  distance  of  the 
comet  from  the  earth,  at  the  times  when  it  was  ob- 
served. The  expedient  for  this  purpose,  suggest- 
ed by  Newton  himself,  was  to  consider  a  small 
part  of  the  comet's  path  as  rectilineal,  and  de- 
scribed with  an  uniform  motion,  so  that  four  obser- 
vations of  the  comet  being  made  at  moderate  in- 
tervals of  time  from  one  another,  four  straight  lines 
would  be  determined,  viz.  the  four  lines  joining 
the  places  of  the  earth  and  the  comet,  at  the  times 
of  observation,  across  which  if  a  straight  line  were 
drawn,  so  as  to  be  cut  by  them  into  three  parts,  in 
the  same  ratios  with  the  intervals  of  time  above 
mentioned j  the  line  so  drawn  would  nearly  repre- 
sent the  comet's  path,  and  by  its  intersection  with 
the  given  lines,  would  determine,  at  least  nearly, 
the  distances  of  the  comet  from  the  earth  at  the 
times  of  observation. 

The  geometrical  problem  here  employed,  of 
drawing  a  line  to  be  divided  by  four  other  lines 
given  in  position,  into  parts  having  given  ratios  to 
one  another,  had  been  already  resolved  by  Dr 
Wallis  and  Sir  Christopher  Wren,  and  to  their  so- 
lutions Sir  Isaac  Newton  added  three  others  of  his 
awn,  in  different  parts  of  his  works.    Yet  none  of 
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all  these  geometers  observed  that  peculiarity  in  the 
problem  which  rendered  it  inapplicable  to  astrono- 
my. This  was  first  done  by  Boscovich,  but  not 
till  after  many  trials,  when,  on  its  application  to 
the  motion  of  comets,  it  had  never  led  to  any  sa- 
tisfactory result.  ITie  errors  it  produced  in  some 
instances  were  so  considerable,  that  Zanotti,  seek- 
ing to  determine  by  it  the  orbit  of  the  comet  of 
1789,  found,  that  his  construction  threw  the  comet 
oh  the  side  of  the  sun  opposite  to  that  on  which  ho 
had  actually  observed  it.  This  gave  occasion  to 
Boscovich,  some  years  afterwards,  to  examine  the 
different  cases  of  the  problem,  and  to  remark  that, 
in  one  of  them,  it  became  indeterminate ;  and  that, 
by  a  curious  coincidence,  this  happened  in  the  only 
case  which  could  be  supposed  applicable  to  the  as- 
tronomical problem  above  mentioned;  in  other 
words,  he  found,  that  in  the  state  of  the  data, 
which  must  there  always  take  place,  innumerable 
lines  might  be  drawn,  that  would  be  all  cut  in  the 
same  ratio,  by  the  four  lines  given  in  position. 
This  he  demonstrated  in  a  dissertation  published 
at  Rome  in  1749*  and  since  that  time  in  the 
third  volume  of  his  Opuscula.  A  demonstration 
of  it,  by  the  same  author,  is  also  inserted  at  the 
end  of  Castillon's  Commentary  on  the  Arithme- 
tica  Universalis,  where  it  is  deduced  from  a  con- 
struction of  the  general  problem,  given  by  Thomas 
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Simpson,  it  the  end  of  his  Elements  of  Geometry.* 
The  proposition,  in  Boscovieh's  words,  is  this: 
"  Problems  quo  quaerkur  recta  lines  quae  quatuor 
fectas  positione  dates  ita  seeet,  ut  trie  ejus  segmen* 
ta  sint  invieem  in  ratione  data,  evadit  aliquando  in* 
determinatum,  ita  ut  per  quodvis  punctmn  cnjosvis 
ex  in  quatuor  rectis  duct  possit  recta  tinea,  qu*  ei 
eenditioni  ftciat  satis."  t 

It  is  needless,  I  believe,  to  remark,  that  the  pro- 
position thus  enunciated  is  a  Porism,  and  that  it 
was  discovered  by  Boscovieh,  in  die  same  way,  in 
which  I  have  supposed  Porisms  to  have  been  first 
discovered  by  the  geometers  of  antiquity.  I  shall 
add  here  a  new  analysis  of  it,  conducted  according 
to  the  method  of  the  preceding  examples,  and  to 
which  the  following  lemma  is  subservient. 

Lemma  L    Fig.  15. 

9&  If  two  straight  lines,  A£  and  BF,  be  cut  by 
three  other  straight  lines,  AB,  CD,  and  EF, 
given  in  position,  and  not  ail  parallel  to  one 
another,  into  segments  having  the  same  given 
ratio,  they  will  intercept  between  them  segments 


•  Elements,  p.  £43,  Edit  3.  Simpson's  solution  is  re- 
markably elegant,  but  no  mention  is  made  in  it,  of  the  inde- 
terminate case, 

t  Jot.  Boecovich  Opera,  Baasano.  Tom*  III.  p.  331. 
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of  the  lines  given  in  position,  viz.  AB,  CD,  EF, 
which  will  also  hare  given  ratios  to  one  ano- 
ther. • 


•  Demonstration.— Through  C  and  £  draw  CH  and  EG, 
both  parallel  to  AB,  and  let  them  meet  BG,  parallel  to  AE, 
in  H  and  in  G.  Let  GF  and  HD  be  joined ;  and  because 
AC  is  to  CE,  that  is,  BH  to  HG  as  BD  to  DP,  by  hypothe- 
sis, DH  is  parallel  to  GF,  and  has  also  a  given  ratio  to  it, 
vix.  the  ratio  of  GB  to  BH,  or  of  EA  to  AC.  Take  GK 
equal  to  HD,  and  join  EK,  and  the  triangle  EGK  will  be 
equal  to  the  triangle  CHD,  and  therefore  the  angle  KEG  is 
given,  and  likewise  the  angle  KEF ;  and  since  the  ratio  of 
GK  to  KF  is  given,  if  from  K  there  be  drawn  KL  parallel 
to  EG,  meeting  EF  in  L,  the  ratio  of  EL  to  LF  wflt  be 
given.  But  the  ratio  o£  EL  to  LK  is  given,  because  the 
triangle  EKL  is  given  in  species ;  therefore  the  ratio  of  FL 
to  LK  is  given ;  and  the  angle  FLK  being  also  given,  the 
triangle  FKL  is  given  in  species,  as  also  the  triangle  FGE. 
The  angle  FGE  being  therefore  given,  the  triangle  KGB  is 
given  in  species,  and  EG  has  therefore  given  ratios  to  EK 
and  EF.  But  EG  is  equal  to  AB,  and  EK  to  CD,  therefore 
AB,CD,and  EF  have  given  ratios  to  one  another  Q.  E.D. 

Hence  to  find  the  ratios  of  AB,  CD,  and  EF ;  in  EF 
take  any  part  EL,  and  make  as  AC  is  to  CE,  so  EL  to 
LF ;  through  L  draw  LK  parallel  to  EG  or  AB,  meeting 
EK,  drawn  through  E  parallel  to  CD  in  K ;  then  if  FK  be 
drawn  meeting  EG  in  G,  the  ratios  required  are  the  same 
with  the  ratios  of  the  lines  EG,  EK,  EF.  This  is  evident 
from  the  preceding  investigation. 

If  it  be  required  to  find  the  position  of  the  line  AE,  drawn 
through  the  point  A,  so  as  te  be  cut  by  CD  and  EF  in  a. 
given  ratio;  draw  Ac,  any  hew,  cutting  DC  in  <?,  and  pre- 
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Prop.  VI.    Porism.     Fig.  1 6. 

33.  Three  straight  lines  being  given  in  position, 
a  fourth  line,  also  given  in  position,  may  be 
found,  such,  that  through  any  point  whatever  a 
straight  line  may  be  drawn,  which  will  intersect 
these  four  lines,  and  will  be  divided  by  them  into 
three  segments,  having  given  ratios  to  one  ano- 
ther. 

Let  AB,  CD,  EF  be  the  three  lines  given  in 
position,  and  OL  the  line  to  be  found,  and  a*  a 
given  line,  of  which  the  segments  t*s,  £y,  7b  have 
given  ratios  to  one  another. 

Let  A  be  a  given  punt  in  the  line  AB,  and 

dace  Ac  to  e,  so  that  Ac  may  be  to  ce  in  the  ratio  which  AC 
is  to  have  to  CE ;  let  cE  be  drawn  parallel  to  DC,  intersect- 
ing FE  in  E,  and  if  AE  be  joined,  it  is  the  line  required. 

Hence  the  converse  of  the  lemma  is  easily  demonstrated, 
via.  that  if  AE  and  BF  be  two  lines  that  are  cat  proportion- 
ally by  the  three  lines  AB,  CD,  EF;  and  if  AB  and  EF, 
the  parts  of  any  two  of  these  last,  intercepted  between  AE 
and  BF,  be  also  cot  proportionally, any  how,  in  6 and/;  and 
if  bfhe  joined,  meeting  the  third  line  in  d,  bf  will  be  cut  in 
the  same  proportion  with  AE  or  BF.  For,  if  not,  let  bf  be 
drawn  from  b,  meeting  CD  in  dr,  and  EF  in/',  so  that  W. 
^:  :ACXE;  then,  by  the  lemma,  AoIAB:  :^:EF;  and 
by  supposition,  Kb  :  AB  I :  Ef  I  EF,  therefore  Eff=Ef,  which 
is  impossible*    Therefore,  && 
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suppose,  that  AO  is  drawn  from  it*  intersecting  the 
lines  CD,  EF,  and  OL  in  the  points  C,  E,  and  O, 
and  divided  at  these  points  into  the  segments  AC, 
CE,  EO,  having  the  same  ratios  to  one  another, 
with  the  given  segments  *ft  jSy,  yh  of  the  line  ad. 
Then,  because  the  lines  CD,  EF  are  given  in  po- 
sition, and  also  the  point  A,  the  line  AE  is  given 
in  position  and  magnitude,  (§  32,)  and  therefore 
also  EO,  which  has  a  given  ratio  to  AE ;  the  point 
O  is  therefore  given. 

Again,  let  B  be  any  point  whatever  in  AB,  and 
let  BL  be  drawn,  according  to  the  hypothesis  of 
the  Porism,  so  as  to  be  divided  in  the  points  D,  F, 
and  L,  where  it  intersects  the  lines  CD,  EF,  and 
OL  into  the  parts,  BD,  DF,  and  FL,  having  the. 
same  ratios  with  the  parts  afi,  0y,  yd. 

Let  also  B6  be  drawn  equal  and  parallel  to  AE, 
and  let  EG  be  joined ;  EG  will  therefore  be  paral* 
lei  to  AB,  and  will  be  given  in  position ;  and  if 
GF  be  drawn,  it  will  make  given  angles  with  EG 
and  EF,  because,  by  the  preceding  lemma,  the  ra- 
tio of  AB  to  EF,  that  is,  of  EG  to  EF  is  given. 
Through  L  draw  LN  parallel  to  BG,  meeting  GF 
produced  in  N. 

Then  because  the  triangles  BFG,  LFN  are  si* 
milar,  GF  is  to  FN  as  BF  to  FL,  that  is,  in  a 
given  ratio ;  and  therefore,  since  FG  also  makes 
given  angles  with  the  two  straight  lines  EG  and 
EF,  given  in  position,  the  point  N  is  in  a 
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line,  pnm  in  position,  tad  pessing  through  E,  via. 
EN. 

No*, since  BF  is  toFLas  BG  to  LN,and  alao 
m  AE  or  BG  to  EO,  LN  and  EO  art  equal* 
and  being  also  parallel,  OL  is  parallel  to  EN,  that 
if,  to  a  fine  gnren  in  position ;  and  the  point  O,  m 
OL,  is  given,  therefore  OL  is  given  in  position  j 
which  was  to  be  found. 

Construction.  From  any  two  given  points,  A 
and  B',  in  the  line  AB,  draw  AE  and  B'F  inter* 
secting  CD  and  EF  in  C,  E,  D'  and  F,  so  that 
AC  may  be  to  CE,  and  BIX  to  DF  in  the  same 
given  ratio  of  afi  to  £7,  ($  3S.)  Produce  also  AE 
to  O,  and  BF  to  L,  so  that  AE  may  be  to  EO, 
and  B'F  to  FL'  in  the  same  given  ratio  of  07  to 
yd.  If  OL7  be  joined,  it  will  be  the  line  required. 

For  let  B  be  any  point  whatsoever  in  AB,  and 
as  AB  to  AB,  so  let  OL'  be  to  OL,  and  let  BL 
be  drawn,  cutting  CD'  and  EF  in  D  and  F,  the 
line  BL  is  divided  in  these  points,  similarly  to  the 
given  line  ad.  For  since  the  two  lines  AO  and 
BL'  are  divided  similarly  by  the  three  lines  AB", 
CD  and  OL',  and  since  two  of  these  last,  AB' 
and  OL',  are  also  divided  similarly  to  one  another 
by  the  three  lines  AO,  B  L  and  BL,  BL  will  be 
divided  in  D,  in  the  same  ratio  wherein  B/L/  is  di- 
vided in  D'f  or  AO  in  C,  (Lem.  1.  Conv.)*  In 
the  same  way,  BL  is  divided  in  F,  in  the  same  ra- 
tio wherein  AO  it  divided  in  E  *  BL  is  therefore 
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similarly  divided  to  AOf  or  to  **,  which  was  to  be 

34.  Hence  it  is  plain,  "If  two  similarly  divided 
line*  at  AO  and  BL,  be  drawn  any  how,  and  if 
straight  lines  AB,  CD,  EF,  OL,  be  drawn  through 
the  points  of  division  of  these  lines,  innumerable 
lines  may  be  placed  between  the  lines  AB,  CD, 
EF  and  OL,  which  will  be  divided  by  them,  simi- 
larly to  the  lines  AO,  and  BL."  For,  by  what  is 
here  demonstrated,  every  line  which  cuts  any  two 
of  the  lines  AB,  CD,  4c.  proportionally,  will  also 
cot  the  others  proportionally,  and  will  be  cut  by 
them  into  segments  having  the  same  ratio  to 
one  another,  with  the  segments  of  the  lines  AO 
andBL. 

From  this  it  follows,  that  the  astronomical  pro- 
blem above  mentioned,  becomes  a  Porism,  and  is 
indeterminate,  in  the  case  when  the  observations  of 
the  comet  are  not  very  distant  from  one  another. 
For  on  this  supposition,  the  arches  described  by  the 
earth,  and  by  the  comet  during  the  time  in  which 
the  observations  are  made,  will  not  differ  much 
from  two  straight  lines ;  and  these  lines  will  be  di- 
vided similarly  to  one  another,  because  each  of 
them  will  be  divided  into  parts,  proportional  to  the 
intervals  of  time  between  the  observations.  The 
places  of  the  earth,  at  the  times  of  the  observa- 
tions, may  therefore  be  nearly  represented  by  the 
points  A,  C,  E  and  O,  in  the  straight  line  AO, 
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and  those  of  the  comet  by  the  points  B,  D»  F  and 
L,  in  the  straight  line  BL,  these  lines  AO  and  BL 
being  divided  both  into  parts  having  the  same  ra- 
tios. The  position  of  BL  therefore  is  not  given, 
since,  by  the  Porism,  it  may  be  any  line  whatever, 
which  cuts  the  two  lines,  AB  and  OL,  in  a  certain 
ratio. 

It  is  also  to  be  remarked,  that  in  order  to  render 
this,  or  any  other  geometrical  problem,  of  no  use 
in  questions  where  the  data  are  furnished  by  ob- 
servation, and  are  consequently  liable  to  some  inac- 
curacy, it  is  not  necessary,  that  the  problem  should 
be  reduced  exactly  to  the  porismatic  case ;  for  even 
on  a  near  approach  to  that  case,  a  very  small  error 
in  the  data  will  produce  so  great  an  error  in  the 
conclusion,  that  no  dependence  can  be  had  upon  its 
accuracy. 

This  will  be  made  evident,  in  the  present  in- 
stance, by  considering  how  the  construction  of  the 
Porism  is  subservient  to  the  solution  of  the  other 
cases  of  the  problem.  Suppose  that  four  lines,  AB, 
CD,  EF,  RS,  (fig.  16,)  are  given  in  position,  and 
that  it  is  required  to  draw  a  straight  line  that  shall 
be  divided  by  these  lines  into  parts  having  the  ra- 
tios of  the  given  lines  aft  £7,  yd.  Let  KT  be  that 
line,  and  assuming  the  points  A  and  B',  and  draw- 
ing the  lines  AO,  B'L',  so  that  they  may  be  similar- 
ly divided  to  the  line  o3,  as  in  the  construction  of 
the  Porism,  then  if  OL  be  joined,  it  will  be  given 
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in  position,  and  the  extremity  K,  of  the  line  KT, 
will  be  in  the  line  OL',  by  the  Porism  ;  but  it  is 
also  in  the  line  RS  j  it  is  therefore  given.  Now, 
by  the  lemma,  AT  is  to  TB  as  OK  to  KL',  and 
the  lines  OK  and  KL'  being  given,  the  ratio  of  AT 
to  TB'  is  given,  so  that  T  is  given,  and  therefore 
TK  is  given  in  position     Q.  E.  I. 

Now,  it  is  evident,  that  if  RS  make  a  small  angle 
with  OL,  any  error  in  the  determination  of  that 
angle  will  make  a  great  variation  in  the  position  of 
the  point  K.  A  small  change  in  it  may,  for  in- 
stance, make  RS  parallel  to  OL,  and  consequent- 
ly will  throw  off  K  to  an  infinite  distance,  so  that 
the  line,  which  is  sought,  will  be  impossible  to  be 
found j  and,  in  general,  the  variation  of  the  posi- 
tion of  K,  corresponding  to  a  given  variation  in  the 
angle  RKO,  will  be,  cceteris  paribus,  inversely  as 
the  square  of  the  sine  of  that  angle.  The  nearer, 
therefore,  that  the  problem  is  to  the  Porism,  the 
less  is  the  solution  of  it  to  be  depended  on,  and 
the  more  does  it  partake  of  the  indefinite  character 
of  the  latter. 

35.  Sir  Isaac  Newton  has  extended  the  hypo- 
thesis of  the  problem  from  which  the  preceding 
Porism  is  derived,  and  has  formed  from  it  one  more 
general,  which  he  has  also  resolved,  with  a  view  to 
its  application  in  astronomy.  It  is  this :  "  To 
describe  a  quadrilateral  given  in  species,  that  shall 

VOL,  III.  Q 


242  OH  THE  ORIGIN  AND 

have  its  angles  upon  four  straight  lines  given  in 
position."  * 

As  it  is  evident,  that  the  former  problem  is  but 
a  particular  case  of  this  last,  it  is  natural  to  expect, 
that  a  Porism  is  also  to  be  derived  from  it,  or  that 
the  lines  given  in  position  may  be  such,  that  the 
problem  will  become  indeterminate.  On  attempt- 
ing  the  analysis,  I  have  accordingly  found  this  con- 
jecture verified ;  the  investigation  depending  on  a 
lemma  similar  to  that  which  is  prefixed  to  the  pre- 
ceding proposition. 

Lemma  II.    Fig.  17* 

If  two  triangles  ABC,  DEF,  similar  to  a  given 
triangle,  be  placed  with  their  angles  on  three 
straight  lines  given  in  position,  so  that  the 
equal  angles  in  both  the  triangles  may  be  upon 
the  same  straight  lines,  the  ratios  of  the  seg- 
ments of  these  straight  lines,  intercepted  be- 
tween the  two  triangles,  that  is,  of  AD,  BE, 
and  CF,  are  given,  f 


*  Prin.  Math.  Lib.  I.  lem.  27- 

t  Demonstration. — Complete  the  parallelogram  under 
AC  and  AD,  viz.  AG,  and  on  DG  describe  the  triangle 
DGH,  similar  and  equal  to  the  triangle  ABC.  Join  FG, 
BH  and  HE.  Through  G  also,  draw  GK,  equal  and  pa- 
rallel to  HE,  and  join  CK  ;  CK  will  be  equal  and  parallel 
to  BE,  and  the  triangle  CGK  equal  to  the  triangle  BHE. 

8 
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Peop.  VII.    Porism.    Fig.  18. 

36.  Three  straight  lines  being  given  in  position,  a 
fourth  may  be  found,  which  will  also  be  given  in 


The  angle  GCK  is  therefore  given,  being  equal  to  the  given 
angle  HBE ;  and  the  angle  GCF  being  given,  the  angle 
PCK  is  also  given. 

The  triangles  DHE,  DGF  are  similar;  for  the  angles 
FDE,  GDH  being  equal,  the  angles  FDG,  EDH  are  like- 
wise equal ;  and  also,  by  supposition,  FD  being  to  DE  as 
GD  to  DH,  FD  is  to  DG  as  DE  to  DH.  The  angle  FGD 
is  therefore  equal  to  the  angle  EHD,  and  FG  is  also  to  EH, 
or  to  KG,  as  FD  to  DE,  or  as  GD  to  DH. 

But  if  GL  be  drawn  parallel  to  HD,  the  angle  KGL  will 
be  equal  to  the  angle  EHD,  that  is,  to  the  angle  FGD,  and 
therefore  the  angle  KGF  to  the  angle  LGD  or  GDH ;  and 
it  has  been  shown,  that  FG  is  to  GK  as  GD  to  DH ;  there- 
fore the  triangle  FGK  is  similar  to  the  triangle  GDH,  and 
is  given  in  species. 

Draw  GM  perpendicular  to  CF,  and  GN  making  the 
angle  MGN  equal  to  the  angle  FGK  or  GDH,  and  let  GM 
be  to  GN  in  the  given  ratio  of  FG  to  GK,  or  of  GD  to  DH. 
Join  CN  and  NK.  Then,  because  MG:GN;  IFG'.GK, 
MG:FG::GN'.GK;  and  the  angle  MGF  being  equal 
KGK,  the  triangles  MGF,  NGK  are  similar,  and  therefore 
GNK  is  a  right  angle.  But  since  the  ratio  of  MG  to  GN  is 
given,  and  also  of  MG  to  GC,  the  triangle  CGM  being 
given  in  species,  the  ratio  of  GC  to  GN  is  given,  and  CGN 
being  also  a  given  angle,  because  each  of  the  angles  CGM, 
MGN  is  given,  the  triangle  CGN  is  given  in  species,  and 
consequently  the  ratio  of  CO  to'  CN  is  given.  The  angle 
NCK  is  therefore  given ;  and  the  angle  CNK  is  likewise 
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position,  and  will  be  such,  that  innumerable  qua- 
drilaterals, similar  to  the  same  gtren  quadrila- 
tftfil,  way  be  described,  having  their  angle*  phe- 
e4,  in  tib#  awe  ocAer,  on  the  four  straight  l»es 
given  in  position. 

Let  AD,  BE,  CF,  be  the  three  straight  lines 
given  in  position,  and  able  a  given  quadrilateral. 
Let  A  be  a  given  point  in  the  line  AD,  and  let 
ABLC  be  a  quadrilateral,  similar  to  the  given  qua- 
drilateral able,  placed,  so  that  the  angles  of  the  tri- 
angle ABC,  similar  to  the  given  triangle  abc9  may 
be,  one  of  them,  at  the  given  point  A,  and  the 
4ther  two,  on  the  lines  BE  and  CF.  The  points 
B  and  C,  and  the  triangle  ABC,  will  therefore  be 

given,  each  of  the  angles  CNG,  GNK  being  given,  therefore 
the  triangle  CNK  is  also  given  in  species.  The  ratio  of  CN 
to  CK  is  therefore  given,  and  since  the  ratio  of  CN  to  CG  is 
alto  given,  the  ratio  of  CG  to  CK  is  given,  and  the  triangle 
QGK  given  in  species.  The  angle  KGC  is  therefore  given, 
and  the  angle  KGF  being  also  given,  the  angle  CGF  is  given, 
and  consequently  the  ratio  of  CG  to  CF.  The  ratios  of  the 
lyies  CG,  CK  and  CF  to  one  another,  that  is,  of  AD,  BE 
an4  CF  to  one  another,  are  therefore  given.    Q.  £.  D. 

Car.  Hence  also  it  appears^how  a  triangle  given  in  species 
may  be  described,  having  its  angles  on  three  straight  lines 
given  in  position,  and  one  of  the  angles  at  a  given  point  in 
one  of  the  lines.  The  solution  of  this  problem  is  therefore 
taken  for  granted,  in  the  analysis  of  the  Poriam,  though,  for 
the  sake  of  brevity,  the  construction  is  pgnftecL 
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given,  (Lemma  8.  Car.)  and  consequently  the  tan* 
angle  CBL  will  also  be  given  in  position  and  mag- 
nitude, and  the  point  L  will  be  given.  The  line 
Co  be  found  must  pass  through  L ;  let  it  be  LM  i 
let  M  be  any  point  in  it  whatsoever,  and  let  MEDF 
be  a  quadrilateral  similar  to  the  given  quadrilateral 
abk$  having  its  angles  on  the  four  lines  LM,  CF, 
BE  and  AD,  the  angle  at  M  being  equal  to  the 
angle  CLB,  &c. 

Complete  the  parallelogram  AG,  under  C  A,  AD, 
and  on  DG  describe  the  quadrilateral  GDHN,  si* 
milar  and  equal  to  the  quadrilateral  ABLC ;  join 
BH  and  LN,  and  it  is  evident,  that  the  three  lines 
CG,  BH,  and  LN  are  all  equal,  and  parallel  to 
AD,  and  are  all  given  in  position.  Join  also  AL, 
DN,  DM,  MN,  and  FG. 

Because  the  two  quadrilaterals  DEMF,  DHNG 
are  similar,  the  angle  FDM  is  equal  to  the  angle 
GDN,  and  therefore  the  angle  GDF  to  the  angle 
NDM.  For  the  same  reason  also,  GD  :  DF  :  : 
ND  :  DM,  and  therefore  the  triangles  GDF, 
NDM  are  similar,  and  the  angle  FGD  equal  to 
the  angle  MND,  and  FG  :  MN: :  GD  :  DN,  so 
that  FG  has  a  given  ratio  to  MN. 

But  because  the  triangles  ABC,  DEF  are  simi- 
lar, CG  has  a  given  ratio  to  CF,  (Lem.  8.)  so  that 
the  angle  GCF  being  given,  the  triangle  CGF  is 
given  in  species,  and  FG  has  to  GC  a  given  ratio ; 
now,  FG  was  also  shown  to  have  to  MN  a  given 
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ratio;  therefore  MN  has  a  given  ratio  to  CG,  that 
is,  toLN. 

Again,  since  the  triangle  C6F  is  given  in  spe- 
cies, the  angle  CGFis  given,  and  CGD  bring  also 
a  given  angle,  the  angle  FGD  is  given,  and  there- 
fore MND,  which  is  equal  to  it.  But  the  angle 
LND  is  given,  therefore  the  angle  LNM  is  given ; 
and  it  was  shown,  that  MN  has  a  given  ratio  to 
NL,  therefore  the  angle  MLN  is  given ;  now,  the 
point  L,  and  the  line  LN,  are  given  in  position j 
therefore  LM  is  also  given  in  position,  which  was 
to  be  found. 

The  construction  for  finding  LM  is  obvious. 
Take  A  and  D,  two  given  points  in  one  of  the 
lines  given  in  position,  and  place  the  two  triangles 
ABC,  DEF  similar  to  the  given  triangle  abc,  so 
that  two  of  their  equal  angles  may  be  at  A  and  D, 
and  the  other  equal  angles  on  the  lines  BE  and  CF, 
(Lem.  2.  Cor.).  On  BC  and  EF,  describe  the 
triangles  BLC,  FEM,  similar  to  the  triangle  cbl; 
if  LM  be  drawn,  it  will  be  the  line  required. 

From  the  analysis  it  also  follows,  that  the  qua- 
drilaterals described  with  their  angles,  on  the  four 
straight  lines  given  in  position,  as  supposed  in  the 
Porism,  will  intercept  between  them  segments  of 
these  lines,  having  given  ratios  to  one  another. 

37*  This  Porism  may  also  be  extended  to  figures 
of  any  number  of  sides,  and  may  be  enunciated 
more  generally  thus :  "  A  rectilineal  figure  of  any 
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number  of  sides,  as  w,  being  given,  and  three 
straight  lines  being  also  given  in  position,  id— -3 
straight  lines  may  be  found  given  in  position,  so 
that  innumerable  rectilineal  figures  may  be  describ- 
ed, similar  to  the  given  rectilineal  figure,  and  hav- 
ing their  angles  on  the  straight  lines  given  in  posi- 
iion." 

Hence  also  this  theorem :  "  If  any  two  rectili- 
neal figures  be  described  similar  to  one  another,  and 
if  straight  lines  be  drawn,  joining  the  equal  angles 
of  the  two  figures,  innumerable  rectilineal  figures 
may  be  described,  which  will  have  their  angles  on 
these  lines,  and  will  be  similar  to  the  given  rectili- 
neal figures ;  and  the  segments  of  the  lines  given 
in  position,  intercepted  between  any  two  of  these 
figures,  will  have  constantly  the  same  ratio  to  one 
another/1 

As  a  Locus,  the  same  proposition  admits  of  a 
very  simple  enunciation,  and  has  a  remarkable  affi- 
nity to  that  with  which  Euclid  appears  to  have  in- 
troduced his  first  book  of  Porisms.  "  If  three  of  the 
angles  of  a  rectilineal  figure,  given  in  species,  be 
upon  three  straight  lines  given  in  position,  the  re- 
maining angles  of  the  figure  will  also  be  on  straight 
lines,  given  in  position." 

If  the  rectilineal  figures  here  referred  to  be  such, 
as  may  be  inscribed  in  a  circle,  or  in  similar  curves 
of  any  kind,  agreeably  to  the  hypothesis  of  the  pro* 
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bkm,*  by  which  these  last  Porisms  were  suggested, 
we  shall  have  a  number  of  other  Forisns  respecting 
straight  lines  given  in  position,  which  est  o£  from 
innumerable  such  corves,  segments  that  an  given 
in  species*  A  great  field  of  geometrical  investiga- 
tion is,  therefore,  opened  by  the  two  preceding 
propositions,  which,  however,  we  must  at  present 
be  content  to  have  pointed  out* 

38*  A  question  nearly  connected  with  the  origin 
of  Porisms  still  remains  to  be  resolved,  namely, 
from  what  cause  has  it  arisen,  that  prepositions 
which  are  in  themselves  so  important,  and  that  ac- 
tually occupied  so  considerable  a  place  in  die  aa* 
cient  geometry,  have  been  so  little  ttmarfced  in  die 
modern  ?  It  cannot  indeed  be  said,  that  propositions 
of  this  kind  were  wholly  unknown  to  the  moderns 
before  the  restoration  of  what  Euclid  had  written 
concerning  them ;  for  beside  Bosoovich's  proposi- 
tion, of  which  so  much  has  been  already  said,  the 
theorem  which  asserts,  that  in  every  system  of 
points  there  is  a  centre  of  gravity,  has  been  shown 
above  to  be  a  Porism ;  and  we  shall  see  hereafter, 
that  many  of  the  theorems  in  the  higher  geometry 
belong  to  the  same  class  of  prepositions.  We  may 
add,  that  some  of  the  elementary  propositions  of 
geometry  want  only  the  proper  form  of  enunciation 
to  be  perfect  Porisms.    It  is  not  therefore  strictly 


*  Prin.  Math.  Lib.  1.  Prop.  29- 
18 
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true,  that  none  of  the  propositions  called  Porisma 
have  been  known  to  the  moderns  ;  but  it  is  certain* 
that  they  have  not  met,  from  them,  with  the  atten* 
tion  they  met  with,  from  the  ancients,  and  that 
they  have  not  been  distinguished  as  a  separate  class 
of  propositions.  The  cause  of  this  difference  is 
undoubtedly  to  be  sought  for  in  a  comparison  of  the 
methods  employed  for  the  solution  of  geometrical 
problems  in  ancient,  and  in  modern  times* 

In  the  solution  of  such  problems,  the  geometers 
of  antiquity  proceeded  with  the  utmost  caution,  and 
were  careful  to  remark  every  particular  case,  that  is 
to  say,  every  change  in  the  construction,  which  any 
change  in  the  state  of  the  data  could  produce.  The 
different  conditions  from  which  the  solutions  were- 
derived,  were  supposed  to  vary  one  by  one,  while 
the  others  remained  the  same ;  and  all  their  pos- 
sible combinations  being  thus  enumerated,  a  sepa- 
rate solution  was  given,  wherever  any  considerable 
change  was  observed  to  have  taken  place. 

This  was  so  much  the  case,  that  the  Sectio  Ra- 
tionis,  a  geometrical  problem  of  no  great  difficulty, 
and  one  of  which  the  solution  would  be  dispatched, 
according  to  the  methods  of  the  modern  geometry, 
in  a  single  page,  was  made,  by  Apollonius,  the  sub- 
ject of  a  treatise  consisting  of  two  books.  The  first 
book  has  seven  general  divisions,  and  twenty-four 
cases ;  the  second,  fourteen  general  divisions,  and 
seventy-three  cases,  each  of  which  cases  is  separate- 
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ly  considered.  Nothing,  it  is  evident,  that  was  any 
way  connected  with  the  problem,  could  escape  a 
geometer,  who  proceeded  with  such  minuteness  of 
investigation. 

The  same  scrupulous  exactness  may  be  remarked 
in  all  the  other  mathematical  researches  of  the  an- 
dents ;  and  the  reason  doubtless  is,  that  the  geo- 
meters of  those  ages,  however  expert  they  were  in 
the  use  of  their  analysis,  had  not  sufficient  experi- 
ence in  its  powers,  to  trust  to  the  more  general  ap- 
plications of  it.  That  principle  which  we  call  the 
law  of  continuity,  and  which  connects  the  whole 
system  of  mathematical  truths  by  a  chain  of  insen- 
sible gradations,  was  scarcely  known  to  them,  and 
lias  been  unfolded  to  us,  only  by  a  more  extensive 
knowledge  of  the  mathematical' sciences,  and  by 
that  most  perfect  mode  of  expressing  the  relations 
of  quantity,  which  forms  the  language  of  algebra ; 
and  it  is  this  principle  alone  which  has  taught  us, 
that  though  in  the  solution  of  a  problem,  it  may  be 
impossible  to  conduct  the  investigation  without  as- 
taming  the  data  in  a  particular  state,  yet  the  result 
may  be  perfectly  general,  and  will  accommodate  it- 
self to  every  case  with  such  wofiderful  versatility,  as 
is  scarcely  credible  to  the  most  experienced  mathe- 
matician, and  such  as  often  forces  him  to  stop,  in 
the  midst  of  his  calculus,  and  to  look  back,  with  a 
mixture  of  diffidence  and  admiration,  on  the  un- 
foreseen harmony  of  his  conclusions*     All  this  was 
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unknown  to  the  ancients ;  and  therefore  they  had 
no  resource,  but  to  apply  their  analysis  separately 
to  each  particular  case,  with  that  extreme  caution 
which  has  just  been  described $  and  in  doing  so, 
they  were  likely  to  remark  many  peculiarities,  which 
more  extensive  views,  and  more  expeditious  me- 
thods of  investigation,  might  perhaps  have  induced 
them  to  overlook. 

39.  To  rest  satisfied,  indeed,  with  too  general 
results,  and  potto  descend  sufficiently  into  particu- 
lar details,  may  be  considered  as  a  vice  that  natu- 
rally arises  out  of  the  excellence  of  the  modern  ana- 
lysis. The  effect  which  this  has  had,  in  concealing 
from  us  the  class  of  propositions  we  are  now  consi- 
dering, cannot  be  better  illustrated  than  by  the  ex- 
ample of  the  Porism  discovered  by  Boscovich,  in 
the  manner  related  above.  Though  the  problem 
from  which  that  Porism  is  derived,  was  resolved  by 
several  mathematicians  of  the  first  eminence,  among 
whom  also  was  Sir  Isaac  Newton,  yet  the  Porism 
which,  as  it  happens,  is  the  most  important  case  of 
it,  was  not  observed  by  any  of  them.  This  is  the 
more  remarkable,  that  Sir  Isaac  Newton  takes  no- 
tice of  the  two  most  simple  cases,  in  which  the  pro- 
blem obviously  admits  of  innumerable  solutions,  viz. 
when  the  lines  given  in  position  are  either  all  pa- 
rallel, or  all  meeting  in  a  point,  and  these  two  hy- 
potheses he  therefore  expressly  excepts.  Yet  he 
did  not  remark,  that  there  are  other  circumstances 
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which  may  render  tlie  solution  of  the  problem  inde- 
terminate* a*  well  as  these;  eo  that  the  poristtMtic 
ease  considered  above,  escaped  his  observation : 
And  if  it  escaped  the  observation  of  one  who  was 
accustomed  to  penetrate  so  far  into  matters  infinite- 
ly more  obscure,  it  was  because  he  satisfied  himself 
with  a  general  construction,  without  pursuing  it  in- 
to its  particular  cases.  Had  the  solution  been  con- 
ducted after  the  manner  of  Euclid  or  Apolloaius, 
the  Porism  in  question  must  infallibly  have  been 
discovered. 

But  I  have  already  extended  this  paper  to  too 
great  a  length $  so  that,  leaving  the  use  of  algebm 
in  the  investigation  of  Porisma,  to  be  treated  of  on 
another  occasion,  I  shall  conclude  with  a  remark 
from  Pappus,  the  truth  of  which,  1  would  willingly 
flatter  myself,  that  the  foregoing  observations  have 
had  some  tendency  to  evince :  "  Habent  autem  Po- 
rismata  subtilem  et  naturalem  contemplatkmem,  ne- 
cessarians et  maxime  universalem,  atque  lis,  qui  sin- 
gula perspicere  et  investigate  valent,  admodum  ju- 
eundam." 
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1.  In  the  second  volume  of  the  Asiatic  Researches, 
an  extract  is  given  from  the  Surya  Siddhanta,  the 
ancient  book  which  has  been  long,  though  obscure- 
ly, pointed  out  as  the  source  of  the  astronomical 
knowledge  of  the  Brahmins.  The  Surya  Siddhan- 
ta is  in  the  Sanscrit  language  :  It  is  one  of  the 
Sastras,  or  inspired  writings  of  the  Hindoos,  and  is 
called  the  Jyotisb,  or  Astronomical,  Sastra.  It 
professes,  as  we  learn  from  Mr  Davis,  the  ingeni- 
ous translator,  to  be  a  revelation  from  heaven,  com- 
municated to  Meya,  a  man  of  great  sanctity,  about 
four  millions  of  years  ago,  toward  the  close  of  the 
Satya  Jug,  or  of  the  Golden  Age  of  the  Indian 
mythologists ;  a  period  at  which  man  is  said  to  have 
been  incomparably  better  than  he  is  at  present j  when 


*  From  the  Transactions  of  the  Royal  Society  of  Edin- 
burgh, Vol.  IV.  (1798.)— Ed. 
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been  the  first  that  was  employed  by  other  nations, 
who  changed  it  however  to  the  number  360,  which 
nearly  answered  the  same  purpose,  and  had  besides 
the  great  advantage  of  being  divisible  into  many 
aliquot  parts.  The  Chinese,  again,  with  whom  the 
sciences  became  stationary  almost  from  their  birth, 
have  never  attempted  to  improve  on  the  method 
that  first  occurred  to  them. 
•  3.  The  next  thing  to  be  mentioned,  is  also  a 
tnatter  of  arbitrary  arrangement,  but  one  in  which 
the  Brahmins  follow  a  method  peculiar  to  them- 
selves. They  express  the  radius  of  the  circle  in 
parts  of  the  circumference,  and  suppose  it  equal  to 
3438  minutes*  or  60ths  of  a  degree.  In  this  they 
are  quite  singular.  Ptolemy,  and  the  Greek  ma* 
thematicians,  after  dividing  the  circumference,  as 
we  have  already  described,  supposed  the  radius  to 
be  divided  into  60  equal  parts,  without  seeking  to 
ascertain,  in  this  division,  any  thing  of  the  relation 
of  the  diameter  to  the  circumference :  and  thus, 
throughout  the  whole  of  their  tables,  the  chords 
are  expressed  in  sexagesimals  of  the  radius,  and  the 
lurches  in  sexagesimals  of  the  circumference.  They 
had  therefore  two  measures,  and  two  units  $  one  for 
the  circumference,  arid  another  for  the  diameter. 
The  Hindoo  mathematicians*  again,  have  but  one 
measure  and  one  unit  for  both,  viz.  a  minute  of  a 
degree,  or  one  of  those  parts  Whereof  the  circum- 
ference contains  21600.     FrOui  this  identity  of 


». 
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measures,  they  derive  no  inconsiderable  advantage  in 
many  calculations,  though  it  must  be  confessed^ 
that  the  measuring  of  a  straight  line,  the  radius,  or 
diameter  of  a  circle,  by  parts  of  a  curve  line,  name* 
ly,  the  circumference,  is  a  refinement  not  at  all  ob- 
vious, and  has  probably  been  suggested  to  them  by 
some  very  particular  view,  which  they  have  taken* 
of  the  nature  and  properties  of  the  circle.  As  to 
the  accuracy  of  the  measure  here  assigned  to  the 
radius,  viz.  34/38  of  the  parts  of  which  the  circum* 
ference  contains  21600,  it  is  as  great  as  can  be  at* 
tained,  without  taking  in  smaller  divisions  than 
minutes,  or  60ths  of  a  degree.  It  is  true  to  the 
nearest  minute,  and  this  is  all  the  exactness  aimed 
at  in  these  trigonometrical  tables.  It  must  not  how* 
ever  be  supposed,  that  the  author  of  them  meant  to 
assert,  that  the  circumference  is  to  the  radius,  either 
accurately  or  even  very  nearly,  as  21600  to  3438. 
I  have  shown,  in  another  place,*  from  the  Insti- 
tutes of  Akbar,  that  the  Brahmins  knew  the  ratio 
of  the  diameter  to  the  circumference  to  great  exact- 
ness, and  supposed  it  to  be  that  of  1  to  8.1416, 
which  is  much  nearer  than  the  preceding.  Cal- 
culating, as  we  may  suppose,  by  this  or  some  other 
proportion,  not  less  exact,  the  authors  of  the  tables 
found,  that  the  radius  contained  in  truth  3497% 
44".  48'",  &c. ;  and  as  the  fraction  of  a  minute  is 

*  Page  163. 
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here  more  than  a  half,  they  took,  as  their  constant 
custom  is,  the  integer  next  above,  and  called  the 
radius  3438  minutes.  The  method  by  which  they 
came  to  such  an  accurate  knowledge  of  the  ratio 
of  the  diameter  to  the  circumference,  may  have 
been  founded  on  the  same  theorems  which  were 
subservient  to  the  construction  of  their  trigonome- 
trical tables.* 

4.  These  tables  are  two,  the  one  of  sines,  and 
the  other  of  versed  sines.  The  sine  of  an  arch 
they  call  cramajya  or  jyapinda,  and  the  versed 
sine  utcramqjya.  They  also  make  use  of  the  co- 
sine or  bhvjqjya.  These  terms  seem  all  to  be  de- 
rived from  the  word  jya,  which  signifies  the  chord 
of  an  arch,  from  which  the  name  of  the  radius,  or 
sine  of  90**,  viz.  trijya,  is  also  taken.  This  regu- 
larity in  their  trigonometrical  language,  is  a  circum- 
stance not  unworthy  of  remark.  But  what  is  of 
more  consequence  to  be  observed,  is,  that  the  use  of 
sines,  as  it  was  unknown  to  the  Greeks,  who  calcu- 
lated by  help  of  the  chords,  forms  a  striking  differ- 
ence between  the  Indian  trigonometry  and  theirs. 
The  use  of  the  sine,  instead  of  the  chord,  is  an  im- 
provement which  our  modern  trigonometry  owes,  as 
we  have  hitherto  been  taught  to  believe,  to  the 
Arabs  ;  and  it  is  certainly  One  of  the  acquisitions 
which  the  mathematical  Sciences  made,  when,  on 

*  See  Note  $  6. 
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their  expulsion  from  Europe,  they  took  refuge  in 
the  East.  But  whether  the  Arabs  are  the  author* 
of  this  invention,  or  whether  they  themselves  re- 
ceived it,  as  they  did  the  numerical  characters, 
from  India,  is  a  question,  which  a  more  perfect 
knowledge  of  Hindoo  literature  will  probably  enable 
us  to  resolve. 

No  mention  is  made  in  this  trigonometry,  of 
tangents  or  secants ;  a  circumstance  not  wonderful, 
when  we  consider  that  the  use  of  these  was  intro- 
duced in  Europe  no  longer  ago  than  the  middle  of 
the  sixteenth  century.  It  is,  on  the  other  hand* 
not  a  little  singular,  that  we  should  find  a  table  of 
versed  sines  in  the  Surya  Siddhanta ;  for  neither  the 
Greek  nor  the  Arabian  mathematicians,  had  any 
such,  nor  had  we,  in  modern  Europe,  till  after  the 
time  of  Petiscus,  who  wrote  about  the  end  of  the 
century  just  mentioned. 

5.  Next,  as  to  the  extent  and  accuracy  of  these 
tables.  The  first  of  them  exhibits  the  sines  to 
every  twenty-fourth  part  of  the  quadrant,  that  is, 
the  sine  of  3°  45',  and  of  all  the  multiples  of  that 
arch,  viz.  7°  Stf,  11°  15',  &c.  up  to  90°.  The 
table  of  versed  sines  does  the  same.  In  each,  the 
sine,  or  versed  sine,  is  expressed  in  minutes  of  the 
circumference,  but  without  any  fractions  of  a  mi- 
nute, either  decimal  or  sexagesimal ;  and,  agreeably 
to  the  observation  already  made,  when  the  fraction 
that  ought  to  have  been  set  down  is  greater  than 
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},  the  integer  next  greater  is  placed  in  the  table. 
Thus  the  sine  3°  45'  being,  when  accurately  ex- 
pressed in  their  way,  224'  49%  is  put  down  225/ ; 
and  ao  of  the  rest.  The  numbers,  therefore,  in 
these  tables,  are  only  so  far  exact  as  never  to  differ 
more  than  half  a  minute  from  the  truth,  and  this 
very  limited  degree  of  accuracy  gives  no  doubt  to 
their  trigonometry  the  appearance  of  an  infant 
science :  But  when,  on  the  other  hand,  we  consider 
the  principles  and  rules  of  their  calculations,  rather 
than  the  numbers  actually  calculated,  we  find  the 
marks  of  a  science  in  full  vigour  and  maturity : 
send  we  will  acknowledge,  that  the  Hindoo  mathe- 
maticians did  not  satisfy  themselves  with  the  de- 
gree of  accuracy  above  mentioned,  from  any  inca- 
pacity of  attaining  to  greater  exactness. 

Their  rules  for  constructing  their  tables  of  sines, 
may  be  reduced  to  two,  viz.  the  one  for  finding  the 
sine  of  the  least  arch  in  the  table,  that  of  3°  45', 
and  the  other  for  finding  the  sines  of  the  multiples 
of  that  arch,  its  triple,  quadruple,  &c.  Both  of 
these  Mr  Davis  has  translated,  judging  very  right- 
ly, that  it  was  impossible  to  give  two  more  curious 
Specimens  of  the  geometrical  knowledge  of  the 
Hindoo  philosophers ;  the  first  is  extracted  from  a 
commentary  on  the  Surya  Siddhanta;  the  other 
from  the  Surya  Siddhanta  itself. 

6.  With  respect  to  the  first,  the  method  pro- 
ceeds by  the  continual  bisection  of  the  arch  of  30° 
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and  correspondent  extractions  of  the  square  root, 
to  find  the  sine  and  cosine  of  the  half,  the  fourth 
part,  the  eighth  part,  and  so  on,  of  that  ao$h. 
The  rule,  when  the  sine  of  an  arch  is  given,  to 
find  that  of  half  the  arch,  is  precisely  the  same 
with  our  awn :  "  The  sine  of  an  areh  being  given, 
find  the  cosine,  and  thence  the  versed  sine,  of  the 
same  arch :  then  multiply  half  the  radius  into  the 
versed  sine,  and  the  square  root  of  the  product  is 
the  sine  of  half  the  given  arch."  Now,  as  the  sine 
of  30°,  was  well  known  to  those  mathematicians  to 
be  half  the  radius,  it  was  of  consequence  given; 
thence  by  the  rule  just  laid  down,  was  found  the 
sine  of  15p,  then  of  7°  SO't  and  lastly  of  8°  4F# 
which  is  the  sine  required.  Thus  the  sine  of  3? 
45'  would  be  found  equal  to  224'  4  V,  as  above  ob- 
served, and,  the  sine  of  7°  SO',  equal  to  448'  39% 
and,  taking  the  nearest  integers,  the  first  was  wadt 
equal  to  225',  and  the  second  to  449'.* 


•  By  such  continual  bisections,  the  Hindoo  mathemati- 
cians, like  those  of  Europe  before  the  invention  of  infinite 
series,  may  have  approximated  to  the  ratio  of  the  diameter 
to  the  circumference,  and  found  it  to  be  nearly  that  of  1  to 
3.1416  as  above  observed.  A  much  less  degree  of  geometri- 
cal knowledge  than  they  possessed,  would  inform  them,  that 
small  arches  are  nearly  egual  to  their  sines,  and  that  the 
smaller  they  are,  the  nearer  is  this  equality  to  the  truth.  If, 
therefore,  they  assumed  the  radius  equal  to  1,  or  any  num- 
ber at  pleasure,  after  carrying  the  bisection  of  the  arch  of 
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7.  When,  by  the  bisections  that  have  just  been 
described,  the  sine  of  3°  45'  or  of  225,  was  found 
equal  to  225',  the  rest  of  the  table  was  constructed 
by  a  rule,  that,  for  its  simplicity  and  elegance,  as 
well  as  for  some  other  reasons,  is  entitled  to  parti* 
enlar  attention.  It  is  as  follows:  "  Divide  the 
first  jyapinda,  225'  by  225 ;  the  quotient  1,  de- 
ducted from  the  dividend,  leaves  224',  which  added 
to  the  first  jyapinda,  or  sine,  gives  the  second,  or 
the  sine  of  7°  9&f  equal  to  449'*  Divide  the  se- 
cond jyapinda,  which  is  thus  found,  by  225,  and 
deduct  2,  the  nearest  integer  to  the  quotient,  from 
the  former  remainder  224',  and  this  new  remain- 
der 222',  added  to  the  second  jyapinda,  will  give 
the  third  jyapinda  equal  to  671'.  Divide  this  last 
by  225,  and  subtract  3,  the  nearest  integer  to  the 
quotient,  from  the  former  remainder  222^  and 
there  will  be  left  219',  which,  added  to  the  third 


30°,  two  steps  farther  than  in  the  above  construction,  they 
would  find  the  sine  of  the  384th  part  of  the  circle,  which, 
therefore,  multiplied  by  384,  would  nearly  be  equal  to  the 
circumference  itself,  and  would  actually  give  the  proportion 
of  1  to  3.14159,  as  somewhat  greater  than  that  of  the  diame- 
ter to  the  circumference.  By  carrying  the  bisections  farther, 
they  might  rerify  this  calculation,  or  estimate  the  degree  of 
its  exactness,  and  might  assume  the  ratio  of  1  to  3.1416  as 
more  simple  than  that  just  mentioned,  and  sufficiently  near 
to  the  truth. 
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jyapinda,  gives  the  fourth;  and  so  on  unto  the 
twenty-fourth  or  last." 

It  is  not  immediately  obvious  on  what  geometri- 
cal principle  this  rule  is  founded,  but  a  slight 
change  in  the  enunciation  will  remove  the  difficul- 
ty. The  remainder,  it  must  be  observed,  from 
which  the  quotient  is  always  directed  to  be  taken 
away,  is  the  difference  between  the  two  sines  last 
computed ;  and  hence  the  rule  may  be  expressed 
more  generally:  Divide  any  sine  by  225,  and 
subtract  the  quotient,  or  the  integer  nearest  the 
quotient,  from  the  difference  between  that  sine  and 
the  sine  next  less ;  the  remainder  is  the  difference 
between  the  same  sine  and  the  sine  next  great- 
er ;  and  therefore  if  it  be  added  to  the  former, 
will  give  the  latter.  If  then,  (fig.  19,)  GA,  GCf 
GE,  be  three  contiguous  arches  in  the  table,  of 
which  the  differences  AC,  CE,  of  consequence 
are  equal,  and  of  which  the  sines  are  AB,  CD,  and 
EF,  the  rule,  as  last  stated,  gives  us  CD — AB— 

^-,  for  the  difference  between  CD  and  EF,  and 
therefore  EF=CEH-CD— AB—  g?=2CD— g? 
— AB,  and  also  EF+ AB=CD(«— ^)=CD 

(SO*  But  ^  is  the  sine  of  the  *"*  3°  45'» 
and  449  of  twice  that  arch,  as  already  shown ;  and, 
therefore,  according  to  this  rule,  if  there  be  three 
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arohes  of  which  the  common  difference  is  3°  45', 
the  sine  of  the  mean  arch  will  always  have  to  the 
sum  of  the  sines  of  the  extreme  arches,  a  given  ra- 
tio, that  namely,  which  the  sine  of  3°  45'  has  to 
the  sine  of  twice  3°  45',  or  of  7°  30' ;  now,  this  is 
a  true  proposition ;  and  therefore  we  are  in  pos- 
session of  the  principle  on  which  the  Hindoo  ca- 
non is  constructed. 

8.  The  geometrical  theorem,  which  is  thus  shown 
to  be  the  foundation  of  the  trigonometry  of  Hin- 
dostan,  may  also  be  more  generally  enunciated. 
"  If  there  be  three  arches  in  arithmetical  progres- 
sion, the  sine  of  the  middle  arch  is  to  the  sum  of 
the  sines  of  the  two  extreme  arches,  as  the  sine  of 
the  difference  of  the  arches  to  the  sine  of  twice 
that  difference."  This  theorem  is  well  known  in 
Europe ;  it  is  justly  reckoned  a  very  remarkable 
property  of  the  circle ;  and  it  serves  to  show,  that 
the  numbers  in  a  table  of  sines  constitute  a  series, 
in  which  every  term  is  formed  exactly  in  the  same 
way,  from  the  two  preceding  terms,  viz.  by  multi- 
plying the  last  by  a  certain,  constant  number,  and 
subtracting  the  last  but  one  from  the  product. 

9.  Now,  it  is  worth  remarking,  that  this  proper- 
ty of  the  table  of  sines,  which  has  been  so  long 
known  in  the  East,  was  not  observed  by  the  mathe- 
maticians of  Europe  till  about  two  hundred  years 
ago.  The  theorem,  indeed,  concerning  the  circle, 
from  which  it  is  deduced,  under  one  shape  or  an* 
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other,  has  been  known  to  them  from  an  early  pe- 
riod, and  may  be  traced  up  to  the  writings  of  Eu- 
clid, where  a  proposition  nearly  related  to  it  forma 
the  97th  of  the  Data :  "  If  a  straight  line  be  drawn 
within  a  circle  given  in  magnitude,  cutting  off  a 
segment  containing  a  given  angle,  and  if  the  angle 
in  the  segment  be  bisected  by  a  straight  line  pro- 
duced till  it  meet  the  circumference ;  the  straight 
lines,  which  contain  the  given  angle,  shall  both  of 
them  together  have  a  given  ratio  to  the  straight 
line  which  bisects  the  angle."  This  is  not  precise* 
ly  the  same  with  the  theorem  which  has  been  shown 
to  be  the  foundation  of  the  Hindoo  rule,  but  dif- 
fers  from  it  only  by  affirming  a  certain  relation  to 
hold  among  the  chords  of  arches,  which  the  other 
affirms  to  hold  of  their  sines.  It  is  given  by  Eu- 
clid as  useful  for  the  construction  of  geometrical 
problems ;  and  trigonometry  being  then  unknown, 
he  probably  did  not  think  of  any  other  applicatioi* 
of  it.  But  what  may  seem  extraordinary  is,  that 
when,  about  400  years  afterwards,  Ptolemy,  the 
astronomer,  constructed  a  set  of  trigonometrical  ta- 
bles, he  never  considered  Euclid's  theorem,  though 
he  was  probably  not  ignorant  of  it,  as  having  any 
connection  with  the  matter  he  had  in  hand.  He, 
therefore,  founded  his  calculations  on  another  prot 
position,  containing  a  property  of  quadrilateral  fi- 
gures inscribed  in  a  circle,  which  he  seems  to  have 
investigated  on  purpose,  and  which  is  still  distin- 
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guished  by  his  name.  This  proposition  compre- 
hends in  fact  Euclid's,  and  of  course  the  Hindoo 
theorem,  as  a  particular  case  ;  and  though  this  case 
would  have  been  the  most  useful  to  Ptolemy,  of  all 
others,  it  appears  to  have  escaped  his  observation ; 
on  which  account  he  did  not  perceive  that  every 
number  in  his  tables  might  be  calculated  from  the 
two  preceding  numbers,  by  an  operation  extremely 
simple,  and  every  where  the  same ;  and  therefore 
his  method  of  constructing  them  is  infinitely  more 
operose  and  complicated  than  it  needed  to  have 
been. 

Not  only  did  this  escape  Ptolemy,  but  it  remain- 
ed unnoticed  by  the  mathematicians,  both  Euro- 
peans and  Arabians,  who  came  after  him,  though 
they  applied  the  force  of  their  minds  to  nothing 
more  than  to  trigonometry,  and  actually  enriched 
that  science  by  a  great  number  of  valuable  disco- 
veries. They  continued  to  construct  their  tables 
by  the  same  methods  which  Ptolemy  had  employed, 
till  about  the  end  of  the  sixteenth  century,  when 
the  theorem  in  question,  or  that  on  which  the 
Hindoo  rule  is  founded,  was  discovered  by  Vieta. 
We  are,  however,  ignorant  by  what  train  of  rea- 
soning that  excellent  geometer  discovered  it ;  for, 
though  it  is  published  in  his  Treatise  on  Angular 
Sections,  it  appears  there  not  with  his  own  demon- 
stration, but  with  one  given  by  an  ingenious  mathe- 
matician of  our  own  country,  Alexander  Anderson 

10 
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of  Aberdeen.  It  was  then  regarded  as  a  theorem 
entirely  new,  and  I  know  not  that  any  of  the  geo- 
meters of  that  age  remarked  its  affinity  to  the  pro- 
positions of  Euclid  and  Ptolemy.  It  was  soon  after 
applied  in  Europe,  as  it  had  been  so  many  ages  be- 
fore in  Hindostan,  and  quickly  gave  to  the  con- 
struction of  the  trigonometrical  canon  all  the  sim- 
plicity which  it  seems  capable  of  attaining.  From 
all  this,  I  think  it  might  fairly  be  concluded,  even 
if  we  had  no  knowledge  of.  the  antiquity  of  the 
Surya  Siddhanta,  that  the  trigonometry  contained 
in  it  is  not  borrowed  from  Greece  or  Arabia,  as  its 
fundamental  rule  was  unknown  to  the  geometers 
of  both  those  countries,  and  is  greatly  preferable  to 
that  which  they  employed. 

10.  Considerable  light  may  perhaps  hereafter  be 
thrown  on  this  argument,  if  it  be  found  that  the 
Surya*  Siddhanta  contains  a  demonstration  of  this 
rule.  It  does  not  appear,  however,  from  the  frag- 
ment we  are  in  possession  of,  that  any  explanation 
of  the  rule  is  given,  either  in  that  work  or  in  the 
commentary.  Indeed,  I  am  not  certain  that  the 
Surya  Siddhanta  contains  any  thing  but  rules  and 
maxims,  or  that  the  author  of  it  condescends  to 
give  any  demonstrations  of  the  propositions  which 
he  enunciates.  He  may  have  felt  himself  relieved 
from  the  necessity  of  doing  so,  by  his  claim  to  in- 
spiration j  and  as  he  probably  valued  himself  more 
on  the  character  of  a  prophet,  than  of  a  geometer. 
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# 

he  may  rather  have  inclined  to  exercise  the  faith, 
than  the  reason,  of  his  disciples. 

However  that  be,  by  the  rule  above  explained, 
the  Brahmins  have  computed  a  set  of  tables,  limit- 
ed, indeed,  in  their  accuracy,  but  extremely  simple 
and  compendious.  The  rule  is  easily  remembered 
by  one  whe  has  been  accustomed  to  numerical  cal- 
culation, and  is  such,  that,  by  help  of  it,  he  may  at 
any  time  compose  for  himself  a  complete  set  of 
trigonometrical  tables,  in  a  few  hours,  without  the 
assistance  of  any  book  whatever.  For  the  purpose 
of  rendering  it  thus  simple,  the  contrivance  of 
measuring  the  radius,  and  all  the  sines,  in  parts  of 
the  circumference,  seems  to  have  been  adopted : 
if  we  follow  any  other  method,  the  rule,  though  it 
remain  the  same  in  reality,  will  assume  a  form 
much  less  easy  to  be  retained  in  the  memory.  *   It 

•  This  seems  to  me  the  most  probable  reason  that  can  be 
assigned  for  the  measuring  of  the  radius,  and  the  other 
straight  lines  in  the  circle,  in  parts  of  the  circumference.  It 
is  remarkable  that  the  Hindoos  should  have  been  thus  led, 
at  so  early  a  period,  to  put  in  practice  a  method,  the  same 
in  the  most  material  point,  with  one  which  has  been  but 
lately  suggested  in  Europe,  as  an  important  improvement  in 
trigonometrical  calculation.  In  the  PhiL  Trans,  for  1785, 
Dr  Hutton  of  Woolwich  proposed  to  divide  the  drcumfwv 
ence,  not  into  degrees,  as  is  usually  done,  but  into  decimals 
of  the  radius ;  and  he  has  pointed  out  how  the  present  tri- 
gonometrical tables  might  be  accommodated  to  this  new  di- 
vision, with  the  least  possible  labour,  in  a  paper  which  dis- 
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has  the  appearance,  like  many  other  things  in  the 
science  of  those  eastern  nations,  of  being  drawn 
up  by  one  who  was  more  deeply  versed  in  the  sub* 
jecl  than  may  be  at  first  imagined,  and  who  knew 
much  more  than  he  thought  it  necessary  to  comma*  . 
nicate.  It  is  probably  a  compendium,  formed  by 
some  ancient  adept  in  geometry,  for  the  use  of 
others  who  were  merely  practical  calculators. 

11.  If  we  were  not  already  acquainted  with  the 
high  antiquity  of  the  astronomy  of  Hindostan* 
nothing  could  appear  more  singular  than  to  find  a 
system  of  trigonometry,  so  perfect  in  its  principles, 
in  a  book  so  ancient  as  the  Surya  Siddhanta.  The 
antiquity  of  that  book,  the  oldest  of  the  Sastras, 
can  scarce  be  accounted  less  than  2000  years  before 
our  era,  even  if  we  follow  the  very  moderate  sys- 
tem of  Indian  chronology  laid  down  by  Sir  William 
Jones.  *     Now,  if  we  suppose  its  antiquity  to  be  no 

plays  that  intimate  acquaintance  with  the  resources,  both  of 
the  numerical  and  algebraic  calculus,  for  which  he  is  so 
much  distinguished.  His  plan  is,  in  one  respect,  the  same 
with  the  Hindoo  method,  for  it  uses  the  same  unit  to  express 
both  the  circumference  and  the  diameter ;  in  another  respect 
it  differs  from  it,  viz.  in  making  the  radius  the  unit,  while 
the  other  assumes  for  an  unit  the  S60th  part  of  the  circum- 
ference. Dr  Hutton's  plan  has  never  been  executed,  though 
it  certainly  would  be  of  advantage  to  have,  besides  the  ordi- 
nary trigonometrical  tables,  others  constructed  according  to 
that  plan. 

•  Asiatic  Researches,  Vol.  II.  p.  Ill,  &c. 
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higher  than  this,  though  it  bears  in  itself  internal 
marks  of  an  age  still  more  remote,  *  yet  it  will  suf- 
ficiently excite  our  wonder  to  find  it  contain  the 
principles  of  a  science,  of  which  the  first  rudiments 
are  not  older  in  Greece  than  ISO  years  before  our 
era.  The  bare  existence  of  trigonometrical  tables, 
though  they  belong  undoubtedly  to  a  very  elemen- 
tary branch  of  science,  yet  argues  a  state  of  greater 
advancement  in  the  mathematics  than  may  at  first 
be  imagined,  and  necessarily  supposes  the  applica- 


*  The  obliquity  of  the  ecliptic  is  stated  at  24°  in  the  Su- 
rya Siddhanta,  as  in  all  the  other  astronomical  tables  of  the 
Hindoos  which  we  are  yet  acquainted  with.   (P.  133.)     Mr 
Davis  concludes  from  this,  (Asiatic  Researches,  Vol.  II.  p. 
238,)  that  if  the  obliquity  diminish,  at  the  rate  of  50"  in  a 
hundred  years,  the  Surya  Siddhanta  is  at  present  about  3840 
years  old,  which  goes  back  nearly  2000  years  before  the 
Christian  era.     But  the  diminution  of  the  obliquity  of  the 
ecliptic,  is  supposed  considerably  too  rapid  in  this  calcula- 
tion.    According  to  Mayer  it  is  46"  in  a  century  ;  and  ac- 
cording to  Lagrange,  (Mem.  Berlin,  1782,)  at  a  medium  no 
more  than  30".     This  last  is  most  to  be  depended  on,  as  it 
proceeds  on  an  accurate  inquiry  into  the  law  of  the  secular 
variation  of  the  obliquity,  that  variation  being  by  no  means 
uniform.     Let  us,  however,  take  the  mean,  vi?.  38",  and  the 
obliquity  at  the  beginning  of  the  present  century  having  been 
23  °,  28',  41",  we  shall  have  5000  years  for  the  age  of  the 
Surya  Siddhanta,  reckoned  from  that  date,  or  about  3300 
years  before  Christ,  which  is  near  the  era  of  the  Calyoug- 
ham. 


tion  of  gwotetricil  *etl<ming;  to  some  of  themtae 
difficult  fsroblemttf  astmMtai^^ 
.   As  Jong  as  the  surveying  of  land*  pad  the  (ordi- 
nary mensuration  of  surfaces  and  aelids^iare  the 
only  practical  arts  tcf  which  the :  geoartter  applies 
his;  speculations,  he  will  naturally  content  btitafftlf 
with?  donstrueting  his.  figure*  and  pifMCbbp  toean*$f 
%  scale,  «nd  an  instrument  farmeasuring  angles*  as 
by  doing  so  he  may  uttaip  to  ail  the  accuracy  he 
osu  desire.    But  when* ;  in  the  figures  th«t  4t$  ftp 
be  thus  delineated,  the  sides  happen  to  be  extreme- 
ly unequal,  and  some  of  the  angles  very  scute*  mr 
very  obtuse,  graphical  operations  become  inaccu- 
rate, and  a  very  small  error  in  the  measuring  4f 
one  thing  produces  an  enormou*  error  in  the  esti- 
mation of  some  other.    Lines,  therefore,  .that.  **> 
tend  over  a  great  tract  of  the  earth's  surface*  and 
much  more  those  that  extend  to  the  heavens,  can- 
not  be  compared  with  the  smaller  lines,  which  j*e 
have  m  opportunity  of  measuring,  by  the  bare  con- 
struction of  triangles  and  pacaUeltfgrams $  and  when 
ever  such  comparisons  aue  to  be .  /made,  sdme.other 
method  must  be  sought  for.    It  Was  precisel  j*  <ip 
such  circumstance v that  the  inventive  gertiui Iff 
Hipparchus  suggested  the  application  of  arithme- 
tic to  ascertain  those  ratios  among  the  aide*  arid 
angles  of  figures,  which  pure  geometry  afforded  ifto 
method  of  expressing*    This  union  of  geometry 
and  arithmetic  did  not  happen,  Jboiwever,jtill  each 

VOL.  Ill,  S 
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of  tbttt  sciences  separately  had  mute  great  pro- 
gress $  for  before  the  days  of  Hippsnchoa,  BusKl* 

-  Archimedes,  sod  ApoUomus,  had  all  flourished  in 
eticcession,  and  had  produced  those  immortal  wqtks, 
of  which  die  lustre  has  not  been  obscured  by  the 

'  highest  improvements  of  later  ages.    In  thp  pro- 
-grass  of  science,  therefore,  the  invention  of  trigo- 
nometry it  to  be  considered  as  a  step  of  great  itn- 
portaneet  and  of  considerable  difficulty.    It  is  an 
application  of  arithmetic  to  geometry,  with  which 
we  are  now  too  familiar,  to  perceive  all  the  merit 
*0f  the  inventor ;  but  a  little  reflection  will  convince 
us,  that  he,  who  first  formed  the  idea  of  exhibiting, 
in  arithmetical  tables,  the  ratios  <tf  the  sides  and 
•aglesof  all  possible  triangles,  and  oontrrved  the 
means  of  constructing  such  tables,  must  have  been 
« man  of  profound  thought,  md  of  extensive  fcnow- 

-  lodge.  However  ancient,  therefore,  any  book  may 
4e,  in  which  we  meet  with  a  system  of  trigonome- 
-Wry,  we  may  be  assured,  that  it  was  not  written  in 
'the  iftftncy  of  science. 

'  12.  As  we  cannot,  therefore,  suppose  the  art  of 
^trigonometrical  calculation  to  haw  been  introduced 
HH  after  a  long  preparation  of  other  acquisitions, 
both  geometrical  and  astronomical,  we  must  twkxm 
fcr  bade  from  the  date  of  the  Surya  Siddhanta,  be- 
>fbre  wis  come  to  the  origte  of  tfee  mathematical 
'Sciences  in  India.  In ■  Greece,  the  constellations 
utre  first  represented  on  the  sphere,  if  *o  talte  a 


aatdaub  between  %he  «taaah|gjr  oB  Nekton*,  and 
ahefcwhid*  &  mo*  gfwerriV  reeahody  abffet;llJ*0 
yeei*  befart  the  ChristiA  ehi V  mi  Hippardhut 
iaaeated  trigoeaatotty  1SQ  years  kafotf  tie  mm 
era*  Even  among  tha  Gfaseb^therbfere,  an  iqtafe 
vat*  ofc?at  least  i0<*>  yieatiy  alapaed  front  tlje  fit* 
obaerratkm*  ii*  aatranemyy  iter  ,the  iafr eftteoi* ,  df  trii 
gotamdtrji  and  w*  haife  s^dy  a?  iea*t)t)  to  wp* 
paaMhat  the  p*ogre#  of  knearledgti  hds  been  twn 
aafftdkrttfaer coaeiriea-  iii..  ;....-» 

A  thot*»nd  years  therefore  imiA  beadde4(o4bf 
age  o£  the  Surya  SiiULhanta^  whittl  wp  sttppesfthep? 
to  be  3000  befoae  Ga#iafc>  in,  ortfet  that-  *sf  >  itfy 
areech  the  origin  of  the  aeieacea  111  Hwdoata**  stid 
this  brings  ua  very  neady  to  the  odehreted*  ei*/tif 
the  Calyougham,  to,  which  M.  Beilly  haj  ai*^ 
referred  die  construction  of  the  asfcawopiAealf  fcfrlea 
of  that  country-  And!  here,  I  earfnef  help  ehrofe- 
ing9  in  jwtiee  to  an  author  of  iwhaae?  feknttpftd 
genius  the  world  has;  been  ae  iroaetaowiHy  apd/ to 
cruelly  deprived,  tbahia*  epiufoot,  with .  taffec*.  tp 
Khis  era*,  appear  to  have  been  okem  odawkdevatood* 

t      '  *  ;*   ,  '  •         -  '    *  ■:  i  •  .     t 


,  •  The  sphere  of  Chiron  and.MuseuA  was  constructed,  ac- 
cording  to  Newton,  about  the  year  936  before  Christ,  (New- 
ton's diroii'Chap.  i:  §30.)  Accm-diiig  ttfthe  sjfetetf  #&- 
rally  received,  the  ancient  sphere,  described  by  EutibMfc, 
was  constructed  about  1350  years  before  Christ  (Dr  Play* 
fair's  Chronology,  p.  37.)-    The  medium  is  1 1 43. 


VJ6  on  th* nuwufcurritr,  4c. 

It  certainly  tfas  not  tit  sntebtioitto  assert,1  that'tfae 
Cdyoughdm  waa  a  rea/  st*i  considered  with  respect 
to?  the  piythobgy  of  India,  or  tfven  that  at  sore- 
mote  a  period  the  religioii  if  Brahma  had  anttrist- 
efttife*  The  religious  end  ci?il  institutions  of  Him* 
doetan,  a»  they  now  exist,  may  be  all  posteriori© 
this  date, end  dteir  antiquity  is  TprobaWy  to  be  de* 
tenoned  fan*  principles  that  are  not  the  objects  of 
,  astWroniical  4i$qua«o«**  AH,  I  think;  thdrefiarai 
that  Bailly  meant  to  affirm,  and  certainly  all  jtyat 
is  beeessary  to  htesyatenvia,  that  die  Calyougham, 
W  the  ye#r  3102  before  our  «a,  marks  a  point  in 
the  deration  of  the  world* :  before*  *hich  the  ibim- 
idatiena  of  asttonoray  were  laid!  in  the  East*'  and 
fchtte  obsemttonr  made,  fom  which  i  the  tables,  of 
ttaBrahminp  hiire  been  cbrapoaed*  ■•/!;. 

vA'JQbJi  this*  however,  arid  oo  many  more  of  the  pai- 
-tfcolars  *>f  the  history  of  <  those  remote  ages,  great 
^additional  light  will  undoubtedly  be  thrown,  by  the 
Complete  translation  of  theSuryfa  Siddhanla-  Erom 
tihfc  sperimen  which  "$*r  Davis * his  ghpti,  jMecan 
heitber  doubt  ef  the  importance  o£»pnch  a  work, 
nor  of  his  abilities  to  execute  it;  and  we  trust,  that, 
to  the  zeal  and  liberality  of  our  brethren  of  the 
Asiatic  Society,  the  learned  world  will  soon  be  in- 
debt^d  for  the  possession  of  this  inestimable  trea- 
.utte*..:?  -,,  ■  :..>  i  ■  ■ 

■  •  ■        : •••'  '■'  •  FINIS •  ?j  .-/^i.f.;, :  hi         «i-i 
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1*  The  observations  which  haw  been  made  to  dfti 
termine  the  magnitude  and  figure  of  the  earth,  have 
not  hitherto  led  to  results  completely  satisfactory. 
They  have  indeed  demonstrated  the  oompresma 
or  oblateness  of  the  terrestrial  spheroid,  but  they 
have  left  an  uncertainty  as  to  the  quantity  Of  that 
compression,  extending  from  about  the  one  hun- 
dred and  seventieth,  to  the  three  hundred  ana 

■ 

thirtieth  part  of  the  radius  of  the  equator.  Be- 
tween these  two  quantities,  the  former  of  which  m 
nearly  double  of  the  latter,  most  of  the  results  aW 
placed,  but  in  such  a  manner  that  these  best  e& 
titled  to  Credit  are  muoh  nearer  to  the  least  er- 

r 

tr&toe  than  to  the  greatest.  Sir  Isaac  Newton,  a* 
is  well  known,  supposing  the  s«t^  to  be  of  uniform 
density,  assigned  for  the  compression  at  the  poleq 

2$5»  »Wly  a  mwp  between  the  two  limits  jw| 

■  ■    ■■      ■   "■    '  ■   '  ■  ■     m  ■  ■  i*  ■■■  ■     ■■  ■>         — *— — — » 

«  From  the  Transactions  of  the  Royal  Society  of  Edi**' 
burgh;  Vol  V. -(lMfO^-Blk 
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mentioned ;  and  it  is  probable,  that,  if  the  com- 
pression is  less  than  this,  it  is  owing  to  the  increase 
of  the  density  toward  the  centre.  Boscovich,  tak- 
ing a  meaq  from  ail  the  measures  of  degrees,  so  as 
to  make  the  positive  and  negative  errors  equal, 
found  the  difference  of  the  axes  of  the  meridian 

=--•     By  comparing  the  degrees  measured  by 

Father  Leisganig  in  Germany,  with  eight  others 
that  have  been  measured  in  different  ktatude*,  La- 

lande  finds  s-,  and,  suppressing  tlje  degree  in 
Lapland,  which  appears  to  err  in  excess,  —  for  the 
cpppression.     JLaplace  makes  it  ggy }  Sejour  ^p 

apd,  lastly,  Carouge  and  Lalande  ^^ 

.  These  results,  which  reduce  the  eccentricity  of 
the ;  meridians  ao  much  lower  than  was  once  sup- 
pc^ed,  agree  well  with  the  observations  of  the 
lwgth  of  th#  pendulum  made  in  different  latitudes* 
T^ere  the  earth  a  homogeneous  body,  Sir  Isa^c 
Newton  demonstrated,  that  the  diminution  of  gra- 

tfty  under  the  equator  would  be  ^=^>  expressed 

by  the  same  fraction  with  the  compression  at  the 
poles.  Clairaut  made  afterwards  a  very  import- 
ant addition  to  this  theorem;  for  he  showed, 
that,  if  the  earth  be  not  homogeneous,  but  have  a 
density  that  varies  with  any  function  of  the  dis- 
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tfcnce  from  the  centre,  the  two  fractions,  express- 
ing' the  compression  at  the  poles,  and  the  diminu- 
tfaii~0f  gravity  at  the  equator,  when  added  together, 
tikM  be  of  the  same  amount  as  in  the  homogeneous 

spheroid,  that  is,  must  be  =^5  or  — .     Now,  the 

anqopda  pendulum  is  concluded,  from  the  best  and 
rapt  recent  observations,  to  be  longer  at  the  pole 

than  at  the  equator  by  j^9  and  this,  taken  from 
jjjp  leaves  —^  for  the  compression  at  thg  pole*. . 

r    1  I  •     t 

.  £•  But  though  — ,  or  some  fraction  not  very 

different  from  it,  should  be  admitted  as  the  moat 
probable  value  of  the  compression,  or  ellipticity,  m 
it  is  called,  of  the  terrestrial  spheroid,  it  still  re- 
mains to  be  explained,  why  all  the  observations, 
considering  the  care  with  which  they  have  been 
made,  do  not  agree  more  nearly  with  this  conclu- 
sion. Among  the  causes  that  may  be  assigned  for 
tins  inconsistency,  though  unavoidable  mistakes, 
and  the  imperfection  of  instruments,  must  come  in 
for  a  part,  there  can  be  little  doubt  that  local  irre- 
gularities in  the  direction  of  gravity  have  had  the 
greatest  share  in  producing  it.  Of  these  irregu* 
larities,  that  which  arises  from  the  attraction  of 
mountains  has  had  its  existence  proved,  and  its 
quantity,  in  one  case,  ascertained,  by  the  very  ac- 
curate observations  of  the  presentAstronomer-Royal 


288  gHMpUtfif  *M-AXUH?  TO 

at  Schehallien  in  Perthshire.  We  may  trace  fch* 
operation  of  this  cause  in  many  of  the  degrees  thtfi 
have  been  actually  measured*  Thus,  in  the  degree 
4t  Turin,  when  divided  into  two  parts,  and  mtk 
estimated  separately,  that  which  was  to  the  north 
of  the  city,  and  pointed  toward  Monte  Rosa,  the 
second  off  the  Alps  in  elevation,  and  the  fist  per* 
haps  in  magnitude,  was  forad  greater  in  propor- 
tion, th^o,  that  toward  the  soqth,  the  plummet  hav- 
ing been  attracted  by  the  mountain  above  mention* 
ed,  and  the  zenith  made  of  consequence  to  recede 
toward  the  south.  There  are  no  doubt  situations 
ito  which  the  measurement  of  a  small  arch  might, 
from  a  similar  cause,  gift  themfliusof  curvature  of 
the  meridian  infinite,  or  even  negative. 

But  there  is  another  kmd  of  local  irregularity  in 
the  direction  of  gravity,  that  may  also  have  had  a 
great  effect  in  disturbing  the  accuracy  of  the  mea- 
surement of  degrees.  The  irregularity  I  mean  ia 
one  arising  from  the  unequal  density  of  the  mate- 
rials under  and  not  far  from  the  surface  of  the 
earth;  and  this  cause  of  error  ia  formidable,  not 
only  because  it  amy  go  to  a  gnrat  extent,  but  be- 
cause there  is  not  any  riaiWe  mark  by  which  its  ex«, 
istenee  can  always  be  distinguished.  The  differ- 
ence between  the  primary  and  secondary  strata  is 
probably  one  of  the  chief  circumstances  on  which 
this  inequality  depends.     The  primary  stmts,  e*» 

peciaHyif  we  include  amopg  them  the  granite*  may 

it 
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uften  fcavethree  times  the  specific  gravity  of  wate^, 
nhim  the  secondary,  such  at  the  marly  and  at- 
gilhiiUHU  frequently  have  not  more  than  twice  the 
.specific  gravity  of  that  fluid.  Suppose,  then,  that 
a  degree  is  measured  in  ft  country  where  the  strata 
aee  ail  secondary,  and  happens  to  terminate  natr 
tfe  junction  of.  thesd  with  the  primitive  or  denser 
strata,  the  line  of  which  junction  we  shall  alao  a*p» 
foqe  to  liaLnearly  east  and  west;  the  superior  at- 
rtncti>n  of  the  denser  rtraia  muet  draw  the  phra* 
aiet  itoward  them,  and  make  the  zenith  retire  in  (ho 
opposite  direction ;  thus  diminishing  the  ampiitmte 
of  thtf  celestial  arieh^  and  increasing,  of  lonsequenpe, 
|fe  geodaifiesi measure  assigned  to  a  degree.  .Fata 
supposition^  no  way  improbable,* concerning  the 
density  «d  extent  of  such  masses  of  strata,  I  have 
Ipfmd  dhat>the  errors,  thus  produced,  may  eaafy 
amount  to  ten  or  twelve  seconds. 
.j  3.  While  we  contigue  to  draw  our  conclusions, 
jflkiul  tfce  figure  of  the  efaith,  from  the  meatare- 
ptept  ©f  «ygle  degrees,  $ere  appears  to  be  no  way 
of  qypiding, of  even  of  diminishing,  the  effects  of 
these  errors.  But  if  the  arches  measured  are  large, 
and  consist  each  of  seVefal  degrees,  though  there 
ahould  be  the  same  error  in  determining  their  ce- 
lestial amplitudes,  the  effect  of  that  error,  with  re- 
spect to  the  magnitude  and  figure  of  the  earth, 
will  become'  inconsiderable,  being  spread  out  over 
i  greater  Interval ;  and  it  is,  therefore,  by  the  com- 
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patiaon  of  two  such  arches  that  the  most  accurate 
result  is  likely  to  be  obtained-  But,  in  pursuing 
this  method,  since  the  arches  measured  cannot  te 
treated  as  auaQ  quantities,  or  mere  fluxions  of 
the  earth's  circumference,  the  calculation  must  he 
made  by  rules  quite  different  from  those  that  hate 
been  hitherto  employed.  These  new  rales  are  de- 
dnecd  from  the  following  analysis. 

**  Let  the  ellipsis  ADBE  (fig.  «0)  repre- 
sent r  meridian  passing  through  the  poles  Dand 
£*  and  dotting  the  equator  in  A  and  B.  Let  C 
lie  the  centre  of  the  earth,  AC,  lie  radius  of  the 
equator,  t±ro,  and  DC,  half  the  polar  axis,  =sft.  Let 
JPG  be  any  *ery  small  arch  of  the  meridian,  haying 
ils  centre  of  curvature  in  H  i  join  HF,  HG  cut- 
ting AC  in  K  and  L.  Let  9  be  the  measure  of 
the  latitude  of  F,  or  the  measure  of  die  angle 
AKF,  expressed,  not  in  degrees  and  minutes,  but 
tn  decimals  of  the  radius  I ;  then  the  excess  of  the 
angle  ALG  above  AKF,  thai  is,  the  angle  LHK 

dr  GHF  will  be  =*,  and  therefore  FG=f  xFH. 

Also,  if  the  elliptic  arch  AF=i,  FG=*=?>xFH. 

But  FH,  or  the  radius  of  curvature  at  F,  is  = 

f~ — =OT,(lI^-^l*«^l,^+■A,8m,^)     %    as 

x —  r       mmmm  Tt 

»   t  » ' »  ' 

is  demonstrated  in  the  conic  sections.  Therefore, 
if  c  be  the  compression  at  the  poles*  or  the  excess 
of  a  above  b%  b9=t?r-2ae+c*9tw  because  c  i^  small 
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in  comparison  of  4$  if  we  reject  its  powers  higher 
than  the  first,   V=c?—£ac>  and  FH^^a-ac) 

But  (a* — %ac3\n*<p)    fsa     (1- sin,0)"ta"»=a 

(i'¥^«ihV)  twarly,  rejeetihg,  *s:  before;  the  term* 


it  . 


'<v   io  jih.  ■  .  *Y  ......  ..  .. 

th*  htfoWe  *V  *c.  JHence  FH;*(^*x*+y»Wtf 

'  *  Now  ztr^x  FH9  -  theixffdre  «?(«— ftr+3**to  V) 

•  *  *  .»,  ••«• 

=Cc^-2c)f+|c^ sin*^   .fBut-^a.V^5 ^/therefore 

■■•  '■  ■    *  •  ■'■•*•  4  •    Sc* ,v         V-    r*  *  '  i      -«"    4i 
x=(fl~&)f+^^-^co«2f,  and  taking  the  fluent 

*trrii^y^--ifti*p.    To  this  value  of  z  no  cbh- 

stant  quantity  is  to  be  added,  because  it  vanishes 
when  ,3=0. 

Tliereforg  an  arch  of  the  meridian,  extending 

Jfronaj ;  the  equator  to  ajigf  latitude  p,  is  ==a?--|f  h- 

4'^^V*'*  '.,"'«.J.     ,t-     ..     .  : 

g««>2fj-..    ..    .  . 

5.  This  theorem  is  also  easily  applied  to  mea- 
sure an  arch  of  the  meridian,  intercepted  between 
^'tw^ffenffleto  itf  thfc^atar;  v;  «  1 

Thus,  if  MN  be  any  arch  of  the  meridian,  .#Jfcfee 
latitude  of  Af ,  one  of  its  extremities,  an$  V  that 
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K\~-         ."    .  ■  ,;r.' 


AN=^-.|^+|«n«^y    Therefore  the  areh 

6.  If,  therefore,  MN  be  an  arch  of  several'  de- 
gree* of  the  meridian,  tlpa  }?9g$h  of  wjtfch  is  knowp 
by  actual  measurement,  and  also  the  latitude  6f  its 
two  extremities  AC  and  N;1  this  list  fowklsi  glvsi 
us  an  equation,  in  which  a  and  c  are  the  only  un- 
known quantities.  In  the  same  manner,  by  the 
measurement  of  another  arch  of  the  meridian,  an 
equation  will  be  found,  id  Which  a  and  C  are  like- 
wise the  only  unknown  quantities.  By  a  compari- 
son, therefore,  of  these  two  equations,  the  values  of 
a- and  c,  that  is  of  the  radios  of  the  equator,  and  its 
excess  above  the  polar  axis,  may  bet  determined. 

Thus,  if  /  be  the  length  of  ah  arch  measured,  m 
the  coefficient  of  a9  and  n  of  c,  computed  by  the 
last  formula ;  and  if  /'  be'  the  length  of  any  other 
arch,  wf  the  coefficient  ofd^dtoArttfc,  computed 
in  the  same  manner,  we  have  ma — nc=l, 

and  m'a — n'c=V. 

w  hence  <^—~^  cT:mhyfffn  **a  «-  */_£; 
It  may  be  useful,  in  the  numerpoal  calculation,  to  qfe- 
'ikftye-  alscy  flurtJ  te^sf,      •     ,;     {<  ' 
7-  TTie  aiA  p^^ 
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tured  in  Peru,  compared,. with  that  measured  in 
France,  will  afford  an  example  of  the  application  of 
ftese  fohnufos.  "  ' 

The  amplitude  of  the  arch  measured  iit  Peril 
Was  $\ 7%  1%  and  its  length  1 76940  toises.  To 
refliiee  this  to  the  level  of  the  sea,  above  Which  it 
was  elevated  1226  torses,  66  toises  must  be  sub- 

•    *  ■»  ■*  ***  •  *  f 

tttcted,  and  again  12  toises  addld  to  adapt  ft  tb 
the  mean  temperature  of  the  atmosphere.  Thus 
corrected  it  is  1 76886  toises.  Tie  arch  measured 
bggita  36'  north  of  the  equator,  and  extended  to 
thd  parallel  of  3°.  6\  25  south j  we  shall  suppose 
it  to  have  begun  under  the  eqiiator,  and  to  have  ex- 
tended to  the  parallel  of  3°.  7'*  1%  a  supposition  which 
can  produce  no  sensible  errof,  and  will  Somewhat 
simplify  the  calculation.  Thus  ?,  in  the  precedhfc 
ftitaula,  is  an  arch  of  3°.  7'.  1"  expressed  in  deci- 
mals of  the  radius  1,  and  so  we  have  m -.0544009, 
n±.  1086408,  and /=  176886. 

Again,  the  amplitude  of  the  whole  arch  measured 
ki  France  from  Dunkirk  to  Perpignan  is  8°.  20'.  2"b 
and  its  length  475496  toises.  The  northern  extre- 
mity of  this  arch  is  in  latitude  51°.  2'.  1%  and  the 
southern  in  42°.  41*.  V58T  Hence  ^=.890704^ 
and  r-.7452450,  arid  therefore  ro'=.1454580f 
tf=.Q&5735,  /=  475496. 


m!l — ml 


e=  —7 — t  =      10917  toises, 


£88  THEOREMS  RELATING  TO 

Wherefore  also  the  longer  axis  of  the  meridian  ia 
to  its  conjugate,  or  a  is  to  b  as  300  to  299. 

This  proportion  agrees  well  with  that  which  was 
already  pointed  out  as  the  most  probable  result, 
from  the  comparison  of  single  degrees,  and  from 
observations  of  the  pendulum.  As  these  conclu- 
sions are  obtained  by  different  methods,  tbey  tend 
greatly  to  confirm  one  another. 

8.  From  this,  too,  it  seems  highly  probable,  that 
the  uncertainty  which  yet  remains  with  respect  to 
the  true  figure  of  the  earth  will  be  entirely  removed 
by  the  measurement  of  some  other  considerable 
arches  of  the  meridian.  Such  an  arch,  will  be  fur- 
nished by  the  survey  of  Great  Britain  begun  by 
General  Roy,  and  still  continued  in  a  style  of  accu- 
racy so  much  superior  to  any  other  system  of  geo- 
metrical operations  that  has  ever  yet  been  executed. 
In  drawing  the  conclusions  from  observations  made 
with  such  exactness,  it  may  be  necessary  to  employ 
a  more  accurate  approximation  than  has  been  done 
in  the  preceding  formula:,  by  retaining  the  second 
power  of  c.  The  equations  to  be  resolved  will  thifs 
become  of  the  second  order,  but  as  the  unknown 
quantities  can  be  nearly  found  by  the  solution  of 
a  simple  equation,  the  farther  approximation  to 
their  true  values  will  be  accompanied  with  hO  diffi- 
culty. 
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9.  Concerning  this  farther  approximation,  it  may 
be  useful,  however,  to  remark,  that  if  c*  be  retain- 
ed, its  coefficient  in  the  formula  of  §  4,  will  be  — 

°  16a 

f<p+—  sin4f  j ;  and  therefore,  in  the  formula  of  § 

5,  it  Will  be  -jL  (?*—<?> '+ ^  (sin^— 8in4j/)  Y 

If  then  the  quantity  j^(V— ?+~(s\n4<p*— 

sfo4f )  Y  computed  for  any  arch  of  the  meridian,  be 

put  —g9  and  the  same,  computed  for  any  other 
arch,  be  =g\  the  equations  of  §  6  will  become 

ma — nc+*— =/t  and 
a       * 


ma — w 


10.  Here  if  we  put  d  for  the  value  of  <r,  as  given 
by  the  formula  — - — r :  and  h  for  the  value  of  c. 


as  given  by  the  formula  — — r-,  also  v  for  the 


correction  to  be  made  on  d,  and  u  for  the  correc- 
tion to  be  made  on  A,  so  that  a=d+vf  and  c^h+u, 
by  substituting  these  values  of  a  and  c  in  the  two 

last  equations*  we  have  ikv—^+^—^—O,  and 

Hence,  rejecting  all  the  terms  that  involve  tf ,  u?, 
or  up,  we  have  dnw—4nu+g?f+tgkv=09 
and  dfrfv—dffu+g'J?+2g'hv=0* 

VOL.  III.  T 
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Therefore,  •=  ,  .       <*£?**-,  w.,  also 


g'h*(dm+2ehy-gh*(dm'+2z'k) 
—      dn'(dm+2ghy—dn(dm'+Vg'ky 

And,  again,  by  rejecting  those  terms  that  are  small 
in  comparison^  the  rest,  p=    S^jj^f  /  >  an^ 

{/(Jt'm — Jim') 

Thus  v  and  t*  are  found,  and  of  consequence 
d+v  and  h  +  u>  that  is  a  and  c,  without  neglecting 

any  terms  that  are  not  of  an  order  less  than  — ; 

and  when  it  is  considered  that  —  is  less  than  5o£gg» 

it  will  readily  be  allowed  that  it  is  quite  unnecessary 
to  carry  the  approximation  farther. 

11.  The  same  thing  that  renders  the  compari- 
son of  large  arches  of  the  meridian  useful  for  les- 
sening the  effect  of  errors  arising  from  irregulari- 
ties  in  the  direction  of  gravity,  makes  it  serve  to 
diminish  the  effect  of  all  the  errors  of  the  astrono- 
mical observations  at  the  extremities  of  the  arches, 
from  whatever  cause  they  arise.  They  are  all  dif- 
fused over  a  greater  interval,  and  have  an  effect  pro- 
portionally less  in  diminishing  the  accuracy  of  the 
last  conclusion. 

12.  The  measurement  therefore  of  large  arches 
of  the  meridian,  especially  if  performed  in  distant 
countries,  is  likely  to  furnish  the  best  data  for  as- 
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certaining  the  true  figure  of  the  earth ;  and  on  this 
account  extensive  and  accurate  surveys,  such  as  that 
above  mentioned,  are  no  less  interesting  to  science, 
in  general,  than  conducive  to  national  utility.  The 
survey *of  this  Island,  when  completed,  will  furnish 
an  arch  of  the  meridian,  beginning  at  the  same 
parallel  where  that  measured  in  France  terminates, 
and  nearly  of  the  same  extent,  so  that  the  length 
of  an  arch  of  more  than  16°,  or  almost  a  twentieth 
of  the  earth's  circumference,  will  become  known. 
The  different  portions  of  this  arch  compared  with 
one  another,  or  with  the  arch  measured  in  Peru, 
will  afford  a  variety  of  data  for  determining  the  true 
figure  of  the  earth. 

But  surveys  of  the  kind  now  referred  to,  afford 
likewise  other  materials  from  which  the  solution  of 
this  great  geographical  problem  may  be  deduced. 
These  are  chiefly  of  two  sorts,  viz.  the  magnitude 
of  arches,  either  of  the  curves  perpendicular  to  the 
meridian,  or  of  the  circles  parallel  to  the  equator. 
Examples  of  the  first  of  these  have  been  given  by 
General  Roy  and  Mr  Dalby ;  the  observations 
which  follow  are  directed  toward  both. 

Is.  With  respect  to  the  measurement  of  arches 
perpendicular  to  the  meridian,  it  may  be  observed*; 
that  the  directions  of  gravity  at  different  points  of 
such  arches  do  not  intersect  one  another  at  all,  un- 
less the  distances  of  those  points  from  the  said  me- 
ridian be  very  small.  On  this  account  the  measure- 
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iuent  of  a  laige  arch  perpendicular  to  the  meridian 
amnld  involve  in  it  considerable  difficulty j  to  avoid 
/vfcioh  it  IB  necessary  that  the  arch  measured  be  hut 
anall9  or  one  that  dees  not  greatly  axceed  a  single 
dagvee.  Such  measurements  we  of  course  ohoa*U 
#us  to  all  the  errors  that  arise  from  the  deflection 
pf  the  plumb-line,  and  cannot  therefore  lutaieh 
fat*  ibr  determining  the  figure  of  the  earth,  equally 
whiaUa  with  those  which  may  be  derived  fipom 
laqge  arohes  *>f  the  meridian.  The  method  of  do* 
tfanaitung  the  figure  of  the  oarth,  from  degrees  of 
(be  perpendicular  to  the  meridian,  is  not  however 
without  its  advantages,  and  in  ceifrife  circumstance* 
is  preferable  to  any  other  that  praoeeds  ty  tbe  mea- 
surement of  arches  equally  small.  This  method  is 
twofold ;  as  a  degree  of  the  meridian  «nay  be  com- 
pared  with  a  degree  of  the  perpendicular  to  it  in 
the  same  latitude  j  or  two  degrees  perpendicular  to 
thfe  meridian,  in  different  latitude*  may  he  vom* 
paced  wkb  one  another.  The  advantages  peculiar  to 
epeh  pill  appear  from  the  following  investigation. 

I*.  L*t  it  be  required  to  find  the  *xea  of  an 
elliptic  spheroid,  from  comparing  a  degree  of  the 
meridian  in  any  latitude  with  a  degree  of  the  curve 
pefpendicukr  to  the  meridian  in  the  same  lati- 
tude* 

Let  (he  ellipsis  ADBE  (fig.  20.)  repieaeat 
a  aseridkn,  of  which  a  degree  is  measured  at  F. 
Lrtithe  perpendicular  to  the  meridian  in  F  meet 
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the  tew  Mis  DE  in  R.  The»  RviUbttft*  ceafar* 
of  curvature  of  the  circle  cutting  the  meridian  a^ , 
right  angles  in]?  x  for  at  any  point  in  that  circle  in- 
definitely  near  to  F,  the  direction  of  the  plumb- 
line,  or  of  gravity,  as  it  always  passes  through  th* 
wsDi;  will  cut  DEift  Ri  it.  witt  therefore  a)so 
intersect  FR  in  R*  w  that  Ri&tke  qeotre*  W$ 
RF  the  radium  of  curvature  of  the  perpendicular  to 
the  meridiOT.  Let  H  be  the  centre  of  cmyature 
of  the  meridian  itself  at  F :  draw  FO  perpendicular 
to  DE,  and  let  the  latitude  pf  F,  pr  the  angle 
OFR=f.  Also  let  AC=a,  CD=£,  and  a— 6=c9 
as  befortw 

Then  from  the  nature  of  the  ellipsis,  FO  = 

/*  '^t,    ^  «*  because  sinFRO :  1 : :  FO ;  FR, 

that  is,  cqgp:i::FO;FR>FR=  ,  m    f  lt,    ,?  and 

this*  therefore,  is  the  radius  of  curvature  of  the 
section  of  the  spheroid  perpendicular  to  the  meri- 
dian at  F.     But  the  radius  of  curvature  of  the  me- 

ridian  at  F,  that  is  FH  =  .  4  m  ,  -,  therefore 
FR..FH::— - x: ^ J9  and  di- 

riding  both  by - — . j,  we  have  F&:EI1&£ 

(a2cosp,+ tomf*)* 
a*cos<f+bH\i\q?  1 6*. 

15.  If  then  D  be  the  length  of  a  degree  of  the 
meridian  at  R  and  D'  tta  length  of  Adcmeof  the 
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circle  at  right  angles  to  it,  D'.D:  :<*cos?*+A*mp>:P 
and  p  =    ^g 2L=^cos^+«in^.    Hence  ^ 


a 


s 


^Ai^=ryoo^andT=— — 

This  last  formula,  therefore,  gives  the  ratio  of  a 
to  B  when  D,D'  and  <p  are  known. 

16.  To  find  a  and  £  themselves,  if  m  =57. 2957, 
Ac*  or  the  number  of  degrees  in  the  radius,  so  that 

siiy^FRs jt  and  *ince  it  has  been 

(a*C08<p*+bhin<p*y 


already  shown  that  £  =  Dgo^    ,  or  6*=  ^a 


therefore  mD 


D 


a*C08f*+  jp — 2: —  X  smf\  * 

/      ggiDf»     x4and  «=miyco.fyi"7^- 

d; 

Now  i_i_    «p^    _      p      -      i 
now,  l  +  _ =i- — . —  - — _ , 

therefore «       mDW 


17*  This  value  of  a  is  very  convenient  for  loga- 
rithmical  calculation ;  for  if  am  ^rn  be  computed. 
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it  will  always  be  less  than  1,  because  EK  is  greater 
than  D,  and  therefore  may  be  taken  for  the  sine 

— 5 

l— jywo^  will  of 

coarse  be  the  cosine,  so  that  a-mDco*?* 

COS-v)/ 

The  same  method  may  be  used  for  finding  | 

from  the  formula  in  §  15. 

In  the  same  manner  that  a  has  been  found,  we 

will  obtain  bz=r- — ^  cos^ — jp. 

If  we  examine  these  formulas  in.  the  extreme1 
cases,  viz.  when  ?=90°,  and  when  p=0,  we  shall 

have  in  the  former  case  0=59  because  cos?~0,  and 

also  iy=D,  so  that  1 — ~sinV=0.  Here  there- 
fore a  is  indefinite,  and  fray  be  of  any  magnitude  ' 
whatever ;  and  it  is  evident  that  this  is  the  result 
which  the  formula  ought  to  give :  because  at  the 
pole,  or  when  9=90°,  the  perpendicular  to  the  me- 
ridian is  itself  a  meridian,  and  therefore  the  mea- 
surement of  the  two  degrees,  D  and  EK,  is  but  the 
same  with  the  measurement  of  one  degree. 

When  9=0,  that  is  at  the  equator,  the  circle  per- 
pendicular to  the  meridian  is  the  equator  itself,  and 
we  have  then  a=7H EK,  a  being  determined  in  this 
case  by  the  degree  of  the  equator  alone.  Here  al- 
so We  have  5=  Vjt»  which  is  known  to  be  true. 
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18«  The  preceding  formulas  may  be  rendered 
mare  simple,  if  we  aim  only  at  an  approximation 
which  indeed  is  all  that  is  necessary  in  this  inquiry. 
Since  c  denotes  the  compression,  or  since  a—c=59 
and  therefore  a*— 2ac=£*  nearly,  consequently  t&e 
radius  of  curvature  of  the  meridian  at  F,  that  is 

*D=  —5 *-r=: x  =(o— 2c)(l— 

(a»— *acsin?*)*     a*(l—  —  sin  f)i 

3c 

— einf1),  or  mD=a — gc+Scsinf*.    In  the  same  manner 

mD=a+csiw\    From  these  equations  we  obtain, 
rejecting  always  the  higher  powers  of  c, 

«(D'-D) ^    «(D'-P>ing»  ,.^c_D^— P 

2cosf*    '  a-m1^  2c0S^        •  "■■  a~ 20'co*^ 

These  formulas  may  be  transformed  into  others 
a  little  more  convenient  for  computation,  by  put- 
ting seep*  instead  of  ^— ^  and  tan^2  instead   of 

-^  J  w^  have  then, 

COB  J* 


-•    cai(iy^D)8ec^, 


2 
a=wD'—  h(d'— D)tan^,  and 


a  2D'     DCV^- 

19.  We  may  apply  these  formulas  to  the  compu- 
te, from  the  degrees  of  the  meridian 


c 
a 


and  perpendicular,  measured  in  the  south  of  Eng- 
land.   We  find,  in  one  example,  (Phil.  Trans. 
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1795,  p.  537.)  that  D= 60851  fathoms,  jy*t 
6118%  the  latitude,  or  f  being  =  50°. 41'.    From 

tIU83~2P'co*fp~    2x6118?(cos50°.41,)f   ""  148.4* 

which  is  nearly  the  same  result  with  that  deduced 
in  the  passage  just  referred  to.  Indeed,  the  solu- 
tion of  this  problem,  contained  in  the  Trigonome- 
trical Survey,  is  quite  unexceptionable;  and  the 
theorems  here  offered  are  not  given  as  containing  a 
more  accurate  solution,  but  one  that  is  in  some  re* 
spects  more  simple. 

The  above  compression,  if  the  remarks  already 
made  be  well  founded,  is  much  too  great,  being 
more  than  double  of  what  was  obtained  from  com- 
paring the  whole  arch  of  the  meridian  measured  in 
France  with  the  whole  of  that  measured  in  Peru, 
At  the  same  time  it  is  right  to  observe,  that  all  the 
other  comparisons  of  the  degrees  of  the  meridian, 
with  those  of  the  curve  perpendicular  to  it,  made 
from  the  observations  in  the  south  of  England, 
agree  nearly  in  giving  the  same  oblateness  to  the 
terrestrial  spheroid.  For  this  circumstance,  it  is 
certainly  not  easy  to  account ;  the  unparalleled  ac- 
curacy with  which  the  whole  of  the  measurement 
has  been  conducted,  makes  it  in  the  highest  degree 
improbable  that  it  arises  from  any  error ;  and  even 
if  errors  were  to  be  admitted,  it  is  not  likely  that 
they  should  all  fall  on  the  same  side.  The  authors 
of  the  Trigonometrical  Survey  seem  willing,  there- 
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fore,  to  give  up  the  elliptic  figure  of  the  earth, 
{Ibid.  p.  527  0  hut  before  we  abandon  that  very 
natural  and  simple  hypothesis,  it  may  perhaps  be 
worth  while  to  attend  to  the  following  considera- 
tions. 

20.  In  the  part  of  England  where  the  measures 
we  are  now  treating  of  have  been  taken,  the  strata 
are  of  chalk,  and  though  of  great  extent,  are  bor- 
dered, on  all  sides  that  we  have  access  to  examine 
by  strata  much  denser  and  more  compact.   Toward 
the  west,  the  chalk  is  succeeded  by  limestone,  and 
that  limestone  by  the  primitive  schistus  and  granite 
of  the  west  of  Devonshire  and  of  Cornwall.     On 
the  east  we  may  suppose  that  something  of  the 
same  kind  takes  place,  though  the  sea  prevents  us 
from  observing  it,  as  the  chalky  and  argillaceous 
beds  extend  in  this  direction  to  the  coast,  and  pro- 
bably to  some  distance  beyond  it.    Now  the  meri- 
dian of  Greenwich  may  be  considered  as  dividing 
the  tract  of  country  occupied  by  these  lighter  strata, 
into  two  parts,  in  such  a  manner,  that  the  plummet 
being  carried  to  a  distance  from  it,  either  east  or 
west,  approaches  to  the  denser  strata,  and  is  of 
course  attracted  by  them,  so  that  the  zenith  is 
forced  back,  as  it  were,  to  the  meridian  of  Green- 
wich, and  does  not  recede  from  it,  in  the  heavens, 
at  so  great  a  rate  as  the  plummet  itself  does  on  the 
earth.     Hence  the  longitudes  from  this  meridian, 
estimated  by  the  arches  in  the  heavens,  intercepted 

8 
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between  the  zenith  and  the  said  meridian,  will  ap- 
pear less  than  they  ought  to  do ;  and  too  muck 
space  on  the  surface  of  the  earth  will,  of  conse- 
quence, be  assigned  as  the  measure  of  a  degree. 
In  this  way  D'  is  made  too  great ;  and  we  may 
suppose  the  circumstances  such  that  D,  on  going 
north  or  south,  is  not  enlarged  in  the  same  proper- 
tion;  hence  — 57—  w^  be  augmented,   and  of 

course  -  will  be  represented  as  too  great.  This  ex* 

planation  may  perhaps  appear  very  hypothetical, 
and  it  is  certainly  proposed  merely  as  a  hypothesis. 
It  is  a  hypothesis,  too,  that  lays  claim  only  to  a 
temporary  indulgence,  as  it  is  proposed  at  the  very 
moment  when  it  may  be  brought  to  the  trial,  and 
when,  by  a  further  continuation  of  the  survey  to- 
ward the  north,  it  will  probably  be  determined  how 
far  the  distribution  of  the  strata  of  this  country  af- 
fects the  direction  of  gravity.  It  will,  indeed,  be 
curious  to  remark  what  irregularities  take  place  on 
advancing  into  the  denser  strata  of  the  north.  The 
limestone  and  sandstone  strata  of  the  middle  part 
of  the  island  will  succeed  to  the  chalk  of  the  south, 
the  primitive  and  denser  strata  still  occupying  the 
west,  at  least  at  intervals,  as  in  Wales,  Cumber- 
land, and  Galloway.  Further  to  the  north,  that 
is,  beyond  the  Tay,  the  strata  become  entirely  pri- 
mitive, most  of  them  of  the  densest  kind,  and  in 
the  interior  of  the  island,  with  a  very  few  excep- 
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tiona,  continue  the  same  to  its  moat  northern  on 
toemity*  In  the  survey  of  Britain,  therefore,  seven 
rat  akuatioDB  must  occur  where  the  plummet, 
mg  from  lighter  to  denser  strata,,  ought  to  give 
locations  of  some  irregularities  m  the  direction  <ef 
the  gravitating  foroew  It  will  be  seen  hereafter 
how  far  theae  conjectures  are  verified  hy  experience. 
21.  A  remark,  that  is  in  no  danger  of  being 
reckoned*  hypothetical,  is,  that  the  conclusion  de- 
rived from  the  comparison  of  degrees  ef  the  men* 
dians  with  degrees  of  the  circle  perpendicular  to  it, 
becomes  of  necessity  more  liable  to  error  as  we  ad- 
vance into  higher  latitudes.  The  reason  is,  that 
whatever  error  is  committed  in  determining,  (be 
magnitude  of  D'—  D,  must  be  multiplied  into  the 
square  of  the  secant  of  the  latitude*  in  order  to 
give  its  full  effect  in,  changing  the  vtjue  of  the 


jjT—  )sec*p  j  now,  if  we  suppose  the  error  com- 


faotioB  -.    For  it  has  been  show**  that  t^i 

a  ax 

(iy— D' 
"BO 

milted  in  ascertaining  D— D  to  be  in  all  eases  the 

same,  the  error  of  the  fraction  — j^~  will  also  be 

in  all  caws  nearly  the  sane*  the  denominator  D' 
being  but  little  affected  either  by  the  supposed  errpv, 
or  by  the  change  of  latitude.  But  this  error*  which 
may  thus  be  considered  as  a  constant  quantity, 

when  multiplied  into  -  secV,  gives  the  variation  or 
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wror  in  -,  wliich  error  therefore  increases,  cceleris 

yari&us,  as  the  square  of  the  decant  of  the  latitude,  so 
that,  on  approaching  the  pole,  it  increases  without 
limit,  and  is  ultimately  infinite.  Comparisons  of  this; 
kind  may  therefore  be  expected  to  give  results  the 
more  accurate  the  nearer  they  are  to  the  equator, 
under  which  circle  they  will  be  the  most  accurate 
of  all.   Here,  again,  however,  another  circumstance 
must  be  taken  into  consideration,  viz.  that  the  me- 
thod of  ascertaining  the  differences  of  longitude  by 
the  convergency  of  the  meridians,  so  convenient  in 
surveys  of  this  kind,  is  applicable  only  iu  high  lati- 
tudes.    In  a  trigonometrical  survey,  therefore,  of  a 
country  lying  much  farther  south  than  Britain,  a 
different  method  of  ascertaining  the  longitudes  of 
places  must  necessarily  be  adopted. 

22.  The  theorems,  which  were  next  proposed  to 
be  considered,  are  those  that  determine  the  figure 
of  the  earth  from  the  measures  of  degrees  of  the 
curve  perpendicular  to  the  meridian,  in  different 
latitudes.  For  this  purpose  let  D'  be  a  degree  of 
one  of  these  curves,  in  the  latitude  ?',  and  D"  a 
degree  of  one  of  them,  in  another  latitude  ?"• 
Then  c  being  the  compression,  as  before,  We  have 
by  §  18,  roD'=a+csinV, 

and  also  fwD"=a+csinV\ 

Hence  m  (D'— D")=<sinV— «W),  and 

therefore  c=J^l==£^ 
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This  formula  may  be  rendered  more  convenient 
for  calculation,  by  considering  that  siny=  ~™**f-9 

X 

so  that  .my-riD^rr1-00'*?-1  +«*?- 

X 

cosgy-cosa^      g^  co,2p._COi2^=&ill(f,+f,) 

X 

Ain(p'— ^)Y  wherefore  finy—*inV=«n(f/-HO 

(,lD  «-*■>)•  md a^wt$tr-ry 

23.  In  the  same  manner,  because  miy=a+ 
csinV,  by  substituting  for  c,  we  have 

■iy=.+     -g^tt--,  and 

24.  Lastly,  since  wiD'=o+  csinV, 

and  mD-r==a+csinV, 
dividing  the  first  of  these  equations  by  the  second, 
and  rejecting  the  higher  powers  of  c,  we  have 

cp=  i+~(Mny— sin*^;,  and  therefore, 

— _ 
-  =  — 5! _.     Hence  also 

a     siny — sin*^ 

c  D*  ;  or  more  conveniently  for 


calculation  by  logarithms, 
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25.  We  may  compare  this  value  of  -  with  that 
obtained  in  §  18,  from  other  data,  in  order  to  de- 
termine which  of  the  two  methods  of  finding  -  is 

to  be  preferred,  under  given  circumstances.  Sup- 
pose, for  instance,  a  degree  of  the  curve  perpen- 
dicular to  the  meridian,  in  the  latitude  <f?  to  be  D*, 
and  a  degree  of  the  meridian  itself  in  the  same 
latitude  to  be  a'  ;  it  is  required  to  find  in  what 
other  latitude  ?",  a  degree  D",  perpendicular  to  the 
meridian,  must  be  measured,  in  order  that  the 
comparison  of  D'  and  D\  and  of  D'  and  a',  may 

give  values  of  -,  in  which  the  probable  error  is  the 

same. 

Here,  agreeably  to  an  observation  already  made, 
we  may,  in  order  to  estimate  the  error  produced  in 

t,  in  consequence  of  an  error  in  the  determina- 
tion of  D  and  D",  and  a',  suppose  the  error  to  af- 
fect D' — a',  or  D' — D"  only,  without  paying  any 
regard  to  the  variation  of  D'  in  the  denominator. 

c        D'—  A' 


Therefore,  since  by  §  18,  we  have  -  _ 

and  again,  by  §  24,  f =fi_^_,  if  we  sup. 

pose  equal  errors  in  determining  D' — a',  and  D' — 
D",and  also  that  these  are  the  only  errors,  their  effect 
will  be  the  same,  in  both  cases,  if  2cosV=siny— 
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sibV*  Now,  if  we  suppose  p"  the  quantity  sought, 
and  add  cosy  to  both  sides  of  the  preceding  equa- 
tion, then  Scof  ?=.&&?+ cofp — sirff^l—  siny 
-cos*?".  The  latitude  f  therefore  must  be  such, 
that  cos? "=  V3  x  cosf'.    If,  therefore,  f  be  such  that 

cosf  — -^♦the  cosine  of  f  will  be  =1  and  p"  thero- 

fore  =0#    Now,  54°  44'  is  the  arch  of  which  the 

cosine  =  -t£  nearly,  therefore,  if  a  degree  of  the 

meridian,  and  of  the  perpendicular  to  it,  be  mea- 
sured in  latitude  54Q  44',  the  comparison  of  these 
with  one  another  will  gire  a  result  as  accurate  as  if 
the  degree  of  the  perpendicular,  in  that  latitude, 
were  compared  with  the  degree  at  the  equator, 
and  more  accurate  of  consequence  than  if  any 
other  degree  of  the  perpendicular  to  the  meri- 
dian, were  to  be  compared  with  EK. 

26.  Hence,  also,  the  comparison  of  the  degree 
of  the  meridian,  and  of  the  perpendicular  to  it,  in 
the  south  of  England,  is  better  than  if  a  degree  of 
the  perpendicular  measured  in  that  latitude  were 
compared  with  a  degree  at  the  equator.  For  if,  in 
tfie  equation  cos  p"=(cos  ^r) J&,  we  make  P'=50° 
41',  (or  any  thing  less  than  54°.440  f  will  come 
out  impossible. 

27«  It  may  be  shown,  too,  nearly  in  the  same 
manner,  that  if  a  degree  of  the  perpendicular  to 
the  meridian  were  measured  in  Siberia,  as  far  north 
as  the  latitude  of  70°,  supposing  that  to  be  pos- 
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sible,  and  compared  with  a  degree  in  latitude  45% 
or  even  considerably  farther  south,  it  would  not 
give  a  result  so  exact  as  the  degree  of  the  meridian 
and  perpendicular  measured  in  the  south  of  Eng- 
land. This  shows,  that  the  method  of  ascertain- 
ing the  figure  of  the  earth,  proposed  by  the  au- 
thors of  the  Trigonometrical  Survey,  (Phil.  Trans* 
ibid,  p.  529»)  as  a  subject  of  future  inquiry,  is  less 
exact  than  that  which  is  founded  on  their  own  ob- 
servations. 

28.  We  may  also  ascertain,  by  the  same  means, 
the  relative  accuracy  of  the  method  of  finding  the 
figure  of  the  earth,  from  the  comparison  of  a  de- 
gree of  the  meridian  with  a  degree  of  the  perpen- 
dicular in  the  same  latitude,  and  of  the  method  of 
resolving  the  same  problem  by  the  comparison  of 
two  degrees  of  the  meridian  in  different  latitudes* 

If,  then,  D  be  a  degree  of  the  meridian,  and 
D  of  the  perpendicular,  in  latitude  ?,  and  if  a  be 
a  degree  of  the  meridian  in  a  different  latitude  <f/f 
it  is  required  to  find  whether  the  most  accurate 

value  of  -  will  be  found,  by  comparing  D  and  D7, 

or  D  and  a. 

Since  we  have,  by  what  has  been  already  stated, 
§4, 

tfiD=a— 2c+3csinV,  and 

m  a  =a — 2c+3csin* ¥%  we  have  also 

— e=  I H —  (ainV — sin  V)  and  therefore*  » 

VOL*  III.  U  5 
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» 

t D  — A 

a~~3  A  (sin'p— §in*f') 

Now,  it  has  been  already  shown,  that,  by  corn- 
ering D  and  D'  we  have  ^=J^y    Supposing, 

therefore,  equal  errors  to  be  committed  in  the  de- 
termination of  D — a,  and  of  D' — D,  and  also 
'paying  no  regard  to  the  inequality  of  a  and  D' 
in  the  denominators  of  these  fractions,  as  it  is  not 
so  great  as  materially  to  affect  the  quantity  that  is 

sought  for  here,  we  shall  have  the  errors  in  -  near- 
ly the  same  in  both  formulas,  when  <p  and  p  are 
auch  that  2cos*?=Ssin*? — SsinVt  or  when  -cosj?=: 
ain'f— sinV,  that  is,  adding  cos*?  to  both  sides, 
jcotffrrsinV+cos'f— sinV,  and,  therefore,  gcosfy^ 

1— sinff>'=cosy,  or  cosf  =(cosp)  V^# 

3 

99*  If,  therefore,  cosp=V-,  cosp'rrl,  that  is  ^=0, 

5 

so  that  a  ,  the  second  of  the  degrees  of  the  meri- 
dian, must  in  this  case  be  under  the  equator.     But 

-/|  is  the  cosine  of  39°.  14',  in  which  latitude 

therefore  if  D  and  D'  be  measured,  the  result, 
by  comparing  them  with  one  another,  is  as  exact 
as  if  D  were  compared  with  the  degree  under  the 
equator.  Hence,  if  D  and  D'  are  measured  in  a 
lower  latitude  than  the  above,  the  result  will  be 
more  exact,  than  if  D  were  compared  with  the 
degree  at  the  equator. 
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If  we  suppose  D  and  D',  measured  in  the  south 
of  England,  so  that  p=50\*l' ;  then  we  will  have 
fB=36*STi  so  that  D  must  be  compared  with  a  di» 
gree  of  the  meridian  as  far  south  as  35  :,.7\  ill  or* 
dor  that  the  result  may  be  as  good  as  when  D  and 
D'  are  compared  with  one  another. 

From  this  it  is  evident,  that  the  method  of  colli* 
paring  degrees  of  the  meridian,  and  perpendicu- 
lar in  the  same  latitude,  has  even  an  advantage 
over  the  comparison  of  degrees  of  the  meridian  in 
different  latitudes,  unless  these  last  are  taken  at  a 
considerable  distance  from  one  another. 

In  this  way  may  many  useful  conclusions  be  dep- 
rived concerning  the  degree  of  credit  due  to  mea* 
»|urement8  already  made,  as  well  as  with  respect  to 
the  selection  of  the  places  where  they  are  to  be 
made  hereafter.  On  these  I  shall  enter  no  finr* 
ther  at  present,  and  shall  only  add,  that,  besides 
the  advantages  or  disadvantages  which  the  method 
Of  comparing  together  degrees  of  the  meridian 
and  perpendicular  in  the  same  latitude  has,  and 
which  are  subjects  of  calculation,  it  has  another 
advantage,  which  in  the  case  of  the  British  survey 
is  undoubtedly  very  great,  viz.  that  all  the  date 
ire  furnished  from  one  system  of  trigonometrical 
operations ;  executed  according  to  the  same  plan, 
with  the  same  instruments,  and  by  the  same  ob- 
servers. 

da  One  other  application  of  geometrical  met* 

u 
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surements  to  discover  the  figure  of  the  earth  yet 
remains  to  be  considered.  This  is  the  comparison 
of  an  arch  of  the  meridian  with  an  arch  of  a  pa- 
railel  of  latitude  which  crosses  it*  The  measure 
of  a  parallel  of  latitude  can  be  executed  readily, 
and  is  not  confined  to  a  small  arch  as  in  the  case 
of  a  perpendicular  to  the  meridian.  The  plumb- 
line,  while  it  is  carried  along  the  circumference  of 
a  parallel  to  the  equator,  tends  continually  to  the 
same  point  in  the  earth's  axis,  so  that  there  is 
no  difficulty  in  ascertaining  the  amplitude  of  the 
arch  measured,  providing  there  be  no  unusual  dis- 
turbance of  the  direction  of  gravity.  As  an  arch 
of  a  parallel  to  the  equator,  however,  is  not  the 
shortest  line  between  two  points  on  the  surface  of 
the  spheroid,  the  measurement  along  that  surface 
will  not  give  the  length  of  the  arch  truly.  To  ob- 
viate this  difficulty,  it  is  only  necessary  to  follow 
the  method  so  properly  introduced  into  the  Trigo- 
nometrical Survey,  of  reducing  the  measures,  both 
of  lines  and  angles,  to  the  chords  and  to  the  planes 
of  the  rectilineal  triangles  contained  by  them.  In 
this  way,  the  chord  of  an  arch  of  a  parallel  of  la- 
titude may  be  determined,  however  great  the  arch ; 
and  it  is  worthy  of  being  remarked,  that,  whatever 
be  the  deflections  of  the  plumb-line  at  the  inter- 
mediate stations,  when  the  reductions  are  all  pro- 
jwrly  made,  the  length  of  the  chord  measured  will 

not  be  affected  by  them ;  the  amplitude  of  the  arch 

10 
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indeed  may  be  affected  by  such  deflections,  if  they 
happen  at  its  extremities ;  but  the  effect  of  this 
error  will  be  rendered  the  less,  the  greater  the  arch 
that  is  measured.  We  may  suppose,  therefore, 
that  the  chord  of  a  large  arch  of  a  parallel  of  la- 
titude is  measured,  and  the  amplitude  of  the  arch 
itself  at  the  same  time  accurately  ascertained* 
This  last  may  be  done,  either  by  measuring  the 
convergency  of  the  meridians,  if  it  be  in  a  high 
latitude,  or  by  any  other  method  of  ascertaining 
differences  of  longitude  which  admits  of  great 
accuracy.  The  chord  being  thus  given  in  fathoms, 
and  the  arch  subtended  by  it  being  given  in  de- 
grees and  minutes,  the  radius  of  the  parallel  itself 
becomes  known. 

31  •  Now,  if  we  would  compare  the  radius  of  a 
parallel  thus  found,  with  a  large  arch  of  the  meri- 
dian, we  shall  have  by  that  means  a  determination 
of  the  figure  of  the  earth,  not  less  to  be  relied  on 
than  that  given  in  the  beginning  of  this  paper. 
The  investigation  is  easy  by  help  of  the  theorems 
in  §  5  and  6.  Let  FO  be  the  radius  of  a  paral* 
lei  to  the  equator,  which  passes  through  F,  the 
latitude  of  which  is  p,  and  is  supposed  known ; 
and  let  FO  found  by  the  method  just  described 

be  =r,  then,  as  in  §  4,  r= 


fl2C08ft 


^a*cosp *+6*  sin  ft 

according  to  the  method  of  reduc 
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turn  followed  io  the  preceding  article*  of  this  paper* 
Then,  because  ^l si 0^=1  -f-sin?*   nearly,  we 


c 


have    r=  «.*!  +  -.i.?^=«c~p+c.}nf.c«>.ft  OT  if  we 
divide  by   **9* —**+c*n?'     Let  -—**'»  then 

S3.  Again,  if  ^  and  p*  are  the  latitudes  of  the 
extremities  of  an  arch  of  the  meridian,  the  length  of 
which  has  been  measured,  and  found  =ai$  then,  ac* 

cording  to  §  5,  we  have  r=a(<p*— f) — |  ^(p»_^)+| 

(•ins?* — sin2f')  V    If,  therefore,  m  be  the  coefficient 

of  a,  in  the  former  equation,  and  n  the  coefficient 
of  c ;  and  if  w/  be  the  coefficient  of  a,  in  the  latter 
equation,  and  n'  of  c9  we  have,  as  in  §  6, 


a\ 


r,  and  <=— 3 — r»  or  since  »x=l. 


f/i?/  — m  n  ran  — -m  /* 


33.  In  this  way  of  determining  a  and  c,  the 
parallel  of  latitude  may  either  intersect  the  arqh 
of  the  meridian  measured  or  not.  If  it  intersect 
that  arch,  this  method  may  have  the  same  advaa* 
tage  that  was  taken  notice  of  in  another  solution 
viz.  that  the  whole  of  the  data  may  be  furnished 
from  the  same  system  of  trigonometrical  operations. 
Thus,  in  the  survey  of  Great  Britain,  an  arch  of  5 
or  6  degrees  of  a  parallel  to  the  equator  might  be 
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measured,  and  compared  with  the  whole  length  of 
the  meridian,  comprehended  between  the  northern 
and  southern  extremities  of  the  Island,  amounting 
nearly  to  9  degrees. 

It  is  plain,  from  what  has  already  been  said,  that 
the  result  deduced  from  this  comparison  would  poft< 
sess  every  advantage,  and  would  be  entitled  to 
more  credit,  than  any  determination  of  the  figure 
of  the  earth  that  is  yet  known. 

34.  On  the  supposition  that,  in  the  survey  of  a 
country,  the  measurement  is  made  along  a  series  of 
triangular  planes,  all  given  in  position  and  magni- 
tude, there  is  yet  another  method  of  determining 
the  figure  of  the  earth,  more  general  than  any  of  the 
former.  On  the  supposition  just  mentioned,  it  ia 
evident,  that  the  length  of  a  straight  line,  or  chord, 
drawn  from  a  given  angle  of  any  one  of  these  tri« 
angles,  to  a  given  angle  of  any  other  of  them,  may 
be  found  by  trigonometrical  calculation.  Let  the 
latitudes  be  observed  at  the  extremities  of  this 
chord,  and  also  the  difference  of  longitude ;  then, 
from  the  nature  of  an  ellipsoid,  the  length  of  this 
same  chord  may  be  expressed,  in  terms  of  the  axes 
a  and  b9  together  with  the  latitudes  of  the  extreme 
ties  of  the  chord,  and  the  difference  of  longitude 
between  them  ;  and  this  expression  being  put  equal 
to  the  length  of  the  chord  measured,  will  give  an 
equation,  in  which  all  the  quantities  are  known,  ex- 
cept a  and  b.     Further,  if  a  =  b +c,  and  if  the  said 
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expression  be  reduced  into  a  series,  with  the  powers 
of  c  ascending,  that  series  will  converge  very  rapid- 
ly, because  c  is  small  in  respect  of  a ;  then,  for  a 
first  approximation,  we  may  reject  all  the  terms 
that  involve  the  powers  of  c  higher  than  the  first, 
by  which  means  we  shall  have  a  simple  equation  of 
the  form  ma+nc=lf  where  m  and  n  are  functions 
of  the  latitudes  and  difference  of  longitude,  and  /  is 
the  length  of  the  chord. 

'  Now,  if  a  similar  equation  be  derived  from  the 
Measurement  of  any  other  chord,  these  two  equa- 
tions will  give  a  and  c  in  the  same  manner  as  in 
§  6  i  and  thus,  from  the  measurement  of  any  two 
chords,  the  figure  of  the  earth  will  be  determin- 
ed. 

35.  The  length  of  the  chords,  thus  measured, 
should  be  great,  so  that  they  may,  if  possible,  sub- 
tend angles  of  several  degrees,  and  their  position 
will  be  most  favourable  when  one  of  them  is  in  the 
plane  of  the  meridian,  and  the  other  nearly  at  right 
angles  to  it.  The  numerical  computation  will  be 
found  less  laborious  than  might  be  imagined  ;  but 
the  complete  solution  of  the  problem,  and  the  full 
detail  of  the  investigation,  1  am  under  the  necessity 
of  delaying  to  some  future  communication. 

There  seems  to  be  but  one  difficulty  of  any  con- 
sequence that  stands  in  the  way  of  this  method  of 
determining  the  figure  of  the  earth.  Jt  arises  from 
this,  that  the  ascertaining  the  position  of  the  sup- 
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posed  series  of  triangular  planes  relatively  to  one 
another,  involves  in  it  the  allowance  to  be  made  for 
the  terrestrial  refraction,  which  it  must  be  confessed 
is  not  accurately  known,  and  is  the  more  difficult  to 
determine,  that  it  is  unavoidably  combined  with 
the  irregularities  in  the  direction  of  gravity.  It  is 
possible,  indeed,  to  separate  these  two  sources  of 
error,  but  not  without  a  system  of  experiments  in- 
stituted directly  for  that  purpose. 

36.  The  determination  of  the  difference  of  lon- 
gitude, which  enters  necessarily  into  this  problem, 
except  in  the  case  when  both  chords  are  in  the  di- 
rection of  the  meridian,  must  also  be  performed 
with  great  accuracy.  Among  the  different  ways 
of  doing  this,  that  which  proceeds  by  observing 
the  convergency  of  the  meridians,  though  the  best 
accommodated  to  the  nature  of  a  trigonometrical 
survey,  is  not  the  least  liable  to  objection.  For, 
not  to  mention  that  it  is  only  practicable  in  high 
latitudes,  we  must  observe,  that  it  always  implies  a 
correction  on  account  of  the  ellipticity  of  the  me* 
ridian,  which  is  therefore  necessarily  hypothetical, 
and  depends  on  the  very  thing  that  is  to  be  found. 
This  inconvenience,  however,  may  be  obviated  by 
repeated  approximations,  and  by  an  accurate  solu- 
tion of  spheroidal  triangles.  On  this  latter  sub- 
ject it  was  my  intention  to  offer  to  the  Society  some 
theorems,  that  contain  more  direct  and  fuller  rules 
for  this  kind  of  trigonometry  than  any  that  I  have 
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jet  met  with.  I  am  under  the  necessity,  however, 
of  reserving  these,  as  well  as  the  solution  of  the 
problem  above  mentioned,  for  the  subjects  of  some 
ftiture  communication.  In  the  mean  time,  I  think 
it  is  material  to  observe,  that  the  principle  laid 
down  by  Mr  Dalby,  vis.  that  in  a  spheroidal  tri- 
angle, of  which  the  angle  at  the  pole  and  the  two 
aides  are  given,  the  sum  of  the  angles  at  the  base 
is  the  same  as  in  a  spherical  triangle,  having  the 
same  sides,  and  the  same  vertical  angle,  is  not 
strictly  true,  unless  the  eccentricity  of  the  spheroid 
be  infinitely  small,  or  the  triangle  be  very  nearly 
isosceles.  The  application  of  the  principle  may 
therefore  lead  into  error,  unless  it  be  made  with 
due  attention  to  these  restrictions.  The  gentle- 
man just  named  will  forgive  a  remark,  which  I 
certainly  should  not  have  made,  if  I  had  been  less 
interested  for  the  success  of  the  work,  in  which  he 
has  assisted  with  so  much  ability. 


finis. 
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The  investigations  which  I  have  at  present  the 
honour  of  submitting  to  the  Royal  Society,  were 
suggested  by  the  experiments  which  have  been 
made  of  late  years  concerning  the  gravitation  of 
terrestrial  bodies,  first,  by  Dr  Maskelyne,  on  the 
Attraction  of  Mountains,  and  afterwards  by  Mr 
Cavendish,  on  the  Attraction  of  Leaden  Balls. 

In  reflecting  on  these  experiments,  a  question 
naturally  enough  occurred,  what  figure  ought  a 
given  mass  of  matter  to  have,  in  order  that  it  may 
attract  a  particle  in  a  given  direction,  with  the 
greatest  force  possible  ?  This  seemed  an  inquiry 
not  of  mere  curiosity,  but  one  that  might  be 
of  use  in  the  further  prosecution  of  such  expeii- 

*  From  the  Transactions  of  the  Royal  Society  .of  Edinb- 
urgh, Vol.  VI.  (180<)0— Ed. 
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ments  as  are  now  referred  to.  On  considering  the 
question  more  nearly,  I  soon  found,  though  it  be- 
longs to  a  class  of  problems  of  considerable  diffi- 
culty, which  the  Calculus  Variationum  is  usually 
employed  to  resolve,  that  it  nevertheless  admits  of 
an  easy  solution,  and  Miti  lading  to  results  of  re- 
markable simplicity,  such  as  may  interest  Mathe- 
maticians by  that  circumstance,  as  well  as  by  their 
connection  with  experimental  inquiries. 

In  the  problem  thus  proposed,  no  condition  was 
joined  to  that  of  the  greatest  attraction,  but  that 
of  the  quantity  of  homogeneous  matter  being  given. 
This  is  the  most  general  state  of  the  problem.  It 
if  evident*  however,  that  other  conditions  tnay  be 
combined  with  the  two  preceding ;  it  may  be  re- 
quired that  the  body  shall  have  a  certain  figure, 
conical,  for  example,  cylindric*  Ac.  and  the  pro- 
blem, under  such  restrictions,  may  be  still  more 
readily  applicable  to  experiments  than  in  its  meet 
general  form. 

Though  the  question,  thus  limited*  belong*  to 
the  oommon  method  of  Maxima  and  Minima,  k 
leads  to  investigations  that  are  in  reality  consider 
ably  more  difficult  than  when  it  ift  proposed  in  Ha 
utmost  generality* 

Asaong  the  following  investigations,  there  are 
also  some  that  have  a  particular  teftoenee  to  the 
experiments  on  Schehallien.  A  few  years  ago,  an 
attempt  was  made  by  Lord  Webb  Seymour  and 
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itoyself,  toward  such  a  survey  of  the  rocks  which 
compose  that  mountain*  as  might  afford  a  tolerable 
estimate  of  their  specific  gravity,  and  thereby  serve 
to  correct  the  conclusions,  deduced  from  Dr  Mas* 
kelyne't  observations)  concerning  the  mean  density 
df  the  earth.  The  account  of  this  survey,  and  of 
the  conclusions  arising  from  it,  belongs  naturally 
to  the  Society  under  whose  direction  the  original 
experiment  was  made  ;  what  is  offered  here,  is  an 
investigation  of  some  of  the  theorems  employed  in 
obtaining  those  conclusions.  When  a  new  ele- 
ment, the  heterogeneity  of  the  mass,  or  the  un- 
equal distribution  of  density  in  the  mountain,  waa 
to  be  introduced  into  the  calculations,  the  ingeni- 
ous methods  employed  by  Dr  Hutton  could  not  al* 
ways  be  pursued*  The  propositions  that  relate  to 
the  attraction  of  a  half,  or  quarter  cylinder,  on  & 
particle  placed  in  its  axis,  are  intended  to  remedy 
this  inconvenience,  and  will  probably  be  found  of 
use  in  all  inquiries  concerning  the  disturbance  of 
the  direction  of  the  plumb-line  by  inequalities, 
whether  in  the  figure  or  density  of  the  exterior 
trust  of  the  globe. 

The  first  of  the  problems  here  resolved,  has 
been  treated  of  by  Bosoovich  $  and  his  solution  is 
mentioned  in  the  catalogue  of  his  works*  as  pub* 
fished  in  the  Memoirs  of  a  Philosophical  Society  it 
Pisa.     I  have  never,  however,  been  able  to  procure 
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a  sight  of  these  memoirs,  nor  to  obtain  any  account 
of  the  solution  just  mentioned,  and  therefore  am 
sensible  of  hazarding  a  good  deal,  when  I  treat  of 
a  subject  that  has  passed  through  the  hands  of  so 
able  a  mathematician,  without  knowing  the  con- 
clusions which  he  has  come  to,  or  the  principles 
which  he  has  employed  in  his  investigation.  In 
such  circumstances,  if  my  result  is  just,  I  cannot 
reasonably  expect  it  to  be  new ;  and  I  should,  in- 
deed, be  much  alarmed  to  be  told,  that  it  has  not 
been  anticipated.  The  other  problems  contained 
in  this  paper,  as  far  as  I  know,  have  never  been 
considered. 

1.  To  find  the  solid  into  which  a  mass  of  ho- 
mogeneous matter  must  be  formed,  in  order  to  at- 
tract a  particle  given  in  position,  with  the  greatest 
force  possible,  in  a  given  direction. 

Let  A  (Fig.  91)  be  the  particle  given  in  posi- 
tion, A  8  the  direction  in  which  it  is  to  be  attract- 
ed ;  and  ACBH  a  section  of  the  solid  required,  by 
a  plane  passing  through  AB. 

Since  the  attraction  of  the  solid  is  a  maximum, 
by  hypothesis,  any  small  variation  in  the  figure  of 
the  solid,  provided  the  quantity  of  matter  remain 
the  same,  will  not  change  the  attraction  in  the  di- 
rection AB.  If,  therefore,  a  small  portion  of  mat- 
ter be  taken  from  any  point  C,  in  the  superficies  of 
the  solid,  and  placed  at  D,  another  point  in  the 
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lame  superficies,  there  will  be  no  variation  produc- 
ed in  the  force  which  the  solid  exerts  on  the  par- 
ticle A,  in  the  direction  AB. 

The  curve  ACB,  therefore,  is  the  locus  of  all 
the  points  in  which  a  body  being  placed,  will  at- 
tract the  particle  A  in  the  direction  AB,  with  the 
same  force. 

This  condition  is  sufficient  to  determine  the  na- 
ture of  the  curve  ACB.  From  C,  any  point  in 
that  curve,  draw  CE  perpendicular  to  AB ;  then 

if  a  mass  of  matter  placed  at  C  be  called  m3,  —— 

will  be  the  attraction  of  that  mass  on  A,  in  the  di- 

rection  AC,  and     A(j3     will  be  its  attraction  in 

the  direction  AB.     As  this  is  constant,  it  will  be 

equal  to  -^5,  and  therefore  AB2x  AE=AC5. 

All  the  sections  of  the  required  solid,  therefore, 
by  planes  passing  through  AB,  have  this  property, 
that  AC*=AB2x  AE ;  and  as  this  equation  is  suf- 
ficient to  determine  the  nature  of  the  curve  to 
which  it  belongs,  therefore  all  the  sections  of  the 
solid,  by  planes  that  pass  through  AB,  are  similar 
and  equal  curves ;  and  the  solid  of  consequence 
may  be  conceived  to  be  generated  by  the  revolution 
of  ACB,  any  one  of  these  curves,  about  AB  as  an 
axis. 

The  solid  so  generated  may  be  called  the  Solid 

VOL,  III.  x 
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qf  greatest  Attraction;  and  the  line  ACB,  the 
Curve  qf  equal  Attraction. 

2.  To  find  the  equation  between  the  co-ordinates 
of  ACB,  the  curve  of  equal  attraction. 

From  C  (Fig  21.)  draw  CE  perpendicular  to 
AB ;  let  AB=a,  AE=a\  EC=y.     We  have  found 

AB,xAE=AC3,  that  is,  a*  *=(*«+**)*>  or  fly= 
(**  +  y*)5>  which  is  an  equation  to  a  line  of  the  6th 
order. 

4       0  4      | 

To  have  y  in  terms  of  *,  jP+fsza*  *  ,  ^2=aT  x* 

,  and  y=*  *J  J— J. 

Hence  y=-09  both  when  «r=0,  and  when  x=a. 
Also  if  x  be  supposed  greater  than  a9  y  is  impossi- 
ble. No  part  of  the  curve,  therefore,  lies  beyond 
B. 

The  parts  of  the  curve  on  opposite  sides  of  the 
line  AB,  are  similar  and  equal,  because  the  positive 
and  negative  values  of  y  are  equal.  There  is  also 
another  part  of  the  curve  on  the  side  of  A,  oppo- 
site to  B,  similar  and  equal  to  ACB ;  for  the 
values  of  y  are  the  same  whether  x  be  positive  or 
negative. 

3.  The  curve  may  easily  be  constructed  without 
having  recourse  to  the  value  of  y  just  obtained. 

Let  AB=a,  (Fig  21,)  AC=s,  and  the  angle 
BAC  =  p.  Then  AE=AC  x  cos?=:*cos?,  and 
so  a*zcos?  =  »\  or  df cos?  =  **  ;  hence  z  =  u^cos?. 
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From  this  formula  a  value  of  AC  or  z  may  be 
ound,  if  p  or  the  angle  BAC  be  given  ;  and  if  it 
be  required  to  find  z  in  numbers,  it  may  be  con* 
veniently  calculated  from  this  expression.  A  geo» 
metrical  construction  may  also  be  easily  derived 
from  it.  For  if  with  the  radius  AB,  a  circle  BFH 
be  described  from  the  centre  A ;  if  AC  be  pro- 
duced to  meet  the  circumference  in  F,  and  if  FG 

AG 

be  drawn  at  right  angles  to  AB,  then  j^  =  cos  t. » 


AG 


and  80*  =  a^£g=VABxAG=AC. 

Therefore,  if  from  the  centre  A,  with  the 
tance  AB,  a  circle  BFH  be  described,  and  if  a  cir- 
cle be  also  described  on  the  diameter  AB,  as  A  KB, 
then  drawing  any  line  AF  from  A,  meeting  thf 
circle  BFH  in  F,  and  from  F  letting  fall  FG  per- 
pendicular on  AB,  intersecting  the  semicircle  AKB 
in  K  j  if  AK  be  joined,  and  AC  made  equal  to 
AK,  the  point  C  is  in  the  curve. 

For  AK=VABxAG,  from  the  nature  of  the  se- 
micircle, and  therefore  aC=va**x~aUT  which  has 
been  shown  to  be  a  property  of  the  curve.  In  this 
way,  any  number  of  points  of  the  curve  may  be  de- 
termined ;  and  the  Solid  qf  greatest  Attraction 
will  be  described,  as  already  explained,  by  the  re* 
volution  of  this  curve  about  the  axis  AB. 

4.  To  find  the  area  of  the  curve  ACB. 

1.  Let  ACE,  AFG  (Fig.  22,)  be  two  radii,  in- 
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definitely  near  to  one  another,  meeting  the  curve 
ACB  in  C  and  F,  and  the  circle,  described  with 
the  radius  AB,  in  £  and  G.  Let  AC=z  as  be- 
fore, the  angle  BAC=P,  and  AB=<z.    Then  GE= 

at,  and  the  area  AGE=^a*  <p,  and  since  AE2 :  AC* : : 

Sect.  AEG  :  Sect.  ACF,  the  sector  ACF=j*'p. 
But  x,=a,cosp,   (§  3,)  whence  the  sector  ACF, 

or  the  fluxion  of  the  area  ABC=£a*pcosp, 
and  consequently  the  area  ABC=£o>sin?,  to 
which  no  constant  quantity  need  be  added,  because 
H  vanishes  when  $=0,  or  when  the  area  ABC 
vanishes. 

The  whole  area  of  the  curve,  therefore,  is  £a*, 
or  7  ABa ;  for  when  <p  is  a  right  angle  sinp=l. 
Hence  the  area  of  the  curve  on  both  sides  of  AB 
is  equal  to  the  square  of  AB. 

2.  The  value  of  «r,  when  y  is  a  maximum,  is 
easily  found.     For  when  yt  and  therefore  y*  is  a 

maximum,-  a5* ~*=2*,  or  3**=a59  that  is, 

a  a 


Hence,  calling  h  the  value  of  y  when  a  maxi- 
mum,  W=a*— * =«*  I _  1  =  — -,  and  so 

87*     27*  27*  '      ^27 

b=za^—t  and  therefore   a  :6  : :  t/27  :  V2>  or   as 
11:7  nearly. 
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3.  It  is  material  to  observe,  that  the  radius  of 
curvature  at  A  is  infinite.     For  since  y^aa  **— *  * 

—  =  ^— x.     But  when  x  is  very  small,  ory  inde- 

finitely  near  to  A,  --  becomes  the  diameter  of  the 
circle  having  the  same  curvature  with  ACB  at  A, 

and  when  x  vanishes,  this  value  of  £»  or  ^ 


becomes  infinite,  because  of  the  divisor  *&  being 
in  that  case  =  0.  The  diameter,  therefore,  and 
the  radius  of  curvature  at  A  are  infinite.  In  other 
words,  no  circle,  having  its  centre  in  AB  pro- 
duced, and  passing  through  A,  can  be  described 
with  so  great  a  radius,  but  that,  at  the  point  A,  it 
will  be  within  the  curve  of  equal  attraction. 

The  solid  of  greatest  attraction,  then,  at  the  ex- 
tremity of  its  axis,  where  the  attracted  particle  is 
placed,  is  exceedingly  flat,  approaching  more  near- 
ly to  a  plane  than  the  superficies  of  any  sphere  cap 
do,  however  great  its  radius. 

4.  Tq  find  the  radius  of  curvature  at  B,  the 


4     * 


other  extremity  of  the  axis,  since  y*=dsx* — a*,  if 
we  divide  by  a — a?,  we  have  -^--  =  — — — .  But 

j  '  a—x         a— x 

at  B,  when  a— xy  or  the  abscissa  reckoned  from  B 
vanishes,  -^—  is  the  diameter  of  the  circle  having 
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the  same  curvature  with  ACB  in  B.     But  when 
a— <r=09  or  a=x>  both  the  numerator  and  deno- 

minator  of  the  fraction vanish,  so  that  its 

ultimate  value  does  not  appear.  To  remove  this 
difficulty,  let  a— £=*,  or  «r-a — z9  then  we  have 

4  0 

jt=ay(fl — zY — (a — z)  .  But  when  z  is  extreme- 
ly small,  its  powers,  higher  than  the  first,  may  be 

rejected ;  and  therefore  («— *)  =  a  ( 1 — -  )  =« 
O— «p*  &c).    Therefore  the  equation  to  the  curve 
becomes  in  this  case,  y=a  q*  1 1_ _  j__ a*+2az  . 

=tf* —   az— a*+2az=  -  az. 
S3 

Hence  -£-,  or  the  radius  of  curvature  at  B  =-«• 

The  curve,  therefore,  at  B  falls  wholly  without  the 
circle  BKA,  described  on  the  diameter  AB,  as  its 
radius  of  curvature  is  greater.  This  is  also  evident 
from  the  construction. 

5.  To  find  the  force  with  which  the  solid  above 
defined  attracts  the  particle  A  in  the  direction 
AB. 

Let  b  (Fig.  22,)  be  a  point  indefinitely  near  to 
B,  and  let  the  curve  Acb  be  described  similar  to 
ACB.  Through  C  draw  CcD  perpendicular  to 
AB,  and  suppose  the  figure  thus  constructed  to  re* 
volve  about  AB ;  then  each  of  the  curves  ACB, 

10 
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Acb  will  generate  a  solid  of  greatest  attraction ; 
and  the  excess  of  the  one  of  these  solids  above  the 
other,  will  be  an  indefinitely  thin  shell,  the  attrac- 
tion of  which  is  the  variation  of  the  attraction  of 
the  solid  ACB,  when  it  changes  into  Acb. 

Again,  by  the  line  DC,  when  it  revolves  along 
with  the  rest  of  the  figure  about  AB,  a  circle  will 
be  described ;  and  by  the  part  Cc,  a  circular  ring, 
on  which,  if  we  suppose  a  solid  of  indefinitely  small 
altitude  to  be  constituted,  it  will  make  the  element 
of  the  solid  shell  ACc.  Now  the  attraction  exert- 
ed  by  this  circular  ring  upon  A,  will  be  the  same 
as  if  all  the  matter  of  it  were  united  in  the  point  C, 
and  the  same,  therefore,  as  if  it  were  all  united 
inB. 

But  the  circular  ring  generated  by  Cc,  is  =.* 
(DC1— Dc*)=2*DC  x  Cc.  Now  2DC  x  Cc  is  the 
variation  of  y*,  or  DC*,  while  DC  passes  into  Dc, 
and  the  curve  BC  A  into  the  curve  be  A }  that  is 

2DC  x  Cc  is  the  fluxion  of  y*,  or  of  atx*  —or*,  taken 
on  the  supposition  that  x  is  constant  and  a  variable, 

4,     1    .     9 

vis, ;?« *  <u5.      Therefore  the  space  generated  by 

Cc=y  a*x*a. 

If  this  expression  be  multiplied  by  <r,  we  have 

the  element  of  the  shell  =yaV«. 

In  order  to  have  the  solidity  of  the  shell  ACBfc , 
the  above  expression  must  be  integrated  relatively 
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to  x,  that  is,  supposing  only  x  variable,  and  it  is 

then  kCt***  )+Cm  ^ut  ^=0,  because  the 
fluent  vanishes  when  x  vanishes,  therefore  the  por- 
tion  of  the  shell  ACc  =-**a5a,  and  when  x=a,  the 

whole  shell  =  —tfa. 

-  Now,  if  the  whole  quantity  of  matter  in  the  shell 
were  united  at  B,  its  attractive  force  exerted  on  A, 
would  be  the  same  with  that  of  the  shell j  there- 
fore the  whole  force  of  the  shell  =-r«-     The 

same  is  true  for  every  other  indefinitely  thin  shell 
into  which  the  solid  may  be  supposed  to  be  divid- 
ed j  and  therefore  the  whole  attraction  of  the  solid 

is  equal  to  /V^  supposing  a  variable,  that  is 

Hence  we  may  compare  the  attraction  of  this  solid 
with  that  of  a  sphere  of  which  the  axis  is  AB,  for 

the  attraction  of  that  sphere  =  ^o3  -5-  =  —a.      The. 

attraction  of  the  solid  ADBH',  (Fig.  21,)  is  there- 
fore to  that  of  the  sphere  on  the  same  axis  as 

-£a  to  -£<*,  or  as  6  to  5. 

6.  To  find  the  content  of  the  solid  ADBH',  we 
need  only  integrate  the  fluxionary  expression  for 

the  content  of  the  shell,  viz.  V**««    We  have  then 
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~a5=  the  content  of  the  solid  ADBH'.     Since 

15 

the  solidity  of  the  sphere  on  the  axis  a  is  =gfl ,  the 
content  of  the  solid  ADBH'  is  to  that  of  the  sphere 
on  the  same  axis  as  —a  to  \a  :  that  is.  as  -rz  to 

15  O  Id 

-,  or  as  8  to  5. 

o 

7*  Lastly,  To  compare  the  attraction  of  this  so- 
lid with  the  attraction  of  a  sphere  of  equal  bulk, 

let  m  —  any  given  mass  of  matter  formed  into  the 
solid  ADBH' j  then  for  determining  AB,  we  have 

this  equation,  j?a=rn,  and  a=m  %/—  j  and  there- 
fore also  the  attraction  of  the  solid,  (which  is  -£a) 

=  — WJ/  =W|   r— —    l=9lt  I   r I  — 


5.4 


v    25  * 


Again,  if  m*  be  formed  into  a  sphere,  the  ra- 
dius of  that  sphere  =»»  Vr,  and  the  attraction  of 

it  on  a  particle  at  its  surface  = — ttT*^      i   # 

Hence  the  attraction  of  the  solid  ADBH,  is  to 
that  of  a  sphere  equal  to  it,  as  *»f  g*y*  t0  m 
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C~ir)  *  J  that  **>  **  (27)*  to  C25)**  or  as  3  to  the 


16** 

cube-root  of  25. 

The  ratio  of  S  to  V  25,  is  nearly  that  of  5  to 

3  — ^y,  or  of  81  to  79  ;  and  this  is  therefore  also 

nearly  equal  to  the  ratio  of  the  attraction  of  the 
solid  ADBH'  to  that  of  a  sphere  of  equal  magni- 
tude. 

8.  It  has  been  supposed  in  the  preceding  investi- 
gation, that  the  particle  on  which  the  solid  of  great  • 
est  attraction  exerts  its  force  is  in  contact  with  that 
•olid.  Let  it  now  be  supposed,  that  the  distance 
between  the  solid  and  the  particle  is  given j  the 
solid  being  on  one  side  of  a  plane,  and  the  particle 
at  a  given  distance  from  the  same  plane  on  the  op- 
posite side.  The  mass  of  matter  which  is  to  com- 
pose the  solid  being  given,  it  is  required  to  con- 
struct the  solid. 

Let  the  particle  to  be  attracted  be  at  A  (Fig. 
93,)  from  A  draw  AA'  perpendicular  to  the  given 
plane,  and  let  EF  be  any  straight  line  in  that  plane, 
drawn  through  the  point  A' j  it  is  evident  that  the 
axis  of  the  solid  required  must  be  in  AA'  produced. 
Let  B  be  the  vertex  of  the  solid,  then  it  will  be 
demonstrated  as  has  been  done  above,  that  this  so- 
lid is  generated  by  the  revolution  of  the  curve  of 
equal  attraction,  (that  of  which  the  equation  is 

/=aV- **),  about  the  axis  of  which  one  extremity 
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is  at  A,  and  of  which  the  length  must  be  found 
from  the  quantity  of  matter  in  the  solid. 

The  solid  required,  then,  is  a  segment  of  the 
solid  of  greatest  attraction,  having  B  for  its  vertex, 
and  a  circle,  of  which  A'E  or  AT  is  the  radius, 
for  its  base. 

To  find  the  solid  content  of  such  a  segment,  CD 

4    2 

being  ==y,  and  AC=x,  we  have  $»=m5*5— j^,  and 
«y,ar=Ta5*5JI — ffapSj—  thg  cylinder  which  is  the  ele- 
ment of  the  solid  segment. 

Therefore  Jv?*>  or  the  solid  segment  intercept, 
ed  between  B  and  D  must  be  -*a*x*—-irx5+c. 

5  S 

This  must  vanish  when  x  =  a,  or  when  C  comes  to 
B,  and  therefore  C= — —a3.  The  segment,  there- 
fore, intercepted  between  B  and  C,  the  line  AC 
being  j?,  is— a* — ***+«** 


15  5  3 

This  also  gives  y^i3,  for  the  content  of  the  whole 

solid,  when  j=0,  the  same  value  that  was  found 
by  another  method  at  §  6. 

Now,  if  we  suppose  x  to  be  =  A  A',  and  to  be 
given  =b,  the  solid  content  of  the  segment  be- 
comes r£05—  £■***+ J*5,  which  must  be  made  equal 

15         Do  * 

to  the  given  solidity,  which  we  shall  suppose  —m\ 
and  from  this  equation,  a  which  is  yet  unknown,  is 
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to  be  determined.    If  then,  for  a  W  put  u,  we  hare 

The  simplest  way  of  resolving  this  equation, 
would  be  by  the  rule  of  false  position.  In  some 
particular  cases,  it  may  be  resolved  more  easily ; 

thus,  if  l^f_l|&s=0,  «»_|&*«*=b,  andu*=|6f. 

that  is  X?**  or  «=*(?)  Wf. 

9,  If  it  be  required  to  find  the  equation  to  the 
superficies  of  the  solid  of  greatest  attraction,  and 
also  to  the  sections  of  it  parallel  to  any  plane  pass- 
ing through  the  axis  ;  this  can  readily  be  done  by 
help  of  what  has  been  demonstrated  above. 

1.  Let  AHB  (Fig.  24,)  be  a  section  of  the  so- 
lid, by  a  plane  through  AB  its  axis.  Let  G  be 
any  point  in  the  superficies  of  the  solid,  GF  a  per- 
pendicular from  G  on  the  plane  AHB,  and  FE  a 
perpendicular  from  F  on  the  axis.  Let  AE=«r, 
EF—  s,  FG=t>,  then  «r,  z,  and  v  are  the  three  co- 
ordinates by  which  the  superficies  is  to  be  defined. 
Let  AB=#,  EH=,y,  then,  from  the  nature  of  the 

curve  AHB,  tf=a*s* — a?.  But  because  the  plane 
GEH  is  at  right  angles  to  AB,  G  and  H  are  in 
the  circumference  of  a  circle  of  which  E  is  the 
centre;  so  that  GE=EH=y.  Therefore  EF+ 
FG*=EHf,  that  is,  **+i/=y,  and  by  substitution 
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*    t 

for  jj*  in  the  former  equation,  z*+t?=dsx* — x*f  or 

(x*+xi+tfy=aAjf9  which  is  the  equation  to  the  su- 
perficies of  the  solid  of  greatest  attraction. 

g.  If  we  suppose  EF,  that  is  z,  to  be  given  =b9 
and  the  solid  to  be  cut  by  a  plane  through  FG  and 
CD,  (CD  being  parallel  to  AB,)  making  on  the 
surface  of  the  solid  the  section  DGC ;  and  if  AK 
be  drawn  at  right  angles  to  AB,  meeting  DC  in  K, 
then  we  have,  by  writing  6  for  z  in  either  of  the  pre- 
ceding equations,  b*+v*=a*x*— a?,  and  t?=a?xi — 
£—V  for  the  equation  of  the  curve  DGC,  the  co- 
ordinates being  GF  and  FK,  because  FK  is  equal 
to  AE  or  x. 

This  equation  also  belongs  to  a  curve  of  equal 
attraction  j  the  plane  in  which  that  curve  is  being 
parallel  to  AB,  the  line  in  which  the  attraction  is 
estimated,  and  distant  from  it  by  the  space  b. 

Instead  of  reckoning  the  abscissa  from  K,  it  may 
be  made  to  begin  at  C.  If  AL  or  CK=/*,  then 
the  value  of  h  is  determined  from  the  equation, 

3,=a*Ay— ?i*9  and  if  x=h+u9  u  being  put  for  CFf 

^=aJ(A+w)*-(A+^/),— ath*+h\ortf+(h+u)f+ 

b*=a\h+uy9  or  (y*+(h+uy+ vy=a\h+uy. 

When  b  is  equal  to  the  maximum  value  of  the 
ordinate  EH,  (§  4.  2,)  the  curve  CGD  goes  away 
into  a  point ;  and  if  b  be  supposed  greater  than 
this,  the  equation  to  the  curve  is  impossible. 


m* 
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10.  The  solid  of  greatest  attraction  may  be 
found,  and  its  properties  investigated,  in  the  way 
that  has  now  been  exemplified,  whatever  be  the  law 
of  the  attracting  force.  It  will  be  sufficient,  in 
any  case,  to  find  the  equation  of  the  generating 
curve,  or  the  curve  of  equal  attraction. 

Thus,  if  the  attraction  which  the  particle  C 
(fig.  21,)  exerts  on  the  given  particle  at  A,  be  in- 
versely as  the  m  power  of  the  distance,  or  as  — -> 

AC 

then  the  attraction  in  the  direction  AE  will  be 

— -xt>  and  if  we  make  this  = — ->  we  have  — ~-rr 
AC**1  AB*  AC*"1"1 

= — -,  or  making  AE=x,  EC=y,  and  AB=o,  as 

AB 


before, 5TPT=-^,  or  am*=(*?+y*)  *  ,  and 

2  9m        S 


If  m=l,  or  m+l=4,  this  equation  becomes 
y*=a* — **,  being  that  of  a  circle  of  which  the  dia- 
meter is  AB.  If,  therefore,  the  attracting  force 
were  inversely  as  the  distance,  the  solid  of  greatest 
attraction  would  be  a  sphere. 

If  the  force  be  inversely  as  the  cube  of  the  dis- 
tance, or  m=3,   and  at +1=4,   the  equation   is 

y*zza$x$ — x*f  which  belongs  to  a  line  of  the  4th 
order. 


a 
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If  m=4,  and  iw+l=5,  the  equation  is  y*=L<$xi 
— x* ;  which  belongs  to  a  line  of  the  10th  order. 

In  general,  if  m  be  an  even  number,  the  order 
of  the  curve  is  (iw+I)2 ;  but  if  m  be  an  odd  num- 
ber, it  is  m+ 1  simply. 

11.  In  the  same  manner  that  the  solid  of  great- 
est attraction  has  been  found,  may  a  great  class  of 
similar  problems  be  resolved.  Whenever  the  pro- 
perty that  is  to  exist  in  its  greatest  or  least  degree, 
belongs  to  all  the  points  of  a  plane  figure,  or  to  all 
the  points  of  a  solid,  given  in  magnitude,  the  ques- 
tion is  reduced  to  the  determination  of  the  locus  of 
a  certain  equation,  just  as  in  the  preceding  ex- 
ample. 

Let  it,  for  instance,  be  required  to  find  a  solid 
given  in  magnitude,  such,  that  from  all  the  points 
in  it,  straight  lines  being  drawn  to  any  assigned 
number  of  given  points,  the  sum  of  the  squares  of 
all  the  lines  so  drawn  shall  be  a  minimum.  It  will 
be  found,  by  reasoning  as  in  the  case  of  the  solid 
of  greatest  attraction,  that  the  superficies  bounding 
the  required  solid  must  be  such  that  the  sum  of 
the  squares  of  the  lines  drawn  from  any  point  in  it, 
to  all  the  given  points,  must  be  always  of  the  same 
magnitude.  Now,  the  sum  of  the  squares  of  the 
lines  drawn  from  any  point  to  all  the  given  points, 
may  be  shown  by  plane  geometry  to  be  equal  to  the 
square  of  the  line  drawn  to  the  centre  of  gravity  of 
these  given  points,  multiplied  by  the  number  of 
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points,  together  with  a  given  space.  The  line, 
therefore,  drawn  from  any  point  in  the  required 
superficies  to  the  centre  of  gravity  of  the  given 
points,  is  given  in  magnitude,  and  therefore  the 
superficies  is  that  of  a  sphere,  having  for  its  centre 
the  centre  of  gravity  of  the  given  points. 

The  magnitude  of  the  sphere  is  next  determined 
from  the  condition,  that  its  solidity  is  given. 

In  general,  if  x,  y,  and  z,  are  three  rectangular 
co-ordinates  that  determine  the  position  of  any  point 
of  a  solid  given  in  magnitude,  and  if  the  value  of  a 
certain  function  Q,  of  x9y>  and  z9  be  computed  for 
each  point  of  the  solid,  and  if  the  sum  of  all  these 
values  of  Q  added  together,  be  a  maximum  or  a 
minimum,  the  solid  is  bounded  by  a  superficies  in 
which  the  function  Q  is  every  where  of  the  same 

magnitude.     That  is,  if  the  triple  integral  /  xj  y 

/Oi  be  the  greatest  or  least  possible,  the  superfi- 
cies bounding  the  solid  is  such  that  Q=A,  a  con- 
stant quantity. 

The  same  holds  of  plane  figures j  the  proposition 
is  then  simpler,  as  there  are  only  two  co-ordinates, 

so  that /*7Qy  is  the  quantity  that  is  to  be  a  maxi- 
mum or  a  minimum,  and  the  line  bounding  the  fi- 
gure is  defined  by  the  equation  Q=A. 

All  the  questions,  therefore,  which  come  under 
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this  description,  though  they  belong  to  an  order 
of  problems  which  requires,  in  general,  the  applica- 
tion of  one  of  the  most  refined  inventions  of  the 
New  Geometry,  the  Calculus  Variationum,  form  a 
particular  division  admitting  of  resolution  by  much 
simpler  means,  and  directly  reducible  to  the  con- 
struction of  loci. 

,  In  these  problems,  also,  the  synthetical  demon* 
stratum  will  be  found  extremely  simple.  In  the 
instance  of  the  solid  of  greatest  attraction,  this  holds 
remarkably.  Thus,  it  is  obvious,  that  (fig.  21,) 
afay  particle  of  matter  placed  without  the  curve 
ADBH',  will  attract  the  particle  at  A  in  the  direc- 
tion AB,  less  than  any  of  the  particles  in  that 
curve,  and  that  any  particle  of  matter  within  the 
curve,  will  attract  the  particle  at  A  more  than  any 
particle  in  the  curve,  and  more,  d  fortiori,  than 
any  particle  without  the  curve.  The  same  is  true 
of  the  whole  superficies  of  the  solid.  Now,  if  the 
figure  of  the  solid  be  any  how  changed,  while  its 
quantity  of  matter  remains  the  same,  as  much  mat- 
ter must  be  expelled  from  within  the  surface,  at 
some  one  place  C,  as  is  accumulated  without  the 
surface  at  some  other  point  H'.  But  the  action  of 
any  quantity  of  matter  within  the  superficies  ADBH' 
on  A,  is  greater  than  the  action  of  the  same  with- 
out the  superficies  ADBH'.  The  solid  ADBH' 
therefore,  by  any  change  of  its  figure,  must  lose 
more  attraction  than  it  gains j  that  is,  its  attraction 
vol,  m.  T 
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is  diminished  by  every  such  change,  and  therefore 
it  is  itself  the  solid  of  greatest  attraction.  Q.  E.  D. 

12.  The  preceding  theorems  relate  to  the  solids, 
which,  of  all  solids  whatsoever  of  a  given  content, 
have  the  greatest  attraction  in  a  given  direction. 
It  may  be  interesting  also  to  know,  among  bodies 
of  a  given  kind,  and  a  given  solid  content,  for  ex- 
ample, among  cones,  cylinders,  or  parallelepipeds, 
given  in  magnitude,  which  has  the  greatest  attrac- 
tive power,  in  the  direction  of  a  certain  straight 
line.     We  shall  begin  with  the  cone. 

Let  ABC  (fig.  25,)  be  a  cone  of  which  the  axis 
is  AD,  required  to  find  the  angle  BAC,  when  the 
force  which  the  cone  exerts,  in  the  direction  AD, 
on  the  particle  A  at  its  vertex,  is  greater  than  that 
which  any  other  cone,  of  the  same  solid  content, 
can  exert  in  the  direction  of  its  axis,  on  a  particle 
at  its  vertex. 

It  is  known,  if  *  be  the  semicircumference  of 
the  circle  of  which  the  radius  is  1,  that  is,  if  «-= 
3.14159,  &c.  that  the  attraction  of  the  cone  ABC, 
on  the  particle  A,  in  the  direction  AD,  is  =2* 

^AD—  4irY  (Simpson's  Fluxions,  Vol.  II.  Art. 

3770 

Let  AD=^r,  AB=*,  the  solid  content  of  the 

cone  —m\  and  its  attraction  =A. 

Then  a=2t(jt— — ),  and  toC**— x^=Sw3. 

10 
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The  quantity  *- — ,  is  to  be  a  maximum,  and 

therefore,  * $ — -=0,  or  «*— -&*z+x*  (^  j  =o. 

Again,  from  the  equation  ^x(«J— jr*)=Sm3,   we 
have  fcrra+Ar — So^xsrO,  and  -= — *- — •  and  by  sub- 


stituting  this  value  of  -  in  the  former  equation,  we 

X 

have  rf-f«+  |(t)=°- 

As  this  equation  is  homogeneous,  if  we  make 

-—u9  we  will  obtain  an  equation  involving  u  only, 

and  therefore  determining  the  ratio  of  z  to  x9  or  of 
AB  to  AD.     Substituting,  accordingly,  uz  for  x  in 

C  a 

the  last  equation,  we  have  x*— |kz*+-uV=o,  and 

5       3  , 

This  equation  is  obviously  divisible  by  w— -1, 

3  3 

and  when  so  divided,  gives  -u*+-u — 1=0,  or  u*+u 

=  ?,  whence  M=-I±v||. 
This  is  the  value  of  -,  and  as  -  must  be  less  than 

z  z 

unity,  because  AB  is  greater  than  AD,  the  nega- 
tive value  of  u9  or  —  -— */  ^,  is  excluded ;  so  that 

z  lz 

«  =  —i+ V^=. 45761  nearly. 
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AD 

Now  ns&^g^the  cosine  of  the  angle  BAD,  or 

half  the  angle  of  the  cone;  therefore  that  angle 
=62°  46'  nearly. 

As  the  tangent  of  6*°  4&  is  not  far  from  being 
double  of  the  radius,  therefore  the  cone  of  greatest 
attraction  has  the  radius  of  its  base  nearly  double 
of  its  altitude. 

To  compare  the  attraction  of  this  cone  with  that 
of  a  sphere  containing  the  same  quantity  of  matter, 
we  must  express  the  attraction  in  terms  of  u,  the 
ratio  of  x  to  z,  which  has  now  been  found. 

Because  «*(**— **)= 3m*,  and  *=*,  «*(  — — **  J= 

Now,  we  hate  A=2«rf  r \  and  since  -=», 

*=„*/»*      and  A=2t/W-J^- 

Z  «r(l — u*y  \  «r(l — u*) 


fbre,  As=fertMs(i-.«)sx-7^.,-=24«*Ms.^!^=^l 

But  if  A'  be  the  attraction  of  a  sphere  of  which 
the  mass  is  m3,  on  a  particle  at  its  surface,  A'= 

*^Y,  and  A-'sm'.y.     Therefore   A*: A":: 

A.A..SV2^+^  .1. 
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If,  in  this  expressionf  we  substitute  .45761  f°r 
u,  we  shall  have  A: A':  :  .82941 :  J,  so  that  the  at- 
traction of  the  cone,  when  a  maximum  is  about  - 

of  the  attraction  of  a  sphere  of  equal  solidity. 

13.  Of  all  the  cylinders  given  in  mass,  or  quan- 
tity of  matter,  to  find  that  which  shall  attract  a 
particle,  at  the  extremity  of  its  axis,  with  the 
greatest  force. 

Let  DF  (Fig.  26,)  be  a  cylinder  of  which  the 
axis  is  AB,  if  AC  be  drawn,  the  attraction  of  the 
cylinder  on  the  particle  A  is  2*-(AB+BC— AC),* 
and  we  have  therefore  to  find  when  AB+BC— 
AC  is  a  maximum,  supposing  AB.BC*  to  be  equal 
to  a  given  solid. 

Let  AB=j?,  BC=y,  then  AO=V?+p,  and  the 

quantity  that  is  to  be  a  maximum  is  x+y—*/d*+p» 

•       • 

We  have  therefore  *+y—*j£?ji  =0>  m*^  (*+j0 
(**+y»)i=*i+^,or  (l+?  ^  (**+^)*=*+.y£- 

X    /  X 

But  since  ciy'ssm3,  **#y+y*i»o,  or  g*y=s—  yx, 
andi=_JL. 

m  2x 


"•^^•^ 


•  Princip.  Lib.  I.  Prop.  91-  Also  Simpson's  Fluxions, 
Vol.  II.  §  379.  In  the  former,  the  constant  multiplier  2c  is 
omitted,  as  it  is  in  some  other  of  the  theorems  relating  to 
the  attraction  of  bodies.  This  requires  to  be  particularly 
attended  to,  when  these  propositions  are  to  be  employed  for 
comparing  the  attraction  of  solids  of  different  species. 
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Therefore  (1-  0  (^+^)l=*-^£f  or  (2*-*) 

As  this  equation  is  homogeneous,  if  we  make 
£=u,  or  yzzux,  both  x  and  y  may  be  exterminated. 
For  we  have  by  substituting  ux  for  yf  (2*— «*)(**+ 

«V)*=2*j--iiV,  Or(fcr*_ »«?Hl+ttf)»=r2«t-.llV,an4 

dividing  by  j*,  (2— »)(i+tt*)i=2— «f ;  whence  squar- 
ing both  sides,  (*—4»+m,)(i+«*}=4— 4**+u«. 
From  this,  by  multiplying  and  reducing,  we  get 

4m9— 9«=— 4,  or  a*—  xk=— l ;  and  * =^=^-17. 

2.  The  two  values  of  k  in  this  formula  create  an 
ambiguity  which  cannot  be  removed  without  some 
farther  investigation.  If  A  be  the  attraction  of 
the  cylinder,  then  A=2<*+y— V**+y*)  into  which 
expression,  if  we  introduce  w,  and  exterminate  both 
a  and  y>  by  help  of  the  equations  «vry9=m8,  and 

«=«,  we  get  A=«A.  l+^^p. 

Notwithstanding  the  radical  sign  in  this  formula, 
there  is  but  one  value  of  A,  corresponding  to  each 
value  of  w,  as  the  positive  root  of  J\— «*  is  not  ap- 
plicable to  the  physical  problem.  This  is  evident, 
because  the  attraction  must  vanish  both  when  y=09 
and  when  jj=0  j  that  is,  both  when  u  is  nothing, 
and  when  it  is  infinite.  This  can  only  happeq 
when  Vi+ii»  is  negative. 
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Farther,  the  value  of  A  is  always  positive,  (as  it 
ought  to  be,)  1+K  being  greater  than  Vi+«f,  be- 
cause it  is  the  square-root  of  1 +£#+#*. 

3.  We  may  conceive  the  relation  between  A  and 
u  most  clearly,  by  supposing  A  to  be  the  ordinate 
of  a  curve  in  which  the  absciss®  are  represented  by 
the  successive  values  of  u.  Thus,  if  OP  (fig.  27,) 
=w,  and  PM= A,  the  locus  of  M  is  a  curve  of  the 
figure  OMM',  intersecting  the  aids  at  O,  and  ap- 
proaching continually  to  the  line  of  the  absciss®, 
OR,  as  an  asymptote,  when  OP  or  u  increases  be- 
yond a  certain  magnitude.  This  curve  will  have 
both  a  point,  as  M  where  PM  the  ordinate  is  a 
maximum,  and  a  point  M'  of  contrary  flexure.  At 
both  of  these  the  fluxion  of  the  ordinate  is  equal  to 
nothing,  and  this  is  the  reason  of  the  two  values  of 
A  that  have  just  been  found.  For  as  u  increases 
from  nothing,  A  or  PM  also  increases  from  no- 
thing till  it  become  a  maximum,  which  happens 

when  «=  — ^— .     As  u  continues  to  increase,  A 

o 

diminishes ;  when  m=  "**;    ,  the  curvature  chan- 

ges  its  direction,  and  as  u  increases  from  thence  to 
infinity,  A  diminishes  continually. 

The  attraction  is  a  maximum,  therefore,  when 

* 

u  =^-3 — 9  ^at  is,  when  y  is  to  «r,  or  the  radius  of 
the  base  of  the  cylinder,  to  its  altitude,  as  9 — JV7 
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to  8,  or  as  5  to  8  nearly.  Therefore  also  the  dia- 
meter of  the  base  is  to  the  altitude,  when  the  attrac* 
tion  of  the  cylinder  is  greatest,  as  9 — V17  to  4,  or 
as  S  to  4  nearly. 

4.  It  may  be  observed,  that  the  curve  OMM', 
by  which  we  have  expounded  the  attraction  of  the 

.  cylinder,  is  but  a  branch  of  the  curve,  which  is  the 

complete  locus  of  the  equation  ***mt 1 j 

^  A.  The  other  branch  corresponds  to  l  +U+JT&*, 
and  has  the  ordinate  infinite,  both  when  ti=0,  and 
when  t*=  infinity.  The  curve  has  also  two  other 
branches  corresponding  to  the  negative  values  of  tu 

5.  The  attraction  of  the  cylinder,  when  a  maxi- 
mum is  now  to  be  compared  with  that  of  a  sphere 
of  equal  solid  content. 

First,  to  compute  the  quantity     +*~^1+g- 

when  tt=^=~-=.6096,  since  *Pss£7i6i,  l+ifc 
1.37161,  and  jT+uTzzi.17116;  so  that  i+«— vT+?= 

.43844. 

Also,  because  tt=.37l6l    w*=.7 18945;  and 

\+u—jT+*      4384       _         . 

therefore  — — j — ' — —7189*    Therefore  As 
(2,l.)(!±il=3^)=*A.x!f£ 
Now,  if  A'  be  the  attraction  of  a  sphere  of  the 

19 
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2x4384. 


solidity  mf  A'arlw^V,  and  a:  A': : 

( 


7189 


}^\}:  :|Jg:  1.2114,  or  as  1218  to  1211.4  j  so 

that  the  attraction  of  the  cylinder,  even  when  its 
form  is  most  advantageous,  does  not  exceed  that  of 
a  sphere,  of  the  same  solid  content,  by  more  than  a 
hundred  and  eighty-third  part. 

6.  In  a  note  on  one  of  the  letters  of  G.  L.  Le- 
sage,  published  by  M.  Prevost  of  Geneva,*  the  fol- 
lowing theorem  is  given  concerning  the  attraction  of 
a  cylinder  and  a  sphere  :  If  a  cylinder  be  circum- 
scribed about  a  sphere,  the  particle  placed  in  the 
extremity  of  the  axis  of  the  cylinder,  or  at  the  point 
of  contact  of  the  sphere,  and  the  base  of  the  cylin- 
der, is  attracted  equally  by  the  sphere,  and  by  that 
portion  of  the  cylinder  which  has  for  its  altitude 
two-thirds  of  the  diameter  of  the  sphere,  and  of 
which  the  solidity  is  therefore  just  equal  to  that  of 
the  sphere. 

We  may  investigate  this  theorem,  by  seeking  the 
altitude  of  such  a  part  of  the  circumscribing  cylin- 
der as  shall  have  the  same  attraction  with  the 
sphere  at  the  point  of  contact.  If  r  be  the  radius 
of  the  sphere,  the  attraction  at  any  point  of  its  sur- 
face, is  -3-  ;  and  if  x  be  the  altitude  of  the  cylin- 


*  Notice  de  la  Vie  de  G.  L.  Lesage  de  Geneve,  par  P. 
Prevost,  p.  $91. 
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der,  and  the  radius  of  its  base  r,  then  its  attrac- 
tion on  a  particle  at  the  extremity  of  its  axis  is 

*cr(jr+r— v**+ r*  J  #   Since  these  attractions  are  sup- 

=  -g-  and   *+r— . 
V*f+^=yf  whence   -^=-<p  and  *=-£. 
The  altitude  of  the  cylinder  is  therefore  g  of  the 

radius,  or  ^  of  the  diameter  of  the  sphere,  which 

is  Lesage's  llieorem. 

This  cylinder  is  also  known  to  be  equal  in  soli- 
dity to  the  sphere  ;  but  its  attraction  is  not  greater 
than  that  of  the  latter,  because  the  proportion  of 
its  altitude  to  the  diameter  of  its  base  is  not  that 
which  gives  the  greatest  attraction.     Its  altitude  is 

to  the  diameter  of  its  base,  as  ^  r  to  2  r,  or  4  to  6 ; 

in  order  to  have  the  greatest  effect,  it  must  be  as 
4  to  5  nearly,  (§  3.) 

Notwithstanding,  therefore,  that  the  form  of  the 
one  of  these  cylinders  is  considerably  different  from 
that  of  the  other,  their  attractions  are  very  nearly 
equal ;  the  one  of  them  being  the  same  with  that 
of  the  sphere,  and  the  other  greater  than  it  by 
about  the  183d  part.  On  each  side  of  the  form 
which  gives  the  maximum  of  attraction,  there  may 
be  great  variations  of  figure,  without  much  change 


GREATEST  ATTRACTION.  847 

in  the  attracting  force.  A  similar  property  be- 
longs to  all  quantities  near  their  greatest  or  least 
state,  but  seems  to  hold  especially  in  wh^t  regards 
the  attraction  of  bodies. 

14.  In  considering  the  attraction  of  the  Moun- 
tain Sch  eh  allien,  in  such  a  manner  as  to  make  a  due 
allowance  for  the  heterogeneity  of  the  mass,  it  be- 
came necessary  to  determine  the  attraction  of  a 
half  cylinder,  or  of  any  sector  of  a  cylinder,  on  a 
point  situated  in  its  axis,  in  a  given  direction,  at 
right  angles  to  that  axis.  The  solution  of  this  pro- 
blem is  much  connected  with  the  experimental  in- 
quiries concerning  the  attraction  of  mountains,  and 
affords  examples  of  maxupp  of  the  kind  that  form 
the  principal  object  of  this  paper.  The  following 
lemma  is  necessary  to  the  solution. 

Let  the  quadrilateral  DG  (fig.  28,)  be  the  in- 
definitely small  base  of  a  column  DH,  which  has 
everywhere  the  same  section,  and  is  perpendicular 
to  its  base  DG. 

Let  A  be  a  point  at  a  given  distance  from  D,  in 
the  plane  DG j  it  is  required  to  find  the  force 
with  which  the  column  DH  attracts  a  particle  at 
A,  in  the  direction  AD. 

Let  the  distance  AD=r,  the  angle  DAE=f, 
DE  (supposed  variable)  =y,  and  let  EF  be  a  sec- 
tion of  the  solid,  parallel  and  equal  to  the  base 
DG  ;  and  let  the  area  of  DG=jw*. 

The  element  of  the  solid  DF  is  nty ;  and  since 


m 
cos 
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DE,  or  y=rtanp,  y  =rtanp=r  ~^9  SO  that  the  ele- 

ment  of  the  solid  =m*r.  -£-*. 

C08p* 

This  quantity  divided  by  AE*,  that  is,  since 

r* 

AE :  AD : :  1 :  cosp,  by  — j,   gives  the   element 
of  the  attraction  in  the  direction  AE  equal  to 

-^X^Tr==^.     To  reduce  this  to  the  direction 

AD,  it  must  be  multiplied  into  the  cosine  of  the 
angle  DAE  or  p,  so  that  the  element  of  the  attrac- 

tion  of  the  column  in  the  direction  AD  is  —  pcosp , 

and  the  attraction  itself  =— /pcosp=— sinp. 

When  <p  becomes  equal  to  the  whole  angle  sub- 
tended by  the  column,  the  total  attraction  is  equal 
to  the  area  of  the  base  divided  by  the  distance,  and 
multiplied  by  the  sine  of  the  angle  of  elevation  of 
the  column. 

If  the  angle  of  elevation  be  90%  the  attraction  of 
the  column  is  just  half  the  attraction  it  would  have, 
supposing  it  extended  to  an  infinite  height. 

In  this  investigation,  nf  is  supposed  an  infini- 
tesimal ;  but  if  it  be  of  a  finite  magnitude,  pro- 
vided it  be  small,  this  theorem  will  afford  a  suffi- 
cient approximation  to  the  attraction  of  the  column, 
supposing  the  distance  AD  to  be  measured  from 
the  centre  of  gravity  of  the  base,  and  the  angle  <p  to 
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be  that  which  is  subtended  by  the  axis  of  the 
column,  or  by  its  perpendicular  height  above  the 
base. 

15.  Let  the  semicircle  CBG  (Fig.  290  having 
the  centre  A,  be  the  base  of  a  half  cylinder  stand- 
ing perpendicular  to  the  horizon,  AB  a  line  in  the 
plane  of  the  base,  bisecting  the  semicircle,  and  re- 
presenting the  direction  of  the  meridian  ;  it  is  re- 
quired to  find  the  force  with  which  tjie  cylinder 
attracts  a  particle  at  A,  in  the  direction  AB,  sup- 
posing the  radius  of  the  base,  and  the  altitude  of 
the  cylinder  to  be  given. 

Let  DF  be  an  indefinitely  small  quadrilateral, 
contained  between  two  arches  of  circles  described 
from  the  centre  A,  and  two  radii  drawn  to  A  ;  and 
let  a  column  stand  on  it  of  the  same  height  with 
the  half  cylinder,  of  which  the  base  is  the  semi- 
circle CBG.  Let  z—  the  angle  BAD,  the  azi- 
muth of  D  j  t>=  the  vertical  angle  subtended  by 
the  column  on  DF ;  a=  the  height  of  that  column, 
or  of  the  cylinder,  AD  =  «r,  AB,  the  radius  of  the 
base,  =r. 

By  the  last  proposition,  the  column  standing  on 
DF,  exerts  on  A  an  attraction  in  the  direction 

AD,  which  is  =—~^x«inv. 

NowT)d=i,T)f=xz9mADdxltf=Jxs.  There- 
fore  the  attraction  in  the  direction  AD  is  —  x  sin 

X 

vsxah*  and  reduced  to  the  direction  AB,  it  is 

.. 

xxrinv  x  cot*. 
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This  is  the  element  of  the  attraction  of  the  cy- 
lindric  shell  or  ring,  of  which  the  radius  is  AD  or 

x9  and  the  thickness  x ;  and  therefore  integrated 
on  the  supposition  that  z  Only  is  variable,  and  x  and 

•     •        •       /*• 
c;  constant,  it  gives  xsinty  rco8*=»im>x8inz  for  the 

attraction  of  the  shell.    When  £=90,  and  sinz 
=1,  we  have  the  attraction  of  a  quadrant  of  the 

shell  =awnr,  and  therefore  that  of  the  whole  semi- 

circle  =&rsinv. 
.  Next,  if  x  be  made  variable,  and  consequently  v, 

we  have  y'*vw>  for  the  attraction  of  the  semi-cy- 
linder. 

Now  the  angle  v  would  have  a  for  its  sine  if  the 


radius  were  */**+&>  and  so  sint>=r -t==  ;  where- 

fore  the  above  expression  is  /-p======«aL(x+ 

*/a*+x*)-f-C ;  and  as  this  must  vanish  when  x=0* 
2dLa+C-0,  and  C=— 2aLa,  so  that  the  fluent  is 

goL*"*"      +    >  which,  when  *=r,  gives  the  attrac- 


tion of  the  semi-cylmder  =3aLr+  a  +—. 

This  expression  is  very  simple,  and  very  conve- 
nient in  calculation.  It  is  probably  needless  to  re- 
mark, that  the  logarithms  meant  are  the  hyperbo- 
lic. 

16.  Let  it  be  required  to  find  the  figure  of  a 
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semi-cylinder  given  in  magnitude,  which  shall  at- 
tract a  particle  situated  in  the  centre  of  its  base 
with  the  greatest  force  possible,  in  the  direction  of 
a  line  bisecting  the  base. 

The  attraction  of  the  cylinder,  as  just  demon- 
strated, is  2aLr"*"      *a  ;  and  because  the  solid  is 

a 

supposed  to  be  given  in  magnitude,  we  may  put 
d^srm3,  or  «=  ^§ ;  so  that  the  formula  above  be- 


^rf 


m     Lt 5 "= ="L 5~ " 

r*  m3  rf  m5 


comes 

r*  _  n 

Now  we  may  suppose  m=l,  and  then  the  attrac- 
tion  of  the  cylinder  =^(^+^+0- 

This  formula  vanishes  whether  r  be  supposed 
infinitely  great  or  infinitely  small,  and,  therefore, 
there  must  be  some  magnitude  of  r  in  which  its 
value  will  be  the  greatest  possible. 

If  r  is  very  small  in  respect  of  1,  ^1+^=1 +-r-t 

and  so  ^+^1+^=1+^+^  or  simply  sl+r3.  But 

L(l+r3),  if  r  is  very  small  in  respect  of  1,  is  r3 ; 
and  therefore  the  ultimate  value  of  the  formula, 

when  r  is  infinitely  small,  is  — ^  x  r*=2r,  which  is  al- 
so infinitely  small. 

Again,  let  r  be  infinitely  great $  then  »/^+\=r5, 
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and  so  the  formula  is  -zL2r3,  or  — —L2r.     But  the 

logarithm  of  an  infinitely  great  quantity  r,  is  an  in- 
finite of  an  order  incomparably  less  than  r,  as  is 
known  from  the  nature  of  logarithms,  (Greg.  Fon- 
tanae  Disquisitiones  Phys.  Math,  de  Infinite  Loga- 

rithmico,  Theor.  4 ;)  so  that  -^ L2r  is  less  than 

%,  or  than  -.  But  -  is  infinitely  small,  r  being  in- 
finitely great,  and  therefore,  when  the  radius  of  the 
cylinder  becomes  infinitely  great,  its  solid  content 
remaining  the  same,  its  attraction  is  less  even  than 
an  infinitesimal  of  the  first  order. 

The  determination  of  the  maximum,  by  the  or- 
dinary method,  leads  to  an  exponential  equation  of 
considerable  difficulty,  if  an  accurate  solution  is  re- 
quired.    It  is,  however,  easily  found  by  trial,  that, 

when  the  function  ~L(r*+ Vl+>)  is  a  maximum,  r 
is  nearly  =-.     Therefore,  because  a=^=— ;,  r  is 

6        25 

nearly  to  a  as  -  to  r^,  or  as  216  to  125 ;  and  this, 

of  consequence,  is  nearly  the  ratio  of  the  radius  of 
the  base  to  the  altitude  of  the  half-cylinder,  when 
its  attraction,  estimated  according  to  the  hypothe? 
sis  of  the  problem,  is  the  greatest  possible. 

17*  To  determine  the  oblate  spheroid  of  a  given 
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solidity  which  shall  attract  a  particle  at  its  pole 
with  the  greatest  force. 

Let  there  be  an  oblate  spheroid  generated  by  the 
revolution  of  the  ellipsis  ADBE,  (fig.  SO,)  about 
the  conjugate  axis  AB,  and  let  F  be  the  focus ; 
then  if  AF  be  drawn,  and  the  arch  CG  described 
from  the  centre  A,  the  force  with  which  the  sphe- 
roid draws  a  particle  at  A,  in  the  direction  AC,  is 
4^ACCD«(CF_CG^      (Maclaurin,g  1^0^    § 

650.) 
Let  this  force  =F,  AC=a,  CD=6,  the  angle  CAF 

=<p ;  then  CF=atanp,  and  F=  3      _p(taop — p)a=-^-  . 

Unp— 9 
tan?5 

Now  if  m3  be  the  solidity  of  the  spheroid,  since 
that  solidity  is  two-thirds  of  the  cylinder,  haying 
CD  for  the  radius  of  its  base,  and  AB  for  its  alti- 

o  4« 

tudej  therefore  m5=-x«*,x2«=r«w*f;  so  that  fc 

m5      $m5  ,  b*       3m5 

=  —9  and  — = 


jfwa      4flra*  a       44ro*" 

But  because  af  :  AC : :  1 :  cosp,  or  b :  a : :  1 :  cosp,  b*= 

i,  and  — = 


r 


cos?8  a      cos?1 

Now  since  &*=  — „  and  also  i*=  -^-,  we  have 


*  The  multiplier  2t,  omitted  by  Mackurin,  is  restored  as 
above,  §  13. 

VOL.  III.  Z 
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a*        8*1*         *    «     3m9        m         .-3iws 


:=  — ,  and  a?=  -—  coep*,  or  if  t^=wS»  **= 


coap*      4ra  4<r  4*- 

*Pco*fP,  Slid  a=noo*f5. 

Hence,  as  £=^  *  =  ==£ 


By  substituting  this  value  of  —  in  the  value  of  F, 
we  have  F=  — *x  -=20  and  because  tan^= 

cosp*       ttny 
ainp8  p_  ftraCtanp— p)coapP^2gii(tapp— p)coapfr_ 
^  sfaiftasffr         ~  *°^  ~ 

Now,  when  the  product  of  any  number  of  factors 
is  a  maximum,  if  the  fluxion  of  each  factor  be  di- 
vided by  the  factor  itself,  the  sum  of  the  quotients 
is  equal  to  nothing.     Therefore 

p 

eoap*     ^       gco»y*co*f       38ipft""4aipft    ,^ 
rr  Scosp*  sinp 

coep*(tanp — p)      3cosp         tinp  '  cosp*(tanp — p) 

_5«n?_3co!?=0    «n£ =  §+3^,  and 

Scosp       ainp  cosp(tanp — f>)     S        amp* 

Hence  - ^£-»  =  Unp— 0,  and"p=:tai]®— 

5  +  9  cotp*  r     r  r     .      r 

Stanp     _  5tanp+9tapfcotp* — Stanp  __gtaop +9cotf 
5+0cotp*"~    N  5+9cotp*  .  5+9cotp? 
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Let  tan*-*  then  *-  ^ -'»*+* -H9+W). 
Let  tan^-f,  then  *=— -5  -  *5+y— 9+5?" 5 

which,  therefore,  is  the  value  of  9  when  F  is  a 
maximum. 

The  value  of  p,  now  found,  is  remarkable  for 
being  a  near  approximation  to  any  arch  of  which  t 
is  the  tangent,  provided  that  arch  do  not  exceed 
45  °.  The  less  the  arch  is,  the  more  near  is  the 
approximation ;  but  the  expression  can  only  be 
considered  as  accurate  when  p=0. 

This  will  be  made  evident  by  comparing  the 

fraction  -|tW^  with  the  series,  that  gives  the  arch 

fi        /5        f 

in  terms  of  the  tangent  /,  viz.  ?  =:*—  -  +  -—-+,  &c. 

The  fraction  ±1^=*--+--.^ +,  a*. 

The  two  first  -terms  of  these  series  agree ;  and  in 
the  third  terms,  the  difference  is  inconsiderable, 
while  t  is  less  than  unity ;  but  the  agreement  is 
never  entire,  unless  /=0,  when  both  series  vanish. 

The  attraction,  therefore,  or  the  gravitation  at 
the  pole  of  an  oblate  spheroid,  is  not  a  maximum, 
until  the  eccentricity  of  the  generating  ellipsis  va- 
nish, and  the  spheroid  pass  into  a  sphere. 

From  the  circumstance  of  the  value  of  <p  above 
found,  agreeing  nearly  with  an  indefinite  number 
of  arches,  we  must  conclude,  that  when  a  sphere 
passes  into  an  oblate  spheroid,  its  attraction  varies 
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at  first  exceeding  slowly,  and  continues  to  do  so 
till  its  oblateness,  or  the  eccentricity  of  the  gene* 
rating  ellipsis,  become  very  great.  This  may  be 
shown,  by  taking  the  value  of  F,  and  substituting 
in  it  that  of  p,  in  terms  of  tanp. 

We  have  F= rx   te^3^;  and  since  p=unp— 

cosp 

tanp3     unp5  unp3     tanp5  _    .  , 

~f-  +   5r —  Ac,  tanp— *=-j- ^-+  *c-»  and 

y=  4rw    /*tanp*     tamp8     tanp'\    1     _   4<m 

(!-2£+2*).    When  M  F=*p  j  and 

since  «=«.^.  F=TVr^«STr= 
wV-t->  which  is  the  attraction  at  the  surface  of  a 

sphere  of  the  solidity  wi3,  as  was  already  shown. 
This  last  is  the  conclusion  we  had  to  expect,  the 
spheroid,  when  it  ceases  to  have  any  oblateness, 
becoming  of  necessity  a  sphere. 

It  is  evident  also,  that  the  variations  of  p  will  but 
little  affect  the  magnitude  of  F,  while  p  and  tanp 
are  small,  as  the  least  power  of  tanp  that  enters 
into  the  value  of  F  is  the  square. 

For,  instead  of  cosp9,  we  may,  when  p  is  very 
small,  write  i+rtan^j  so  that  F=4<nif  i+|tanp*} 


(1      tanp*     uop4         .       \ 
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If  the  oblateness  of  a  spheroid  diminish,  while 
its  quantity  of  matter  remains  the  same,  its  attrac- 
tion will  increase  till  the  oblateness  vanish,  and  the 
spheroid  become  a  sphere,  when  the  attraction  at 
its  poles,  as  we  have  seen,  becomes  a  maximum. 
If  the  polar  axis  continue  to  increase,  the  spheroid 
becomes  oblong,  and  the  attraction  at  the  poles 
again  diminishes.  This  we  may  safely  conclude 
from  the  law  of  continuity,  though  the  oblong  sphe- 
roid has  not  been  immediately  considered. 

18.  To  find  the  force  with  which  a  particle  of 
matter  is  attracted  by  a  parallelepiped,  in  a  direc- 
tion perpendicular  to  any  of  its  sides. 

First,  let  EM  (Fig.  31,)  be  a  parallelepiped, 
having  the  thickness  CE  indefinitely  small,  A,  a 
particle  situated  any  where  without  it,  and  AB  a 
perpendicular  to  the  plane  CDMN.  The  attrac- 
tion in  the  direction  AB  is  to  be  determined. 

Let  the  solid  EM  be  divided  into  columns  per- 
pendicular to  the  plane  NE,'  having  indefinitely 
small  rectangular  bases,  and  let  CG  be  one  of  those 
columns. 

If  the  angle  GAB,  the  azimuth  of  this  colmn 
relatively  to  AB,  be  called  *,  CAD,  its  angle  qf 
elevation  from  A,  e,  and  m*,  the  area  of  the  little 
rectangle  CF ;  then,  as  has  been  already  sktwn, 
the  attraction  of  the  column  CG,  in  the  direction 

AC,  is  ac1"1*'  wd  that  same  attraction,  reduced 
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mf 


to  the  direction  AB,  is  -^sinecosz.    This  is  the  ele- 
ment  of  the  attraction  of  the  solid,  and  if  we  call 


2    m» 


that  attraction  /,  /=  AC8in*cos*. 
Now,  if  AB=<z,  because  i  :cow:  :ac; ab,  ac= 

j  SO  thaty== — ainecos**. 

But  BG=otan&  ;  and  therefore  KC,  the  fluxion 
of  BC,  is  =«^}  if,  then,  CE=ii,**=CExCK= 

iw— — ,  and  substituting  this  form9,  we  getf=n**ine. 

Next,  to  express  sinr,  in  terms  of  zf  if  we  make 
E=BAL,  the  angle  subtended  by  the  vertical  co- 
lumns, when  it  is  greatest,  or  the  inclination  of  the 
plane  ADM,  to  the  plane  ACN,  then  we  may  con- 
sider the  angle  CAD,  as  measured  by  the  side  of  a 
right  angled  spherical  triangle,  of  which  the  other 
side  is  90 — z>  and  E  the  angle,  adjacent  to  that 
side,  and  therefore  tan errsin (90 — z)tanE*=cos;tanE. 

iE-tanBAL=BL     b 

£>C=*. 


'But   tanE—tanBAL— 5iL_-lf    supposing    BL,  or 

BA     a 


Therefore  un^= -cow,  or  — =-co$*. 

a  cose     a 

uonPD    sin*2      &*         „  sine8          b*        ,           , 

co*e*      or  1— sine1      a* 
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rine'zz: -z-cos** — Mne'-s-coii* ;  and  therefore  sin*— 

6 

-COM 

a 


VI  +-j-cosat 

If  this  value  of  sine  be  substituted  for  it,  we 

have  fi=nz%ine=z 


bnzco&z 


'V* 
a* 


Let  t*=sinx,  then  K=*coez,  and  cowfcsi — tt*  ;  where- 


fore,  again,  by  substitution,  /= —       "' 


a  Vi +-,(!-«*) 


a* 


^fcp=.      Let  *+*,  or  AL«=<?,  then  /= 


foil*  6n/i 


If,  therefore,  9  be  such  an  arch,  that  — =sinf, 

C 


—  =pco6p,  and    V1 j««=co8f,  then  — 7  nu 


c     r     r.  r.  ^-^ 


3" 


5ff2tt=nf.    Thus,  y=7ip,  and/=*e+B,  B  being  a 

C08(p 

constant  quantity. 

Now,  since  sinp:= — —-shut,  <p  is  nothing  when  z 

c       c  ° 

is  nothing ;  and  as  f  may  be  supposed  to  begin 
when  z  begins,  we  have  likewise  B=0 ;  and/=*f> =» 
multiplied  into  an  arch,  the  sine  of  which  is  to  the 
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one  of  zs  in  the  given  ratio  of  c  to  b.     Or  f  is 
such  that  sin^=-x  x^=  tv  *tt; 

9i      c      AC      AL      AC- 

Hence  this  rule,  multiply  the  sine  of  the  great- 
est elevation,  into  the  sine  of  the  greatest  azimuth 
of  the  solid ;  the  arch  of  which  this  is  the  one, 
multiplied  into  the  thickness  of  the  solid,  is  equal 
to  its  attraction  in  the  direction  of  the  perpendicu- 
lar from  the  point  attracted. 

The  heighth  and  the  length  of  the  parallelepip- 
ed, are,  therefore,  similarly  involved  in  the  expres- 
sion of  the  force,  as  they  ought  evidently  to  be  from 
the  nature  of  the  thing. 

19*  This  theorem  leads  directly  to  the  determina- 
tion of  the  attraction  of  a  pyramid,  having  a  rectan- 
gular base,  on  a  particle  at  its  vertex.  For  if  we 
consider  EM  (Fig.  31,)  as  a  slice  of  a  pyramid 
parallel  to  its  base,  A  being  the  vertex,  then  the 
dice  behind  EM  subtending  the  same  angles  that 
it  does,  will  have  its  force  of  attraction=:ft'?,  n  'being 
its  thickness,  and  so  of  all  the  rest ;  and,  therefore, 
the  sum  of  all  these  attractions,  if  p  denote  the 
whole  height  of  the  solid,  or  the  perpendicular  from 
A  on  its  base,  will  be  pp.  But  as  ftp  is  only  the 
attraction  of  the  part  HB,  it  must  be  doubled  to 
give  the  attraction  of  the  whole  solid  EM,  which  is, 
therefore,  2npj  and  this  must  again  be  doubled,  to 
give  the  attraction  of  the  part  which  is  on  the  side 
of  AB,  opposite  to  EM  ;  thus  the  element  of  the 
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attraction  of  the  pyramid  is  4tnp ,  and  the  whole  at- 
traction corresponding  to  the  depth  pf  is  4pp. 

If  the  solid  is  the  frustum  of  a  pyramid  whose 
depth  is  p\  and  vertex  A,  the  angle  <p  being  deter- 
mined as  before,  the  attraction  on  A  is  4^?. 

If  we  suppose  BC  and  BL  to  be  equal,  and  there- 
fore the  angle  BAL=  the  angle  BAC,  calling 
either  of  them  %  then  sin?=siW,  by  what  has  been 
already  shown  ;  aud  from  this  equation,  as  n  is  sup- 
posed to  be  given,  ?  is  determined. 

This  expression  for  the  attraction  of  an  isosceles 
pyramid,  having  a  rectangular  base,  may  be  of  use 
in  many  computations  concerning  the  attraction  of 
bodies. 

If  the  solidity  of  the  pyramid  be  given,  from  the 
equations  f=A]fa  and  sinp=sin>i*,  we  may  deter- 
mine n$  and  p9  that  is,  the  form  of  the  pyramid 
when,/  is  a  maximum. 

Let  the  solidity  of  the  .pyramid  =wi5,  then  p9 
being  the  altitude  of  the  pyramid,  and  n  half  the 
angle  at  the  vertex,  ptmn=  half  the  side  of  the 
base,  (which  is  a  square,)  and  therefore  the  area  of 
the  base  =4p*tan»*,  and  the  solidity  of  the  pyra- 

mid  gp'unji*;  SO  that  j/>3tamft=iiA 

ei|t|iZ 

Now  tanfj?— s,  and  skifstiiM}3,  also  1— swfcsxl— 

co8»r 
sinifzzcos**,  therefore  taD,),=-i£^i  i  *>  that  m5=z^P9 
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3/3{i^in9)     we  h        therefore,^  that  is4»*= 

♦mf>  v  Jlz^2lm  This  last  is,  therefore,  a  maximum 
by  hypothesis j  and,  consequently,  its  cube,  or  64m3f3 
x    ^        ,  or  omitting  the  constant  multipliers, 

g1  (  -^i1??  )  must  be  a  maximum. 

If  we  take  the  fluxion  of  each  of  these  multi- 
pliers, and  divide  it  by  the  multiplier  itself,  and 

put  the  sum  equal  to  nothing,  we  shall  have  ??  — 


1 — sinp       sinp        '         p      1— sinp     sinf  "" 

cospsinp -f.cosa — cofipsinp  cos®  ,  .  .. 

«Df(l— top) ^intfl-ainp)'  and  mvertmg 

these  fractions  |= Sln ^^p^sstanp (i—ainp),  orp= 

Standi — sinf). 

The  solution  of  this  transcendental  equation 
may  easily  be  obtained,  by  approximation,  from 
the  trigonometric  tables,  if  we  consider  that  I — sinp 
is  the  coversed  sine  of  <p.  Thus  taking  the  loga- 
rithms, we  have  Lp=L3-|-Ltanf>-|- Leo  vers  f>.  From 
which,  by  trial,  it  will  soon  be  discovered,  that  <p  is 
nearly  equal  to  an  arch  of  48°.  To  obtain  a  more 
exact  value  of  <p,  let  frzarcCis^+P),  p  being  a  num- 
ber of  minutes  to  be  determined.     Because  arc48°= 
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.8377580,  and  arc(480+/3)— .8377580-f. 0002909ft  there- 
fore log.arc(480  +fi)=g.g23 1 1 86+.000 1 506/3. 

In  the  same  manner, 

Ltan(48°+/8)=0.0455626+. 0002540/8,  . 

and  Lcovers(48°+/a)=9-4096883— .0003292^ 

L3=04771213 __ 

Suro=9.9323722 — 0000752/8 

Subtract  1og.arc(48°-hS):=9.9231186  +  . 00015061 

Remainder  =  .0092536— .ooo2258£-o. 

Whence  is=^^-=:4i/  nearly. 

A  second  approximation  will  give  a  correction  = 

2 

—20%  so  that  p=arc.48°40'-  j   and  since  sinp  =  simft 

*  .;• 

sinjj=Vsinf >  so  that  4=76°-30',  and  2u,  or  the  whole 

angle  of  the  pyramid  =15$°. 

An  isosceles  pyramid,  therefore,  with  a  square 
base,  will  attract  a  particle  at  its  vertex  with  great* 
est  force,  when  the  inclination  of  the  opposite 
planes  to  one  another  is  an  angle  of  153°. 

20.  To  return  to  the  attraction  of  the  parallelepi- 
ped, it  may  be  remarked,  that  the  theorem  concern- 
ing this  attraction  already  investigated,  $  18,  though 
it  applies  only  to  the  case  when  the  parallelepiped 
is  indefinitely  thin,  leads,  nevertheless,  to  some 
very  general  conclusions.  It  was  shown,  that  tip 
attraction  which  the  solid  EL  (Fig.  SI)  exerts  on 
the  particle  A,  in  the  direction  AB,  is  nf,  p  being 
an  arch,  such  that  sin  p==  sin  BACx  sin  BAL —sin* 
sinE  $  and,  therefore,  if  B  be  the  centre  of  a  rect- 
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angle,  of  which  the  breadth  is  SBC,  and  the  height 
2BL,  the  attraction  of  that  plane,  or  of  the  thin 
solid,  having  that  plane  for  its  base,  and  n,  for  its 
thickness,  is  4n?.  Now,  ?,  which  is  thus  propor- 
tional to  the  attraction  of  the  plane,  is  also  propor- 
tional to  the  spherical  surface,  or  the  angular  space, 
subtended  by  the  plane  at  the  centre  A. 

For  suppose  PSQ  (fig.  32,)  and  OQ  to  be  two 
quadrants  of  great  circles  of  a  sphere,  cutting  one 
another  at  right  angles  in  Q;  let  QS=E,  and 
QR=*.  Through  S,  and  O  the  pole  of  PSQ, 
draw  the  great  circle  OST,  and  through  P  and  R, 
the  great  circle  PTR,  intersecting  OS  in  T.  The 
spherical  quadrilateral  SQRT,  is  that  which  the 
rectangle  CL  (fig.  31)  would  subtend,  if  the 
sphere  had  its  centre  at  A,  if  the  point  Q  was  in 
the  line  AB,  and  the  circle  PQ,  in  the  vertical 
plane  ABL. 

Now,  in  the  spherical  triangle  PST,  right 
angled  at  S,  cosT-cosPSsmSPT-sinQSsinQR= 
sin£  sin*.  But  this  is  also  the  value  of  sin?,  and 
therefore  p  is  the  complement  of  the  angle  T,  or 
^90—T. 

But  the  area  of  the  triangle  PQR,  in  which 
both  Q  and  R  are  right  angles,  is  equal  to  the 
rectangle  under  the  arch  QR,  which  measures  the 
angle  QPR,  and  the  radius  of  the  sphere.  Also 
the  area  SPT=arc(S+T+P—180°)r}  that  is,  be- 
cause S  is  a  right  angle,  =arc(T+P—  90 )r^ 

12 
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are  (T+QR— 90)r ;  and  taking  this  away  from  the 
triangle  PQR,  there  remains  the  area  QSTR= 
arc(QR— T— QR+9O°)r=r9O0— T)r=w.  The 
arch  <p9  therefore,  multiplied  into  the  radius,  is 
equal  to  the  spherical  quadrilateral  QSTR,  sub- 
tended by  the  rectangle  BD. 

This  proposition  is  evidently  applicable  to  all 
rectangles  whatsoever.  For  when  the  point  B, 
where  the  perpendicular  from  A  meets  the  plane 
of  the  rectangle,  falls  anywhere,  as  in  fig.  35,  then 
it  may  be  shown  of  each  of  the  four  rectangles 
BD,  BM,  BM',  BD',  which  make  up  the  whole 
rectangle  DM',  that  its  attraction  in  the  direction 
AB  is  expounded  by  the  area  of  the  spherical 
quadrilateral  subtended  by  it,  and,  therefore,  that 
the  attraction  of  the  whole  rectangle  MD',  is  ex- 
pounded by  the  sum  of  these  spherical  quadrihu 
terals,  that  is,  by  the  whole  quadrilateral  subtencL 
ed  by  MD'.  In  the  same  manner,  if  the  perpen- 
dicular from  the  attracted  particle,  were  to  meet 
the  plane  without. the  rectangle  MD',  the  differ* 
ence  between  the  spherical  quadrilaterals  subtend- 
ed by  MC  and  M'C,  would  give  the  quadrilateral, 
subtended  by  the  rectangle  MD',  for  the  value  of 
the  attraction  of  that  rectangle. 

Therefore,  in  general,  ff  a  particle  A,  gravi- 
tate to  a  rectangular  plane,  or  to  a  solid  indefi- 
nitely thin,  contained  between  two  parallel  rect- 
angular planes,  its  gravitation,  in  the  line  per- 
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pendicular  to  those  planes,  will  be  equal  to  tike 
thickness  of  the  solid,  multiplied  into  the  area  qf 
the  spherical  quadrilateral  subtended  by  either  qf 
those  planes  at  the  centre  A. 

The  same  may  be  extended  to  all  planes,  by 
whatever  figure  they  be  bounded,  as  they  may  all 
be  resolved  into  rectangles  of  indefinitely  small 
breadth,  and  having  their  lengths  parallel  to  a 
straight  line  given  in  position. 

The  gravitation  of  a1  point  toward  any  plane,  in 
a  line  perpendicular  to  it,  is,  therefore,  equal  to  n, 
a  quantity  that  expresses  the  intensity  of  the  at* 
traction,  multiplied  into  the  area  of  the  spherical 
figure,  or,  as  it  may  be  called,  the  angular  space 
subtended  by  the  given  plane. 

Thus,  in  the  case  of  a  triangular  plane,  where 
the  angles  subtended  at  A,  by  the  sides  of  the 
triangle,  are  a,  b,  and  c ;  since  Euler  has  demon- 
strated* that  the  area  of  the  spherical  triangle  con- 
tained by  these  arches,  is  equal  to  the  rectangle 
under  the  radius,    and    an    arch   a,    such   that 

1        l+cos/i-4-cosA+coec      •/•   .  1 a.  j    il 

cos  I A=  Tcos^cos^Js^    5  »f  a  be  computed,  the 
attraction  =jia. 

In  the  case  of  a  circular  plane,  our  general  pro- 
position agrees  with  what  Sir  Isaac  Newton  has 
demonstrated.    If  CFD  (fig.  33,)  be  a  circle,  B  A 

— ~ 

*  Nov.  Acta  Petrop.  1793,  p-  47- 
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a  line  perpendicular  to  the  plane  of  it  from  its 
centre  B ;  A,  a  particle  anywhere  in  that  line ;  the 
force  with  which  A  is  attracted,  in  the  direction 

AB,  is  2^^^V#  in  whicfi  the  multiplier  2* 

is  supplied,  being  left  out  in  the  investigation  re- 
ferred to,  where  a  quantity  only  proportional  to 

the  attraction  is  required.     Now  -^  is  the  cosine 

of  the  angle  BAD,  and,  therefore,  1— -775  *8  *te 

versed  sine ;  and,  therefore,  if  the  arch  GEK  be 
described  from  the  centre  A,  with  the  radius  1, 
and  if  the  sine  GH,  and  the  chord  EG  be  drawn, 
HE  is  the  versed  sine  of  BAD,  and  the  attraction 
=  2*EH.  But  2EH=EG*,  because  2  is  the  dia- 
meter of  the  circle  GEK ;  therefore  the  attraction 
=  *EG2=  the  area  of  the  circle  of  which  EG  is  the 
radius,  or  the  spherical  surface  included  by  the 
cone,  which  has  A  for  its  vertex,  and  the  circle 
CFD  for  its  base. 

21.  From  the  general  proposition,  that  the  at- 
traction of  any  plane  figure,  whatever  its  boundary 
may  be,  in  a  line  perpendicular  to  the  plane,  is  at 
any  distance  proportional  to  the  angular  space,  or 
to  the  area  of  the  spherical  figure  which  the  plane 
figure  subtends  at  that  distance,  we  can  easily  de- 

*  Princip.  Lib.  i.  Prop.  90. 
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duce  a  demonstration  of  this  other  proposition,  that 
whatever  be  the  figure  of  any  body,  its  attraction 
will  decrease  in  a  ratio  that  approaches  continually 
nearer  to  the  inverse  ratio  of  the  squares  of  the  dis- 
tances, as  the  distances  themselves  are  greater.  In 
other  words,  the  inverse  ratio  of  the  squares  of  the 
distances,  is  the  limit  to  which  the  law  by  which 
the  attraction  decreases,  continually  approaches  as 
the  distances  increase,  and  with  which  it  may  be 
said  to  coincide  when  the  distances  are  infinitely 
great. 

This  proposition,  which  we  usually  take  for 
granted,  without  any  other  proof,  I  believe,  than, 
some  indistinct  perception  of  what  is  required  by 
the  law  of  continuity,  may  be  rigorously  demon- 
strated from  the  principle  just  established. 

Let  B  (fig.  34,)  be  a  body  of  any  figure  whatso- 
ever, A  a  particle  situated  at  a  distance  from  6 
vastly  greater  than  any  of  the  dimensions  of  B,  so 
that  B  may  subtend  a  very  small  angle  at  A  > 
from  C,  a  point  in  the  interior  of  the  body,  sup- 
pose its  centre  of  gravity,  let  a  straight  line  be 
drawn  to  A,  and  let  A'  be  another  point,  more  re* 
mote  from  B  than  A  is,  where  a  particle  of  matter 
is  also  placed. 

The  directions  in  which  A  and  A"  gravitate  to 
B,  as  they  must  tend  to  some  point  within  B,  must 
either  coincide  with  AC,  or  make  a  very  small 
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angle  with  it,  which  will  be  always  the  less,  the 
greater  the  distance. 

Let  the  body  B  be  cut  by  two  planes,  at  right 
angles  to  AC,  and  indefinitely  near  to  one  another, 
so  as  to  contain  between  them  a  slice  or  thin  sec- 
tion of  the  body,  to  which  A  and  A'  may  be  con- 
sidered as  gravitating,  nearly  in  the  direction  of  the 
line  AC  perpendicular  to  that  section. 

The  gravitation  of  A,  therefore,  to  the  aforesaid 
section,  will  be  to  that  of  A'  to  the  same,  as  the 
angular  space  subtended  by  that  section  at  A,  to 
the  angular  space  subtended  by  it  at  A'.  But 
these  angular  spaces,  when  the  distances  are  great, 
are  inversely  as  the  squares  of  those  distances,  and 
therefore,  also,  the  gravitation  of  A  toward  the 
section,  will  be  to  that  of  A'  inversely  as  the  squares 
of  the  distances  of  A  and  A'  from  the  section. 
Now  these  distances  may  be  accounted  equal  to  C  A 
and  CA',  from  which  they  can  differ  very  little, 
wherever  the  section  is  made. 

The  gravitations  of  A  and  A'  toward  the  said 

section,  are,  therefore,  as  £qj  to  jjtq^     And  the 

same  may  be  proved  of  the  gravitation  to  all  the 
other  sections,  or  laminae,  into  which  the  body  can 
be  divided  by  planes  perpendicular  to  AC ;  there- 
fore the  sums  of  all  these  gravitations,  that  is,  the 
whole  gravitations  of  A  to  B,  and  of  A'  to  B,  will 

VOL.  III.  a  a 
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be  in  that  same  ratio,  that  is,  as  ^  to  ^s,    or 

inversely  as  the  squares  of  the  distances  from  C. 
Q.RD. 

It  is  evi4ent  that  the  greater  the  distances  AC, 
AC  are,  the  nearer  is  this  proposition  to  the  truth, 
a*  the  quantities  rejected  in  the  demonstration, 
become  less  in  respect  of  the  rest,  in  the  same  pro- 
portion that  AC  and  AC  increase. 

r 

It  is  here  assumed,  that  the  angular  space  sub- 
tended by  the  same  plane  figure,  is  inversely  as  the 
square  of  the  distance.  This  proposition  may  be 
proved  to  be  rigorously  true,  if  we  consider  the  in- 
verse  ratio  of  the  squares  of  the  distances,  as  a  limit 
to  which  the  other  ratio  constantly  converges. 

It  is  a  proposition  also  usually  laid  down  in  op- 
tics, where  the  visible  space  subtended  by  a  surface, 
is  the  same  with  what  we  have  here  called  the 
angular  space  subtended  by  it,  or  the  portion  of 
a  spherical  superficies  that  would  be  cut  off  by  a 
line  passing  through  the  centre  of  the  sphere,  and 
revolving  round  the  boundary  of  the  figure.  The 
centre  of  the  sphere  is  supposed  to  coincide  with 
the  eye  of  the  observer,  or  with  the  place  of  the 
particle  attracted,  and  its  radius  is  supposed  to  be 
unity* 

The  propositions  that  have  been  just  now  de- 
monstrated concerning  the  attraction  of  a  thin 
plate  contained  between  parallel  planes,  have  an 
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immediate  application  to  such  inquiries  concerning 
the  attraction  of  bodies,  as  were  lately  made  by  Mr 
Cavendish. 

In  some  of  the  experiments  instituted  by  that 
ingenious  and  profound  philosopher,  it  became  ne- 
cessary to  determine  the  attraction  of  the  sides  of 
a  wooden  case,  of  the  form  of  a  parallelepiped,  on 
a  body  placed  anywhere  within  it*  (Philosophical 
Transactions,  1798,  p.  528.)  The  attraction  in 
the  direction  perpendicular  to  the  side,  was  what 
occasioned  the  greatest  difficulty,  and  Mr  Caven- 
dish had  recourse  to  two  infinite  series,  in  order  to 
determine  the  quantity  of  that  attraction.  The 
determination  of  it,  from  the  preceding  theorems, 
is  easier  and  more  accurate. 

Let  MD'  (Fig.  35,)  represent  a  thin  rectangjjjar 
plate,  A  a  particle  attracted  by  it,  AB  a  perpendi- 
cular on  the  plane  MD',  NBC,  LBL',  two  lines 
drawn  through  B  parallel  to  tlfe  sides  of  the  rect- 
angle MD'.    Let  AC,  AL,  AN,  AL'  be  drawn. 

,  BL      BC 

Then,  if  we  find  p  such  that  tinp=.  «-x  -gg  the 

attraction  of  the  rectangle  CL  is  nf>4  n  denoting  the 
thickness  of  the  plate. 

So  also,  if  sinp'=-5tx  ^  the  attraction  of  LN 

AL      AN 

•    -  » ■ 

is  =*?'. 

If  sin? !ss  jfi  x  jp»  the  attraction  of  NL'  is 


87*  ON  THE  SOLIDS  OF 

Lastly,  if  8inow=  ^  x  ^£,  the  attraction  of  L/C 

Thus  the  whole  effect  of  the  plane  MD',  Qvf=n 

We  may  either  suppose  ?>  ^,  &c.  defined  as  above, 
or  by  the  following  equations,  where  n>  V,  V,  &c. 
denote  the  angles  subtended  by  the  sides  of  the 
rectangles  that  meet  in  Bt  beginning  with  BC,  and 
going  round  by  X*  N  and  L'  to  C. 

sin?  stint*  mtf  • 

.  wnp"  =tinjj"  siDJT 

8inp*=suiqN'iiBS» 

If  the  computation  is  to  be  made  by  the  natural 
sines,  it  will  be  better  to  Use  the  following  for- 
mulae : 

1  1 

pinp  s=£Coa(*  —  ff  )— gCOs(*  -fu'  ) 
tin?  =-co$0j'  —of  )—  £CO«(u'  +ij"r ) 
•inp"=i«M(i|"—f|")— 1cm(i»"  +<•") 

By  either  of  these  methods,  the  determination 
of  the  attraction  is  reduced  to  a  very  simple  trigo- 
nometrical calculation. 

22.  The  preceding  theorems  will  also  serve  to 

determine  the  attraction  of  a  parallelepiped,  of  any 

u 
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given  dimensions,  in  the  direction  perpendicular  to 
its  sides. 

Let  BF  (Fig.  36)  be  a  parallelepiped,  and  A 
a  point  in  BK,  the  intersection  of  two  of  its  sides, 
where  a  particle  of  matter  is  supposed  to  be  placed  ; 
it  is  required  to  find  the  attraction  in  the  direction 
AB. 

Though  the  placing  of  A  in  one  of  the  inter- 
sections of  the  planes,  seems  to  limit  the  inquiry, 
it  has  in  reality  no  such  effect ;  for  wherever  A  be 
with  respect  to  the  parallelepiped,  by  drawing  from 
it  a  perpendicular  to  the  opposite  plane  of  the  so- 
lid, and  making  planes  to  pass  through  this  per- 
pendicular, the  whole  may  be  divided  into  four 
parallelepipeds,  each  having  AB  for  an  intersec- 
tion of  two  of  its  planes ;  and  being,  therefore, 
related  to  the  given  particle,  in  the  same  way  that 
the  parallelepiped  BF  is  to  A. 

Let  GH  be  any  section  of  the  solid  parallel  to 
EC,  and  let  it  represent  a  plate  of  indefinitely 
small  thickness. 

Let  AB '=*,  B'A,  the  thickness  of  the  plate=*. 
Then  f  being  so  determined,  that  sin?=:sinB'AH 
sinB'AG,  the  attraction  of  the  plate  GH  is  pi, 
which,  therefore,  is  the  element  of  the  attraction 

of  the  solid.     If  that  attraction  =F,  then  F==/p*. 

But J<px=:<px-Jxi>  j    and  the  determination  of  F 
depends,  therefore,  on  the  integration  of  *p. 
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Now  ?  cotfersinp,  and,  therefore,  *?= 


jsin£ 


cosf 

If  B'G=6,  and  B'H=3,  then  sinB'AG=A^= 


?£&>  «*  "inB'AH  =  ^  =  ^gp  j  so  that  «nf 

Hence,  co^=i-^in^=i-ffl+<f)  (ftt+J^= 

«*+«*)  OH**)'     a     f  ~  v(«*+«n(i8f+*») 
Again,  because  »inf=(^-p)(^|p),  ^= 

Hence  fUE  or  9= 

COSf 

•  ■ 

— b$xx bflxx v 

(&,+*,)*($*+**>*  (/S*+**)*tA*+*»)  *  / 

((6*+**)i(8*+'*;i,\_ *g*  _ 


63* 


— r,  c*  being  put  for  6*+p. 
Therefore  *i=  — r — 

(i»+*»)(c*+**)V 
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riow,  r  -*-'  .  SHogH-^g>4  c ; 

(Harmonia  Mensurarum,  Form,  it.) ;  and 

t/(a*+*,)(«,+«,)»  VPM-*1 

Therefore  A=6log^±i^+/3log*±^±?+ 

c  .„a/^-^-^-W-±gf?-c. 

If,  then,  we  determine  C,  so  that  the  fluent 
may  begin  at  K,  and  end  at  B ;  if,  also,  we  make 
9}  the  value  of  ?,  that  corresponds  to  AB  or  a  ;  and 
n',  the  value  of  it  that  corresponds  to  AK  or  <r,  we 
have  the  whole  attraction  of  the  solid,  or 

V  <fP+a*     /V0+Vc*+a'V 

If,  in  this  value  of  F,  we  invert  the  ratios,  in 
order  to  make  the  logarithms  affirmative,  and  write 
like  quantities,  one  under  the  other,  we  have 

The  first  two  terms  of  this  expression  deserve 
particular  attention,  as  n  is  an  arch,  such  that  »mr= 
sinBAEsinBAC ;  therefore,  by  what  has  been  before 
demonstrated,  *  is  the  measure  of  the  angular  smce 
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subtended  at  A  by  the  rectangle  BD.  The  .first 
term  in  the  value  of  F,  therefore,  is  the  product  of 
the  distance  AB,  into  the  angular  space  subtended 
by  the  rectangle  BD.  In  like  manner,  the  second 
term,  or  i'"',  is  the  product  of  the  distance  AK,  in- 
to the  angular  space  subtended  by  the  rectangle 
KF. 

The  relation  of  the  quantities  expressing  the  ra- 
tios, in  the  two  logarithmic  terms,  will  be  best  con- 
ceived by  substituting  for  the  algebraic  quantities 
the  lines  that  correspond  to  them  in  the  diagram. 
Because  c,=6f+0*=EB2+BC2:=EC^  therefore  c=EC 
or  BD.  So  also,  c,+«,=BD,+BA,=AD2,  because 
ABO  is  a  right  angle,  &c     Thus, 

F-«,     „V-LRF    W(AF+FN)AE 

(AF+FM)AC 
BC  '  ,0g(AD+DC)AM 

This  expression  for  the  attraction  of  a  parallel- 
epiped, though  considerably  complex,  is  symmetri- 
cal in  so  remarkable  a  degree,  that  it  will  probably 
be  found  much  more  manageable,  in  investigation, 
than  might  at  first  be  supposed.  That  it  should 
be  somewhat  complex,  was  to  be  expected,  as  the 
want  of  continuity  in  the  surface  by  which  a  solid 
is  bounded,  cannot  but  introduce  a  great  variety  of 
relations  into  the  expression  of  its  attractive  force. 
The  farther  simplification,  however,  of  this  theorem, 
and  the  application  of  it  to  other  problems,  are  sub- 
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jects  on  which  the  limits  of  the  present  paper  will 
not  permit  us  to  enter.  The  determinations  of  cer- 
tain maxima  depend  on  it,  similar  to  those  already 
investigated.  It  points  at  the  method  of  finding 
the  figure,  which  a  fluid,  whether  elastic  or  un- 
elastic,  would  assume,  if  it  surrounded  a  cubical  or 
prismatic  body  by  which  it  was  attracted.  It  gives 
some  hopes  of  being  able  to  determine  generally 
the  attraction  of  solids  bounded  by  any  planes  what- 
ever ;  so  that  it  may,  some  time  or  other,  be  of  use 
in  the  Theory  of  Crystallization,  if,  indeed,  that 
theory  shall  ever  be  placed  on  its  true  basis,  and 
founded,  not  on  an  hypothesis  purely  Geometrical, 
or  in  some  measure  arbitrary,  but  on  the  known 
Principles  of  Dynamics. 
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SPHERICAL  BODIES.  • 


1.  An  argument  against  the  hypothesis  of  central 
heat  has  been  stated  by  an  ingenious  author  as  car- 
rying  with  it  the  evidence  of  demonstration. 

"  The  essential  and  characteristic  property  of 
the  power  producing  heat,  is  its  tendency  to  exist 
everywhere  in  a  state  of  equilibrium,  and  it  cannot 
hence  be  preserved  without  loss  or  without  dif- 
fusion, in  an  accumulated  state.  In  the  theory  of 
Hutton,  the  existence  of  an  intense  local  heat, 
acting  for  a  long  period  of  time,  is  assumed. .  But 
it  is  impossible  to  procure  caloric  in  an  insulated 
state.  Waving  every  objection  to  its  production, 
and  supposing  it  to  be  generated  to  any  extent,  it 
cannot  be  continued,  but  must  be  propagated  to 
the  contiguous  matter.    If  a  heat,  therefore,  exist- 


•  From  the  Transactions  of  die  Royal  Society  of  Edm* 
burgh,  Vol.  VI.  (1812.)— Ed. 
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ed  in  the  central  region  of  the  earth,  it  must  be 
diffused  over  the  whole  mass ;  nor  can  any  ar- 
rangement effectually  counteract  this  diffusion.  It 
may  take  place  slowly,  but  it  must  always  continue 
progressive,  and  must  be  utterly  subversive  of  that 
system  of  indefinitely  renewed  operations  which  is 
represented  as  the  grand  excellence  of  the  Hut- 
tonian  Theory."  *  "  Again,"  he  observes,  in  giv- 
ing what  he  says  appears  to  him  a  demonstration 
of  the  fallacy  of  the  'first  principles  of  the  Hut- 
tonian  System,  "  it  will  not  be  disputed,  that  the 
tendency  of  caloric  is  to  difluse  itself  over  matter, 
till  a  common  temperature  is;  satabhshed.  Nor 
will  it  probably  be  denied*?  thdti*  power  constantly 
diffusing  itself  from  the .  centre'  >df .  any  mass  of 
matter,  cannot  remain  for  an  indefinite  time  local* 
ly  accumulated  in  that  mass,  but  must  at  length 
become  equal  or  nearly  so  over  the  whole."  t 

2.  I  must  confess,  notwithstanding  the  respect 
I  entertain  for  the  acuteness  and  accuracy  of  the 
author  of  this  reasoning,  that  it  does  not  appear  to 
me  to  possess  the  farce  which  he  ascribes  to  it ; 
nor  to  be  consistent  with  many  focts  that  fall  every 
day  under  our  observation,  A  five  soon  heats  a 
room  to  a  certain  degree,  and  though  kept  up  ever 
so  long,  if  its  intensity,  and  all  other  circumstances 


•Murray's  System  of  Chemistry,  Vol,  I IL  Appendix,  p.  49. 

f  Page  51. 
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remain  the  same,  the  heat  continues  very  unequal- 
ly distributed  through  the  room ;  but  the  tempe- 
rature of  every  part  continues  invariable.  If  a  bar 
of  iron  has  one  end  of  it  thrust  into  the  fire,  the 
other  end  will  not  in  any  length  of  time  become 
red-hot ;  but  the  whole  bar  will  quickly  come  into 
such  a  state,  that  every  point  will  have  a  fixed  tem- 
perature, lower  as  it  is  farther  from  the  fire,  but 
remaining  invariable  while  the  condition  of  the 
fire,  and  of  the  medium  that  surrounds  the  bar, 
continues  the  same.  The  reason  indeed  is  plain  : 
the  equilibrium  of  heat  is  not  so  much  a  primary 
law  in  the  distribution  of  that  fluid,  as  the  limita- 
tion of  another  law  which  is  general  and  ultimate* 
consisting  in  the  tendency  of  heat  to  pass  with  a 
greater  or  a  less  velocity,  according  to  circumstan- 
ces, from  bodies  where  the  temperature  is  higher, 
to  those  where  it  is  lower,  or  from  those  which 
contain  more  heat,  according  to  the  indication  of 
the  thermometer,  to  those  which  contain  less.  It 
is  of  this  general  tendency,  that  the  equilibrium  or 
uniform  distribution  of  heat  is  a  consequence,-— 
but  a  consequence  only  contingent,  requiring  the 
presence  of  another  condition,  which  may  be  want- 
ing, and  actually  is  wanting,  in  many  instances. 
This  condition  is  no  other,  than  that  the  quantity 
of  heat  in  the  system  should  be  given,  and  should 
not  admit  of  continual  increase  from  one  quarter, 
nor  diminution  from  another.      When  such  in- 
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crease  and  diminution  take  place,  what  is  usually 
called  "  the  equilibrium  of  heat"  no  longer  exists. 
Thus,  if  we  expose  a  thermometer  to  the  sun's 
rays,  it  immediately  rises,  and  continues  to  stand 
above  the  temperature  of  the  surrounding  air. 
The  way  in  which  this  happens  is  perfectly  under- 
stood :  the  mercury  in  the  thermometer  receives 
more  heat  from  the  solar  rays  than  the  air  does ; 
it  begins  therefore  to  rise  as  soon  as  those  rays 
fall  on  it ;  at  the  same  time,  it  gives  out  a  portion 
of'  its  heat  to  the  air,  and  always  the  more,  the 
higher  it  rises.  It  continues  to  rise,  therefore,  till 
the  heat  which  it  gives  out  every  instant  to  the 
air,  be  equal  to  that  which  it  receives  every  instant 
from  the  solar  rays.  When  this  happens,  its  tem- 
perature becomes  stationary $  the  momentary  in- 
crement and  decrement  of  the  heat  are  the  same, 
and  the  total,  of  course,  continues  constant.  The 
thermometer,  therefore,  in  such  circumstances,  ne- 
ver acquires  the  temperature  of  the  surrounding 
air ;  and  the  only  equilibrium  of  the  heat,  is  that 
which  subsists  between  the  increments  and  the  de- 
crements just  mentioned  :  these  indeed  are,  strict- 
ly speaking,  in  equilibriot  as  they  accurately  ba- 
lance one  another.  This  species  of  equilibrium, 
however,  is  quite  different  from  what  is  implied  in 
the  uniform  diffusion  of  heat. 

3.  In  order  to  state  the  argument  more  gene- 
rally, let  A,  B,  C,  D,  &c.  be  a  series  of  contigu- 
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ous  bodies  ;  or  let  them  be  parts  of  the  same  body ; 
and  let  us  suppose  that  A  receives,  from  some 
cause,  into  the  nature  of  which  we  are  not  here  to 
inquire,  a  constant  and  uniform  supply  of  heat. 
It  is  plain,  that  heat  will  flow  continually  from  A 
to  B,  from  B  to  C,  &c.  -9  and  in  order  that  this 
may  take  place,  A  must  be  hotter  than  B,  B  than 
C,  and  so  on  j  so  that  no  uniform  distribution  of 
heat  can  ever  take  place.  The  state,  however,  to 
which  the  system  will  tend,  and  at  which,  after  a 
certain  time,  it  must  arrive,  is  one  in  which  the 
momentary  increase  of  the  heat  of  each  body  is 
just  equal  to  its  momentary  decrease ;  so  that  the 
temperature  of  each  individual  body  becomes  fixed, 
all  these  temperatures  together  forming  a  series 
decreasing  from  A  downwards.  To  be  convinced 
that  this  is  the  state  which  the  system  must  assume, 
suppose  any  body  D,  by  some  means  or  other,  to 
get  more  heat  than  that  which  is  required  to  make 
the  portion  of  heat  which  it  receives  every  mo- 
ment from  C,  just  equal  to  that  which  it  gives  out 
every  moment  to  E ;  as  its  excess  of  temperature 
above  E  is  increased,  it  will  give  out  more  ljeqt 
to  E,  and  as  the  excess  of  the  temperature  of 
C  above  that  of  D  is  diminished,  D  will  receive 
less  heat  from  C;  therefore,  for  bpth  reasons, 
D  must  become  colder,  and  there  will  be  no 
stop  to  the  reduction  of  its  temperature,  till  the 
vol.  in.  fl  b 
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increment!  and  decrements  become  equal  as  be- 
fore. 

4.  If,  therefore,  heat  be  communicated  to  a  so- 
lid mass,  like  the  earth,  from  some  source  or  reser- 
voir in  its  interior,  it  must  go  off  from  the  centre 
on  all  sides,  toward  the  circumference.  On  arriv- 
ing at  the  circumference,  if  it  were  hindered  from 
proceeding  farther,  and  if  space  or  vacuity  present- 
ed to  heat  an  impenetrable  barrier,  then  an  accu- 
mulation of  it  at  the  surface,  and  at  last  a  uniform 
distribution  of  it  through  the  whole  mass,  would 
inevitably  be  the  consequence.  But  if  heat  may 
be  lost  and  dissipated  in  the  boundless  fields  of  va- 
cuity, or  of  ether,  which  surround  the  earth,  no 
such  equilibrium  can  be  established.  The  tempo* 
nture  of  the  earth  will  then  continue  to  augment 
only,  till  the  heat  which  issues  from  it  every  mo- 
ment into  the  surrounding  medium,  become  equal 
to  the  increase  which  it  receives  every  moment 
from  the  supposed  central  reservoir.  When  this 
happens,  the  temperature  at  the  superficies  can  un- 
dergo no  farther  change,  and  a  similar  effect  must 
take  place  with  respect  to  every  one  of  the  spheri- 
cal and  concentric  strata  into  which  we  may  con- 
ceive the  solid  mass  of  the  globe  to  be  divided. 
Each  of  these  must  in  time  come  to  a  temperature, 
at  which  it  will  give  out  as  much  heat  to  the  con- 
tiguous stratum  on  the  outside,  as  it  receives  from 
the  contiguous  stratum  on  the  inside  j  and,  when 
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this  happens,  its  temperature  will  remain  invari- 
able. 

5.  That  we  may  trace  this  progress  with  more 
accuracy,  let  us  suppose  a  spherical  body  to  be 
heated  from  a  source  of  heat  at  its  centre ;  and 
let  hy  h'y  h\  be  the  temperatures  at  the  surfaces  of 
two  contiguous  and  concentric  strata,  the  distances 
from  the  centre  being  x,  af,  a?  \  and  let  it  also  be 
supposed,  that  the  thickness  of  each  of  the  strata, 
to  wit,  a/ — #,  and  x' — j/9  is  very  small- 
Then  supposing  the  body  to  be  homogeneous, 

the  quantity  of  heat  that  flows  from  the  inner 
stratum  into  the  outward,  in  a  given  time,  will  be 
proportional  to  the  excess  of  its  temperature  above 
that  of  the  outward  stratum  multiplied  into  its 
quantity  of  matter,  that  is,  to  (A— h')  (*/3— x5). 

6.  In  the  same  manner,  the  heat  which  goes  off 
from  the  second  stratum  in  the  same  time,  is  pro- 
portional to  (A'— h")  (*w3  —or'3) ;  and  these  two  quan- 
tities, when  the  temperature  of  the  second  stratum 
becomes  constant,  must  be  equal  to  one  another,  or 

(h—hf)  (x'5—x5)=(h'—h'')  (*"3— *'3). 

But  because  h—h'9  and  «' — *  are  indefinitely 
small,  h— h'=i,  and  xf3—xB=Sxsx;  therefore  h  x  $*** 
=  a  given  quantity ;   which  quantity,  since  x  is 

given,  we  may  represent  by  oV;  so  that  h=.^. 

3m*x 

=^4f  orjbecause  k  is  negative  in  respect  of  *,be- 
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ing  a  decrement,  while  the  latter  is  an  increment, 

A  =— ?-£,  and  therefore  A=C+~. 

7*  To  determine  the  constant  quantity  C,  let  us  sup- 
pose that  the  temperature  at  the  surface  of  the  inter- 
nal nucleus  of  ignited  matter  is  =H,  and  r-  radius 
of  that  nucleus.  Then,  in  the  particular  case,  when 
or=r  and  A=H,  the  preceding  equation  gives  H—C 

+  jt  ;  so  that  C=H—  ^-,  and  consequently  h=U — 

8.  It  is  evident,  from  this  formula,  that  for 
every  value  of  x  there  is  a  determinate  value  of  h9 
or  that  for  every  distance  from  the  centre  there  is 
a  fixed  temperature,  which,  after  a  certain  time, 
must  be  acquired,  and  will  remain  invariable  as  long 
as  the  intensity  and  magnitude  of  the  central  fire 
continue  the  same. 

9*  It  remains  for  us  to  determine  the  value  of 
dy  which,  though  constant,  is  not  yet  given,  or 
known  from  observation. 

At  the  surface  of  the  globe  we  may  suppose  the 
mean  temperature  to  be  known  :  let  T  be  that  tem- 
perature, and  let  R=  the  radius  of  the  globe. 
Then,  when  «r=R,  A=T,  and  by  substituting  in 

the  general  formula,  we  have  T=H+y( "g;-  rj 

and«'=^r-rii)=!MH=:T)< 

1        1  R — r 

a" 

12 


SPHERICAL  BODIES.  389 

Hence  also  by  reduction  h=z>-       — h  — rn — -cA 

From  this  equation,  it  is  evident,  that 

h jr^— 9  or  the  excess  of  the  temperature  at 

any  distance  x  from  the  centre,  above  a  certain 
given  temperature,  is  inversely  as  <r.  But  the  con- 
struction of  the  hyperbola  which  is  the  locus  of  the 
preceding  equation,  will  exhibit  the  relation  be- 
tween the  temperature  and  the  distance,  in  the  way 
of  all  others  least  subject  to  misapprehension. 

Let  the  circle  (Kg.  37,)  described  with  the  radius 
AB,  represent  the  globe  of  the  earth ;  and  the 
circle  described  with  the  radius  AH  an  ignited 
mass  at  the  centre.  Let  HK,  perpendicular  to 
AB,  be  the  temperature  at  H,  the  surface  of  the 
ignited  mass j  and  let  FD  be  the  temperature  at 
any  point  whatever,  in  the  interior  of  the  earth, 
BM  representing  that  at  the  surface.  Then  AB 
being  =R  in  the  preceding  equation,  AH=r, 
HK=H,  BM=T  ;  AF=#,  and  FD=A,  these  two 
last  being  variable  quantities  ;  since 

(h R~^   )x=-r^~-^  we  have»  (taking  AE 
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—  ■  ;~r  ,  and  drawing  EL  parallel  to  AB,  meet- 
ing  HK  in  N,  and  FD  in  Of)  ODxOE 

=  BA'AII(BHK~BM)>  which  is  a  ^  q^ntity 

Therefore  D  is  in  a  rectangular  hyperbola,  of 
which  the  centre  is  E,  the  asymptotes  EG  and 
EL,  and  the  rectangle  of  the  co-ordinates,  equal  to 

HK     BM 

BA.AHx — gg — ,  or,  which  amounts  to  the  same, 

to  KN.NE. 

It  is  evident  from  this,  that  if  the  sphere  were 
indefinitely  extended,  the  temperature  at  the  point 
B  and  all  other  things  remaining  the  same,  the 
temperature  at  its  superficies  would  not  be  less  than 

AE,  or  than  the  quantity     R~^  . 

RT     .rH 

The  quantity  AE,  or  -^ ,  is  supposed  here 

to  be  subtracted ;  if  RT  be  less  than  rH,  it  will 
change  its  sign,  and  must  be  taken  on  the  other 
side  of  the  centre  A. 

10.  The  results  of  these  deductions  may  be 
easily  represented  numerically,  and  reduced  into 
tables,  for  any  particular  values  that  may  be  as- 
signed to  the  constant  quantities.  Thus,  if  the 
radius  of  the  globe,  or  R=  100,  that  of  the  ignit- 
ed nucleus  or  r=l  ;  the  temperature  of  the  nu- 
cleus, or  H=1000,  and  T  the  temperature  at  the 

10 
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surface  =60,  the  formula  becomes  A =50.505+ 
949.494 


• 
X 

Values  of  x 

Values  of  A 

10 

145°.454 

20 

98  .423 

30 

82  .599 

40 

74  .686 

50 

69  .938 

60 

66  .330 

70 

63  .926 

80 

62  .361 

90 

61  .055 

100 

60. 

11.  Other  things  remaining  as  befo 

11                                      1 0444 

now  make  r=io,  then  A= — 44.444+ 

X 

X 

h 

20 

477°.556 

30 

303  .556 

40 

226  .556 

50 

164  .556 

60 

145  .556 

70 

104  .556 

80 

85  .056 

90 

64  .556 

100 

60.000 

301 
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12.  If  R=10,  r=l,  H=  10000,  and  T-60» 


Values  of  # 

Values  of* 

1 

10000°.00 

1 

4477  .70 

S 

2687  -04 

4 

1716  .67 

5 

1164*44 

6 

796.80 

7 

583.33 

8 

846  .16 

9 

182  .72 

10 

60.00 

IS*  1*  The  general  conclusions  which  result 
fh>m  all  this  are,  that  when  we  suppose  an  ignited 
nucleus  of  a  given  magnitude,  and  a  given  intensity 
of  heat,  there  is  in  the  sphere  to  which  it  commu- 
nicates heat  a  fixed  temperature  for  each  particu- 
lar stratum,  or  for  each  spherical  shell,  at  a  given 
distance  from  the  centre ;  and  that  a  great  inten- 
sity of  heat  in  the  interior,  is  compatible  with  a 
very  moderate  temperature  at  the  surface. 

2.  However  great  the  sphere  may  be,  the  heat 
at  its  surface  cannot  be  less  than  a  given  quantity ; 
R,  r,  H  and  T,  remaining  the  same.  It  must  be 
observed,  that  though  R  is  put  for  the  radius  of  the 
globe ;  it  signifies  in  fact  nothing,  but  the  distance 
at  which  the  temperature  is  T,  as  r  does  the  dis- 
tance at  which  the  temperature  is  H* 

Therefore,  were  the  sphere  indefinitely  extend- 


at 
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ed,  the  temperature  at  its  superficies  would  not  be 

less  than  the  quantity    R~r   , that  is,  not  less  than 

50.5  in  the  first  of  the  preceding  examples,  than 
— 44.4  in  the  second,  or  — -1044.4  in  the  third. 

14.  In  all  this  the  sphere  is  supposed  homogene- 
ous ;  but  if  it  be  otherwise,  and  vary  in  density,  in 
the  capacity  of  the  parts  for  heat,  or  in  their  power 
to  conduct  heat,  providing  it  do  so  as  any  function 
of  the  distance  from  the  centre,  the  calculus  may  be 
instituted  as  above.     For  example,  let  the  density 

be  supposed  to  vary  as  ^— ,  then  we  have  as  before 

(*—*')(**— a5)-—  for  the  momentary  increment  of 
heat  in  a  stratum  placed  at  the  distance  x  from  the 
centre,  or  h  x  sA  x  gx~= t0  a  &Yen  quantity,  or 

to-*,  and  therefore  *=-^=-g_£. 

a5       a* 

Hence  A=C  +  — — T-*°g*-      Suppose  that  when 

x—r  the  radius  of  the  heated  nucleus,  A=H; 
then  H= 

C  +  |^— y  logr,  and  C= 
H— - — I-  %-  logr;  therefore  h = 

or       b 
_.      a*       a*       a*        r 

In  this  expression  a9  will  be  determined,  if  the 
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temperature  at  any  other  distance  R  from  the 
centre  is  known.  Let  this  be  T ;  then  by  substi- 
tution we  have 

fl*       a*       fl*         r 


and  <**= 


T— H 


Hence  A=H  + 


SR      Sr+b08* 

/ T=* \ 

(    l        1    .  ]i      r  J 


This  is  given  merely  as  an  example  of  the 
method  of  conducting  the  calculus  when  the  varia- 
tion of  the  density  is  taken  into  account,  and  not 
because  there  is  reason  to  believe  that  the  law 
which  that  variation  actually  follows,  is  the  same 
that  has  now  been  hypothetically  assumed. 

16.  The  principle  on  which  we  have  proceeded, 
applies  not  only  to  solids,  such  as  we  suppose  the 
interior  of  the  earth,  but  it  applies  also  to  fluids 
like  the  atmosphere,  provided  they  are  supposed  to 
have  reached  a  steady  temperature.  The  propaga- 
tion of  heat  through  fluids  is  indeed  carried  on  by 
a  law  very  different  from  that  which  takes  place 
with  respect  to  solids ;  it  is  not  by  the  motion  of 
heat,  but  by  the  motion  of  the  parts  of  the  fluid  it- 
self. Yet,  when  we  are  seeking  only  the  mean  re- 
sult, we  may  suppose  the  heat  to  be  so  diffused, 


SPHERICAL  BODIES.  395 

that  it  does  not  accumulate  in  any  particular  stra- 
tum, but  is  limited  by  the  equality  of  the  momen- 
tary increments  and  decrements  of  temperature 
which  that  stratum  receives.  This  is  conformable 
to  experience ;  for  we  know  that  a  constancy,  not 
of  temperature,  but  of  difference  between  the  tem- 
perature of  each  point  in  the  atmosphere,  and  on 
the  surface,  actually  takes  place.  Thus,  near  the 
surface,  an  elevation  of  280  feet  produces,  in  this 
country,  a  diminution  of  one  degree.  The  strata 
of  our  atmosphere,  however,  differ  in  their  capacity 
of  heat,  or  in  the  quantity  of  heat  contained  in  a 
given  space,  at  a  given  temperature*  Concerning 
the  law  which  the  change  of  capacity  follows,  we 
have  no  certain  information  to  guide  us  ;  and  we 
have  no  resource,  therefore,  but  to  assume  a  hypo- 
thetical law,  agreeing  with  such  facts  as  are  known, 
and,  after  deducing  the  results  of  this  law,  to  com- 
pare them  with  the  observations  made  on  the  tem- 
perature of  the  air,  at  different  heights  above  the 
surface  of  the  earth. 

17*  Let  us  therfsuppose,  that  the  strata  of  the 
atmosphere  have  a  capacity  for  heat,  which  increases 
as  the  air  becomes  rarer,  so  as  to  be  proportional  to 

r 

mb    *,  x  denoting,  as  before,  the  distance  from  the 

centre  of  the  earth,  r  the  radius  of  the  earth, 
m  and  b  determinate,   but   unknown   quantities, 

such  that  mb      or  ?-,  expresses  the  capacity  of  air 
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for  heat,  when  of  its  ordinary  density,  at  the  sur- 
face of  the  earth.  The  formula  thus  assumed, 
agrees  with  the  extreme  cases  ;  for,  when  x=r,  the 

capacity  of  heat  =^,   a  finite  quantity;  when  x 

r 

increases,  -  diminishes,  and  so  also  does  t*>  if  b  is 
greater  than  unity,  and  therefore  —  increases  con- 

tinually.     It  does  not,  however,  increase  beyond  a 

certain  limit,  for  when  x  is  infinite  —  becomes 

b* 

m 

-  or  m . 

18.  Hence,  by  reasoning  as  in  §  6,  the  moment- 
ary increment  of    the    temperature,   or  sensible 

heat,  of  any  stratum,  is  as  —  ^  directly,  and  its 


r 


capacity  for  heat,  or  mb   *  inversely,  that  is,  h=— 


r 

r  —  m 

tfx      b*          <&bx  x 
_  x  — = • 

S*?      m  Smx* 


Let  I=y,  then  -£=*  so  that  -  ^=  &,  and 
therefore  A*=  ~J.   Hence  h=c+  =-£-r  *y = 


3mry'  Smrlogft 


C+  S^W?' 
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19.  To  determine  C,  if  T  be  the  temperature 
of  the  air  at  the  surface,  when  *=r,  T=C+     a 


and  C=zT— 


Sjnriogb' 
a*b 


Smriogb' 


r 


Hence  A=T-    "    +  -**    =T_«-i^=4 

Smriogb      Smriogb  Smriogb 

This  formula,  when  x=rf  gives  h=T9  and  when 
it'  is  infinite,  it  gives  h=T—  ^— — i.     In  all  inter- 

mediate  cases,  as  a:  is  greater  than  r,  £*  is  less  than 
b,  (Jb  being  a  number  greater  than  1,)  and  there- 

r 

fore  b — bx  is  positive,  so  that  h  is  less  than  T,  as 
it  ought  to  be. 

SO.  We  may  obtain  an  approximate  value  of  this 
formula,  without  exponential  quantities,  that  will 
apply  to  all  the  cases  in  which  x  and  r  differ  but 
little  in  respect  of  r,  that  is,  in  all  the  cases  to 
which  our  observations  on  the  atmosphere  can  pos- 
sibly extend. 

r 

If,  in  the  term  bx  we  write  r+z  for  x,  z  being 
the  height  of  any  stratum  of  air  above  the  surface 


of  the  earth,  we  have  &*=4f+2. 

21.  But,  from  the  nature  of  exponentials,  we  know 
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Now  -f-= i  — — + —. — ,  *c.    And  if  we  leave  out 

r+x  r       r- 

the  higher  powers  of  2,  we  have  nearly 


r  =1.  • 


r+z  r 


(r+*)*~        r 
(r+z;)3  r 


Therefore,  by  substitution,  we  have  6r+*= 

■+(,^)^(.-^)M+.*..= 

Now,  from  the  nature  of  exponentials, 
b=i  +iog6+^  +'-^-  +,  &c. 

And  iiog^(log6)«+i flaftt  &c. 
=^log«(i+log6+^f^+.  &c.^=*WogJ;  therefore 

r 

when  z  is  very  small,  6r+x=6— — log*,  and  therefore 
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fw+wa^ 


^     *ha   Smrlogb  Smrlogb  3mr*' 

when  z  is  very  small,  A=T — ~\> 

22.  Therefore  when  z,  or  the  height  above  the 
surface  is  small,  h  diminishes  in  the  same  propor- 
tion that  the  height  increases,  which  is  conformable 
to  experience. 

In  our  climate,  when  2=280  feet,  a  ^mjl  -=i°; 
so  that  the  co-efficient  - — ;=  t^,  and  therefore 

$mr-     280 
280 

When  the  constant  quantities  are  thus  determin- 
ed, the  formula  agrees  nearly  with  observation.  In 
the  rule  for  barometrical  measurements,  it  is  im- 
plied, that  the  heat  of  the  atmosphere  decreases  uni- 
formly ;  but  the  rate  for  each  particular  case  is  de- 
termined by  actual  observation,  or  by  thermometers 
observed  at  the  top  and  bottom  of  the  height  to  be 
measured. 
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LITHOLOGICAL  SURVEY 

OF 

SCHEHALLIEN.* 


The  astronomical  observations  made  on  the  moun- 
tain Schehallien,  in  1774,  were  confessedly  of  great 
importance  to  science.  They  ascertained  the  power 
of  mountains  to  produce  a  sensible  disturbance  in 
the  direction  of  the  plumb-line ;  of  consequence, 
they  proved  the  general  diffusion  of  gravity  through 
terrestrial  substances,  and  afforded  data  for  deter- 
mining the  medium  density  of  the  earth,  compared 
with  that  of  the  bodies  at  its  surface. 

The  skill  with  which  this  very  delicate  experi- 
ment was  conducted  by  Dr  Maskelyne,  and  the 
ingenuity  with  which  the  results  were  deduced  by 
Dr  Hutton,  were  worthy  of  the  objects  in  view, 
and  of  the  reputation  which  these  distinguished 
men  have  acquired  in  their  respective  departments 
of  the  mathematical  sciences. 

•  From  the  Philosophical  Transactions  of  the  Royal  So- 
ciety of  London,  Vol.  CI.  (1811.)— Ed. 
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One  thing  only  seemed  wanting  to  give  to  the 
determination  of  the  earth's  density  all  the  accuracy 
that  could  be  obtained  from  a  single  experiment, 
namely,  a  more  precise  knowledge  of  the  specific 
gravity  of  the  rock  which  composes  the  mountain, 
as  being  the  object  with  which  the  mean  density  of 
the  earth  was  immediately  compared.  The  specific 
gravity  of  that  rock  was  assumed  to  be  to  that  of 
water  as  5  to  2  ;  which,  though  it  be  nearly  a  me- 
dium, when  stones  of  every  kind,  from  the  lightest 
to  the  heaviest,  are  included,  is  certainly  too  small 
for  Schehallien,  the  rocks  of  which  belong  to  a 
class  of  a  specific  gravity  considerably  above  the 
mean.  The  uncertainty  arising  from  this  source 
might  not  be  of  great  amount,  yet  it  was  desirable 
that  the  quantity,  or,  at  least,  the  limits  of  it  should 
be  accurately  ascertained.  In  this  light  I  knew, 
from  repeated  conversations,  that  the  matter  was 
regarded  by  both  the  gentlemen  above  named. 

I  had  therefore  long  wished  to  attempt  such  a 
survey  of  the  mountain  as  might  afford  a  satisfac- 
tory solution  of  this  difficulty ;  and  having  men- 
tioned the  circumstances  to  the  Right  Honourable 
Lord  Webb  Seymour,  he  entered  readily  into  a 
scheme,  which,  without  the  assistance  of  his  skill 
and  activity,  I  should  have  been  quite  unable  to 
carry  into  execution. 

Accordingly,  in  June  1801,  we  took  up  our  re- 
sidence in  a  small  village,  as  near  as  we  could  to 
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the  bottom  of  the  mountain,  and  began  our  miner- 
alogical  survey,  the  result  of  which  we  think  it  our 
duty  to  submit  to  the  Society,  under  the  auspices 
of  which  the  original  experiment  was  undertaken. 
It  was  obvious,  that  our  first  object  must  be  to 
obtain  specimens  of  all  the  varieties  of  rock  in  the 
mountain,  which  had  any  considerable  difference 
in  their  external  characters.  These  specimens 
must  be  such  as  had  not  been  exposed  to  the  action 
of  the  weather,  were  perfectly  sound,  with  a  fresh 
fracture,  and  taken  from  the  living  rock.  In  or- 
der to  procure  these,  we  soon  found  that  it  was 
not  necessary  to  dig  into  the  mountain  or  to  blast 
the  stones  with  gunpowder,  for  the  native  rock 
breaks  out  on  the  bare  and  rugged  surface  in  abun- 
dance of  places,  and  is  so  deeply  intersected  by  the 
streams  that  it  was  easy,  by  the  assistance  of  the 
hammer  only,  to  procure  specimens  having  all  the 
conditions  requisite  for  our  purpose- 
Supposing,  however,  that  all  this  was  accomplish- 
ed, it  would  be  insufficient  to  determine  the  mean 
density  of  the  mpuntain,  unless  the  quantity  of  rock 
of  each  particular  kind  could  also  be  estimated ;  at 
least  nearly.  It  was  necessary,  therefore,  to  know 
what  proportion  of  the  mountain  consisted  of  one 
species  of  rock,  and  what  of  another,  without  which 
the  average  could  not  be  determined. 

Had  the   mean  density  been  the   only  thing 
wanted,  it  would  have  beep  sufficient  to   know 
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the  quantity  of  each  variety  of  rock ;  but  in  the 
search  we  were  engaged  in,  it  was  necessary  to 
know  not  only  the  quantity,  but  the  position  of 
each  of  these  varieties,  relatively  to  the  observa- 
tories on  the  south  and  north  faces  of  the  moun- 
tain. This  will  be  evident,  when  it  is  considered 
that  it  was  the  effect  of  each  portion  of  the  rock 
on  the  plumb-line  in  these  observatories,  that  was 
the  thing  to  be  found,  and  that  this  effect  must 
vary  not  only  with  the  density  of  the  rock,  but 
with  its  distance  from  the  observatory,  and  its  obli- 
quity in  respect  of  the  meridian.  The  mean  den- 
sity would  therefore  be  insufficient  for  estimating 
the  attraction  of  the  mountain,  could  it  be  found 
ever  so  exactly ;  and  it  is  easy  to  show,  that  while 
the  mean  density  of  a  heterogeneous  mass,  and 
also  its  magnitude  and  figure  remain  the  same, 
its  attractive  force  at  a  given  point  may  be  greatly 
changed  by  a  different  distribution  of  the  materials 
it  consists  of,  relatively  to  that  point.  In  order 
then  to  form  an  estimate  of  this  attraction,  we  must 
know,  at  least  nearly,  these  three  things,  the  varie- 
ties of  rock  composing  the  mountain ;  the  quantity 
of  each  variety ;  and,  lastly,  the  position  of  each  re- 
latively to  the  observatory.  Fortunately  the  geo- 
metrical survey  of  the  mountain,  which  had  al- 
ready determined  not  merely  its  superficial  extent, 
but  its  solidity,  taken  in  combination,  with  some 
peculiarities  in  its  structure,  has  enabled  us  to  ap- 
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proximate,  I  hope  with  some  tolerable  exactness, 
to  the  knowledge  of  all  these  three  circumstances. 
The  plan,  theu,  which  we  proposed  to  follow, 
and  which  was  necessary  to  be  pursued  if  our  litho* 
logical  survey  was  to  correspond  in  any  degree  to 
the  accuracy  of  the  geometrical  survey,  made  under 
the  direction  of  the  Astronomer  Royal,  was  to  try 
to  recognise  the  chain  of  stations  which  had  been 
employed  in  that  survey,  in  order  that,  by  refer- 
ence to  those  stations,  we  might  be  able  to  deter- 
mine the  points  on  the  surface  of  the  mountain 
from  which  our  different  specimens  were  collected. 
After  these  stations  were  discovered,  we  meant  to 
traverse  the  mountain  in  various  directions,  and  at 
any  point  where  a  specimen  was  taken,  to  deter- 
mine our  position  by  the  bearings  of  any  two  of  the 
stations  that  might  be  in  sight,  or  by  taking  angles 
to  three  of  them,  or  such  other  methods  as  occa- 
sion and  circumstances  might  suggest.  This  was 
to  be  done  where  considerable  variations  in  the  exr 
teraal  characters  of  the  rocks  gave  reason  to  look 
for  considerable  variations  of  specific  gravity.  It 
was  an  operation  that  could  not  be  necessary  for 
every  individual  specimen,  but  it  was  one  which 
must  be  necessary  for  determining  the  district  over 
which  stone  of  a  particular  character  prevailed.  In 
this  part  of  the  work,  we  were  to  employ  a  theodo- 
lite, a  sextant,  or  a  compass,  according  as  more  or 
less  accuracy  seemed  requisite. 
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As  the  marks  of  these  stations  were  all  effaced 
except  some  traces  of  the  observatories,  (or  rather 
the  huts  in  which  Dr  Maskelyne  had  lived,)  and 
the  two  cairns  on  the  top  of  the  mountain,  the  dis- 
covery of  the  whole  chain  was  a  matter  of  some  diffi- 
culty. By  means,  however,  of  the  bearings,  as 
given  in  Dr  Hutton's  paper,  and  the  assistance  of 
one  of  the  guides  who  had  been  employed  about 
the  survey,  we  succeeded  in  finding  out  the  sta- 
tions ;  and  as  they  were  mostly  on  elevated  points, 
we  could  distinguish  them  at  a  distance  with  suffi- 
cient exactness. 

Schehaliien  belongs  to  one  of  the  central  ridges 

•  * 

of  the  Grampians,  which,  stretching  here  from  about 
SE.  to  N  W.  divides  the  vallies  of  the  Tummel  and 
the  Tay.  Though  it  be  a  part  of  this  chain,  it 
stands  considerably  separate  from  the  rest  on  a  base 
of  a  form  somewhat  oval,  and  having  its  figure  dis- 
tinctly defined  by  two  streams  that  run,  the  one  on 
the  south,  and  the  other  on  the  north  side  of  it.  The 
lowest  point  in  this  base,  which  is  on  the  NE.  is 
2467  feet  below  the  summit  of  the  mountain,  and 
about  1094  above  the  level  of  the  sea. 

At  the  NW.  extremity,  Schehaliien  adheres  to 
the  main  chain  by  means  of  a  high  ridge,  depress- 
ed at  its  lowest  point,  little  more  than  1500  feet 
under  the  summit.  On  the  opposite  sides  of  this 
neck  the  streams  rise,  which  were  before  said  to  de- 
termine the  base  of  the  mountain  ;  these  streams, 
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however,  do  not  unite  at  the  eastern  extremity  of 
the  base,  for  there  also  a  sort  of  neck,  though  very 
low  in  comparison  of  the  former,  connects  Schehal- 
lien  with  the  hills  to  the  eastward. 

Beyond  the  streams  just  mentioned,  a  range  of 
inferior  hills,  some  of  them  very  low,  springing 
from  the  main  ridge  on  the  NW.  encompasses  the 
mountain,  forming  as  it  were  a  line  of  circumvalla- 
tion  round  it,  and  on  these  were  the  stations  which 
Mr  Burrows,  under  Dr  Maskelyne's  direction,  had 
chosen  for  the  survey.  Beyond  these  hills  the 
ground  falls  down  into  a  sort  of  plain  of  great  ex- 
tent on  the  north ;  on  the  south,  less  considerable 
and  more  uneven,  yet  such  as  to  leave  Schehallien 
very  free  and  open  in  the  direction  of  the  meridian, 
and  adapted  by  that  means  to  show  the  full  amount 
of  its  action  on  the  plummet*  From  the  base  its 
sides  rise  with  a  rapid,  though  unequal  acclivity, 
and  terminate  not  in  a  point,  but  in  a  ridge  or  nar- 
row plane  of  a  waving  form,  about  a  mile  in  length, 
and  sloping  regularly  to  the  east,  where  it  is  480 
feet  lower  than  at  the  western  extremity.  Though 
the  sides  are  very  rugged,  they  are  less  broken  by 
deep  ravines  or  bold  projections,  than  the  other 
mountains  of  the  same  elevation  in  this  quarter  of 
the  Grampians ;  for,  beside  the  high  neck  which 
has  been  already  mentioned  as  uniting  Schehallien 
to  the  mountains  on  the  west,  it  has  only  one  other 
salient  ridge,  which  runs  out  to  the  NE.  and  over- 
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looks  the  plain  with  a  very  steep  and  precipitous 
aspect.  In  some  directions,  and  when  viewed  from 
a  considerable  distance,  the  harsh  features  of  the 
mountain  are  wonderfully  softened ;  it  acquires  a 
very  beautiful  conoidal  shape,  and  from  thence  de- 
rives the  name  by  which  it  is  known  among  the 
inhabitants  of  the  low  country. 

The  rock  of  Schehallien,  like  that  of  all  the 
mountains  in  its  vicinity,  is  of  the  class  called  pri- 
mitive ;  and  is  disposed  for  the  most  part  in  great 
parallel  plates,  or  strata,  nearly  vertical,  stretching 
from  SE.  to  N  W.  They  are  indeed  so  nearly  ver- 
tical, that  a  deviation  of  15°  from  the  perpendicu- 
lar is  rarely  to  be  met  with,  except  toward  the  base 
of  the  mountain,  when  it  is  sometimes  greater,  and 
is  subject  to  considerable  inequalities.  The  strata 
on  the  north  side  of  the  mountain  lean  a  little  to- 
ward the  north,  and  those  on  the  south  toward  the 
south.  All  these  variations,  however,  are  inconsi- 
derable, and  in  general  the  6trata  may  be  set  down 
as  nearly  vertical. 

But  though  in  their  disposition  all  the  rocks 
of  Schehallien  agree  pretty  nearly,  they  differ  con- 
siderably in  their  mineralogical  characters.  A 
large  proportion  of  the  mountain,  and  that  which 
constitutes  the  most  elevated  part,  is  formed  of  a 
granular  quartz,  extremely  hard,  compact,  and 
homogeneous.  The  whole  mass  from  about  the 
level  of  the  two  observatories  up  to  the  summit  of 
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the  mountain,  is  of  this  stone.  Lower  down, 
again,  on  every  side,  the  rock  is  a  schistus  con- 
taining much  miea  and  hornblende ;  and  the  divi- 
sion into  parallel  and  vertical  plates  is  more  obvi- 
ous than  in  the  granular  quartz.  This  last,  how- 
ever, is  sometimes  found  in  the  lower  parts,  form- 
ing thin,  vertical  plates,  interstratified  with  the 
hornblende  and  mica  slate,  and  all  together  preserv- 
ing their  parallelism  with  a  neatness  and  accuracy 
which  a  work  of  art  could  hardly  exceed.  This 
is  particularly  to  be  observed  in  the  bed  of  the 
burn  of  Glenmore,  the  stream  that  defines  the 
base  of  the  mountain  on  the  south,  and  which  to- 
ward the  lower  part  of  its  course  intersects  the 
strata  to  a  great  depth. 

Besides  these  two  kinds  of  rock,  we  meet  in  se- 
veral places  toward  the  base  of  the  mountain  with 
a  granular  and  micaceous  limestone,  highly  crys- 
tallized, which,  in  one  or  two  places,  ascends  to  a 
considerable  height.  All  these  rocks  are  disposed 
in  strata ;  but  there  are  also  veins  or  dikes  of 
porphyry  and  griinstein,  which  traverse  the  moun- 
tain in  different  directions;  one  of  the  former 
kind,  of  great  breadth,  cuts  it  right  across  from 
NE.  to  SW.,  not  far  from  the  point  of  its  greatest 
elevation.  There  is  nowhere  any  appearance  of 
metallic  veins. 

The  quaitzy  rock  of  Schehallien  is  extremely 
hard  and  homogeneous,  and  by  its  slow  and  uni- 
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form  decay,  has  no  doubt  given  rise  to  that  mas- 
sive shape,  and  comparatively  unbroken  surface, 
which  have  been  already  remarked.  Yet  even  here 
the  work  of  time  is  abundantly  evident ;  for  the 
rock  being  much  cut  by  fissures  tranverse  to  its 
stratification,  it  separates  and  falls  down  in  large 
prismatic  fragments.  Some  of  these  are  of  a  vast 
size,  and  being  extremely  durable,  the  accumula- 
tion of  them  where  the  ground  is  not  too  steep  to 
permit  them  to  lie,  is  very  great,  so  that  large 
tracts  of  the  sides  of  the  mountain  are  covered 
with  cubical  blocks  of  granular  quartz,  resting  on  one 
another,  and  steadied  only  by  their  own  weight. 

It  is  remarkable  of  the  quartzy  stone,  that  when 
exposed  for  some  time  to  the  weather,  it  acquires 
the  lustre  and  appearance  of  white  enamel,  so  that 
the  old  weather-beaten  surface  is  more  clear  and 
shining  than  that  which  is  immediately  produced 
from  a  fresh  fracture.  The  reason  seems  to  be, 
that  the  stone  does  not  consist  of  pure  quartz,  but 
along  with  the  grains  of  quartz  has  a  great  num- 
ber of  grains  of  feldspar  interspersed,  which,  when 
it  is  first  broken,  give  it  an  opaque  and  earthy  ap- 
pearance. These  are  soon  dissolved  by  the  action 
of  the  weather ;  and  there  is  then  left  over  the 
surface  a  coat  of  pure  quartz,  which  has  the  semi- 
transparency  and  vitreous  gloss  belonging  to  ena- 
mel. 

The  feldspar  which  enters  into  the  composition 
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of  the  rock  here  described,  is  not  always  in  grains, 
but  in  some  specimens  is  found  regularly  crystal- 
lized* The  crystals,  however,  are  small,  and  very 
thinly  disseminated ;  were  they  in  more  abundance, 
this  stone  might  be  accounted  a  granite,  as  Pro- 
fessor  Jameson  has  remarked  of  a  stone  of  the  same 
kind  which  he  found  in  the  island  of  Jura. 

From  the  vertical  position  of  the  strata  we  may 
infer  with  some  probability,  that  the  rock  which 
breaks  out  anywhere  at  the  surface,  continues  the 
same  through  the  interior  of  the  mountain,  in  the 
direction  of  a  perpendicular  plane,  down  to  its 
base,  or  perhaps  to  an  indefinite  depth.  The  same 
stratum  usually  remains  of  the  same  nature  to  a 
great  extent,  whenever  we  have  an  opportunity  of 
examining  it,  whether  in  a  horizontal  or  a  perpen- 
dicular direction ;  and  it  is  not  to  be  doubted  that 
the  same  holds  when  no  such  opportunity  occurs. 
When,  therefore,  we  have  on  the  surface  a  bed  of 
mica  slate,  or  of  granular  limestone,  or  of  granu- 
lar quartz,  the  probability  is,  that  the  whole  stra- 
tum all  through  the  mountain  is  composed  of  the 
same  materials.  I  must,  however,  confess,  that  I 
do  not  think  that  this  probability  is  as  strong  with 
respect  to  granular  quartz,  as  it  is  with  respect  to 
the  micaceous  rocks.  These*  last  compose  the 
great  mass  of  the  Grampians ;  and  their  charac- 
ters, though  not  everywhere  the  same,  change  very 
slowly,  and  pass  from  one  to  another  by  impercept- 
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ible  gradations.     To  the  granular  quarts  this  rule 
does  not  equally  apply ;  it  is  not  general  among 
the  mountains  of  this  tract ;  it  sometimes  breaks 
off  suddenly,  and  is  replaced  by  rocks  of  a  very 
different  nature.     We  cannot,  therefore,  with  the 
same  confidence  assume  the  existence  of  this  rock 
in  intermediate  points,  when  we  only  see  it  in  the 
extremes.     This  much,  however,  we  know  with 
certainty,  that  the  whole  of  the  upper  part  of  the 
mountain,  from  about  the  level  of  the  *outh  obser- 
vatory to  the  summit,  consists  of  granular  quarts, 
as  no  other  stone  is  to  be  met  with  anywhere  in 
that  tract.     This  is  the  part  above  O,  in  the  sec- 
tion of  the  mountain ;  and  the  only  question  is, 
whether  we  shall  consider  the  part  in  the  interior 
of  the  mountain,  immediately  under  this  mass,  as 
consisting  of  the  same  rock.     When  we  first  exa- 
mined Schehallien,  Lord  Webb  Seymour  and  I 
were  both  of  opinion  that  this  was  the  most  pro- 
bable supposition.     Since  that  time,  however,  hav- 
ing had  an  opportunity  of  examining  some  other 
of  the  Grampians  where  granular  quartz  is  found 
at  the  summit,  and  where,  nevertheless,  it  is  cer- 
tain that  the  same  rock  does  not  go  down  into  the 
interior,  there  has  appeared  some  reason  to  suspect 
that  this  may  be  true  of  Schehallien.     As  the  re- 
sult of  the  calculus  with  regard  to  the  earth's  den- 
sity is  materially  affected  by  these  suppositions,   I 

have  given  the  result  as  I  had  first  deduced  it  on 

10 
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the  hypothesis,  that  the  interior  of  the  mountain 
is  of  granular  quarts ;  and  also  on  the  hypothesis 
that  the  quartz  is  confined  to  the  upper  part ;  and 
that  the  lower  part  is  entirely  composed  of  mica 
and  hornblende  slate. 

In  the  computation  which  Dr  Hutton  made  of 
the  attraction  of  Schehallien,  he  supposed  its  mass 
divided  into  960  vertical  columns,  and  he  com- 
puted the  force  with  which  each  of  these  columns 
disturbed  the  direction  of  a  plummet  suspended  in 
either  observatory,  supposing  them  all  homogene- 
ous, and  two  and  a  half  times  as  dense  as  water.  * 
Now,  knowing  from  our  survey,  and  the  combina- 
tion of  geometrical  with  mineralogical  observa- 
tions, the  specific  gravity  of  each  of  these  columns 
at  the  surface,  and  conceiving  (what  we  have  shown, 
with  one  exception,  to  be  probable)  that  the  co- 
lumn remains  the  same  through  its  whole  length, 
we  can  compare  the  real  attraction  with  that  as- 
signed to  it  in  Dr  Hutton's  calculation.  The  at- 
traction of  any  column  computed  on  his  hypo- 
thesis being  divided  by  2.5,  and  multiplied  by  the 
true  specific  gravity,  will  give  the  real  attraction, 
or  effect  in  disturbing  the  plumb-line.  It  is  on 
this  principle  that  our  correction  is  formed,  though 
simplifications  occurred  that  very  much  diminish- 

•  Phil.  Trans.  Vol.  LXVIII.  (1778,)  p.  689,  &c 
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ed  the  labour  of  the  computation,  the  nature  of 
die  rock  leading  us  in  the  end  to  distinguish  only 
two  differences  of  specific  gravity ;  and  the  inge- 
nious deductions  of  Dr  Hutton,  together  with  the 
excellent  order  that  prevails  in  his  computation, 
having  made  it  easy  to  follow  a  route  which  he  had 
cleared  of  all  its  greatest  difficulties. 

However,  as  it  was  impossible  to  determine  be- 
forehand how  much  the  specific  gravity  of  these 
rocks  might  differ,  it  was  necessary  to  conduct  the 
survey  so  that  every  individual  column,  had  it  been 
necessary,  might  have  had  its  specific  gravity  de- 
fined. For  this  purpose  the  mountain  was  tra- 
versed in  various  directions,  and  the  points  at 
which  a  transition  was  made  from  rocks  of  one 
character  to  those  of  another  were  carefully  noted» 
and  their  position  ascertained.  In  selecting  the 
specimens  which  were  to  represent  the  rocks*  of 
the  several  districts  into  which  the  mountain  thus 
became  divided,  attention  was  paid  both  to  the 
prevailing  stone,  and  to  that  which  was  least  com- 
mon, in  order  that  we  might,  if  possible,  get  pos- 
session both  of  the  mean  and  the  extremes.  This 
was  in  general  the  principle  that  guided  our  choice 
of  specimens,  but  the  application  of  it  in  detail  to 
particular  instances  does  not  admit  of  being  ex- 
plained. The  reasons  in  every  such  case  that  de- 
termined us  to  take  one  stone  and  reject  another, 
could  only  be  perceived  by  an  observer  on  the 
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spot,  whose  eye  was  accustomed  to  judge  of  the 
varieties,  the  plenty  or  the  rarity  of  the  minerals 
that  passed  in  review  before  him,  by  indications 
which  it  is  impossible  to  describe  in  words*  We 
are  here  therefore  with  reluctance  compelled  to 
request  from  the  reader  more  credit  than  we  are 
able  to  prove  to  him  that  we  deserve.  We  know, 
that  in  doing  this,  we  are  craving  an  indulgence 
which  no  wise  and  candid  observer  ever  wished  to 
possess ;  we  sincerely  regret  that  the  nature  of  the 
subject  forces  us  to  make  this  demand,  and  that 
the  part  of  our  work  which  it  was  most  difficult  to 
perform  to  our  own  satisfaction,  is  quite  incapable 
of  being  explained  to  the  satisfaction  of  others. 

Catalogue  qf  Specimens  from  Scfiehallien. 

The  rock  of  the  mountain  may  be  divided,  as 
already  remarked,  into  three  classes ;  granular 
quartz  ;  mica  and  hornblende  slate ;  granular  lime- 
stone. The  specific  gravities  were  ascertained  by 
the  late  Dr  Kennedy,  and  it  is  therefore  unneces- 
sary to  add  that  their  accuracy  m*y  be  perfectly 
relied  on.  The  pieces  weighed  were  between*  1000 
and  4000  grains :  most  commonly  between  9000 
and  9000.  Different  pieces  of  the  same  specimen 
were  often  examined.  The  water  used  was  dis- 
tilled, and  always  of  a  temperature  between  60  and 
61  degrees. 

VOL.  III.  d  d 


418  LITHOLOGICAL  SURVEY 


Quartz. 


1.  Grey  sandstone,  containing  mica  in  thin  lay- 
ers.    Specific  gravity  =2.6435. 

2.  White  quartz,  very  pure.  Fracture  vitreous. 
Occurs  in  beds  chiefly  on  the  NE.  side  of  the 
mountain.     Specific  gravity  =2.6437* 

3.  Quartzy  sandstone,  of  a  whitish  grey  colour, 
with  thin  layers  of  mica.     Specific  gravity  =2.6296. 

4.  Quartzy  sandstone.  White  colour,  with  lay- 
ers of  mica.  Much  indurated.  Somewhat  ferru- 
ginous.    Specific  gravity  =2.65367* 

5.  Indurated  sandstone,  with  spiculae  of  mica 
interspersed.     Specific  gravity  =2.6160. 

6.  Sandstone,  much  indurated,  vitreous  shine, 
interspersed  with  mica.     Specific  gravity  =2.6269. 

7*  Granular  quartz  from  near  the  summit ;  con- 
tains grains  of  feldspar.     Specific  gravity  =2.6274. 

8.  Granular  quartz,  nearly  the  same  with  the 
preceding.     Specific  gravity  =2.6109. 

9.  Sandstone,  fine  grained,  slightly  marked  with 
iron  veins.     Specific  gravity  =2.6296. 

10.  Sandstone,  fine  grained,  more  indurated 
than  the  preceding.     Specific  gravity  =2.6576. 

11.  Sandstone  containing  calcareous  matter. 
Specific  gravity  =2.6656. 

12.  Granular  quartz,  very  compact  and  indu- 
rated, but  of  a  stratified  structure ;  a  little  mica 
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in  thin  plates.     From  a  mean  of  several.     Specific 
gravity  =2.6452. 

IS.  Granular  quartz  of  a  flesh  colour;  imper 
feet  crystals  of  feldspar  thinly  disseminated.    This 
specimen  from  near  the  top.     From  a  mean  of  se- 
veral pieces.     Specific  gravity  =2.6387* 

The  mean  of  these  thirteen  specimens  gives 
2.6398  for  the  upper  or  quartzy  part  of  the  moun- 
tain. 

Mica  and  Hornblende  Slate. 

1.  Hornblende  slate  very  compact.  Specific 
gravity  =3.0642. 

2.  Micaceous  schistus,  with  hornblende,  and  a 
small  mixture  of  quartz.    Specific  gravity  =2.9385. 

3.  Black  micaceous  schistus,  fine  grained,  con- 
taining hornblende.     Specific  gravity  =3.0476. 

4.  Micaceous  schistus,  containing  pyrites  and 
quartz  in  fine  grains.     Specific  gravity  =2.7293. 

5.  Micaceous  schistus  tinged  with  an  oxide  of 
iron.     Specific  gravity  =2.7935. 

6.  Micaceous  schistus,  with  thin  plates  of  mica 
and  hornblende  transverse  to  the  stratification. 
Specific  gravity  =     907. 

7.  Micaceous  schistus,  with  quartz  in  small 
grains.     Specific  gravity  =2.7499* 

8.  Another  specimen  nearly  the  same.  Specific 
gravity  =2.7728. 
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9*  Compact  micaceous  sehistus,  grains  of  feldspar 
and  quartz  intermixed.   Specific  gravity  =2.71845* 

10.  Nearly  the  same  with  the  preceding.  Spe- 
cific gravity  =2.7206. 

The  medium  specific  gravity  of  these  ten  speci- 
mens is  2*83255. 

Limestone. 

1.  Granular  limestone  of  a  grey  colour,  contend- 
ing some  mica.     Specific  gravity  =2.7087. 

2.  Granular  limestone,  silver  coloured,  stratified 
structure.    Specific  gravity  =2.8890. 

9.  The  same,  bluish,  highly  crystallized.  Spe- 
cific gravity  =2.76057. 

4.  The  same,  finer  grained*  eoribuning  thin 
layers  of  mica.    Specific  gravity  =2,7419* 

5.  The  same,  grey  coloured,  and  the  crystals 
larger.     Specific  gravity  =2.7302. 

The  mean  specific  gravity  of  these  five  spec*, 
mens  is  =2.76607* 


0FSCHEHALI4EN. 


tat, 

ar  Quart*. 

Micac.  and  Ca 

c.Sclmtu,. 

Numbers. 

Specific 
Gravity. 

<£* 

N  urn  ben. 

I 

2.(5435 

3-0642 

1 

2 

2.6437 

2.9385 

2 

3 

2.629fi 

3.0476 

3 

4 

2.65367 

2.7293 

4 

5 

2.6460 

2.7935 

s 

6 

6 

2-6269 

2.7907 

6 

X 

7 

2.6274 

2.7499 

7 

8 

2.6109 

2.7728 

* 

9 

2-6296 

2.71845 

S 

10 

2.6576 

2.7206 

10 

11 

2.6656 

2.7087 

1 

H 

2.6452 

2.8890 

g 

J 

13 

2.6387 

2.76057 

s 

"5 

Mean 

2.639876 

3.7419 

2.7302 

4 
5 

U 

2.81039 

Mean 

From  the  inspection  of  the  preceding  table,  it  is 
evident  that  the  specimens  relatively  to  their  spe- 
cific gravity  may  be  divided  into  two  classes  suffi- 
ciently distinct  from  one  another.  The  specimens 
of  granular  quartz  are  in  specific  gravity  compre- 
hended between  £.61  and  2.66  nearly,  and  the 
mean  is  2.639876.  The  micaceous  rocks,  includ- 
ing the  calcareous,  are  contained  between  the  li- 
mit 2.7  and  3.06,  the  mean  of  all  the  15  specimens 
being  2.81039*  Now  it  happens  fortunately,  that 
these  two  classes  of  rocks  distinguished  by  their 
specific  gravity  are  also  distinguished  fay  their  po- 
sition, so  that  the  line  which  separates  them  can  be 
accurately  traced  out  on  the  face  of  the  mountain, 
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As  to  the  arrangement  of  the  same  two  classes  of 
rock  in  the  interior  of  the  mountain,  there  are  on- 
ly two  different  suppositions,  as  already  observed, 
which  possess  any  degree  of  probability,  and  the  re- 
sult of  each  is  hereafter  to  be  given.  The  curve 
line  in  the  plan  of  the  mountain  divides  the  quartzy 
from  the  micaceous  rocks. 

I  shall  now  proceed  to  state  the  principles  on 
which  the  present  investigation  is  founded,  and  the 
result  to  which  it  has  led. 

According  to  Dr  Hutton's  construction,  if  O 
(Fig.  38,)  be  the  place  of  the  plummet  in  the  south 
observatory,  ON  the  direction  of  the  meridian,  and 

if  with  a  radius  ON=133S3  feet,  or  ^-°,  a  qua- 

drant  of  a  circle  be  described,  vis.  WRN j  if  ON  be 
divided  into  20  equal  parts,  and  if  from  O  as  a 
centre,  through  each  of  these  points  of  division,  cir- 
cles be  described :  lastly,  if  through  O,  radii  as  OH, 
OG,  &c.  be  drawn  such  that  the  sine  of  the  angle 
which  each  of  them  makes  with  the  meridian  shall 
differ  from  the  sine  of  that  which  the  contiguous 

radius  makes  with  the  meridian  by  jz  of  the  radius ; 

that  is,  if  sinGON— sinHON=-^,  &c.  then  shall 

every  one  of  the  twenty  concentric  rings  be  di- 
vided into  twelve  spaces,  upon  each  of  which,  if 
columns  of  homogeneous  matter  be  supposed  to 
stand,  and  to  be  of  such  altitudes  as  to  subtend 
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equal  angles  from  O,  the  attraction  of  each  column 
on  the  plummet  at  O,  in  the  direction  of  the  meri- 
dian ON,  will  be  the  same. 

The  attraction  of  any  of  these  columns,  as  of 
that  which  stands  on  the  base  GHKL,  is  measured 
thus.    Let  fc=GL,  the  breadth  of  the  column  in 

the  direction  of  the  radius,  =-£-^-=666.666  feet ; 

d—  difference  between  the  sines  of  the  angles  of 
azimuth,  or  sinGON— sinHON=d;  E=  angle  of 
elevation  of  the  column  above  O :  then  the  attrac- 
tion =&feinE.* 

I  have  also  used  a  theorem  in  these  computations, 
which  gives  an  accurate  value  of  the  attraction  of  a 
half  cylinder  of  any  altitude  a,  and  any  radius  r,  on 
a  point  in  the  centre  of  its  base,  and  in  the  direc- 
tion of  a  line  bisecting  the  base.     Let  A  be  equal 

to  that  attraction ;  then  A=2aio8r+^at+r>>  or 


A=2alog£(l+yi^). 

Fig.  39  represents  a  vertical  section  of  Schehal- 
lien  in  the  direction  of  the  meridian  of  the  south 
observatory  O.  t  The  line  QR  represents  the  level 


•  Phil.  Trans.  Vol.  LXVIII.  p.  751. 

t  The  observatories  O  and  P  are  not  in  the  same  meri- 
dian. They  are,  however,  nearly  so ;  and  the  section  through 
P,  in  the  direction  of  the  meridian,  would  not  differ  sensibly 
from  that  which  is  here  given. 
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of  the  io  west  part  of  the  base  of  the  mountain.  P 
it  die  north  observatory ;  the  part  of  the  section 
coloured  with  a  reddish  brown  represents  the  gra- 
nular quartz,  supposed  here  to  constitute  the  inte- 
rior as  well  as  the  summit  of  the  mountain.  The 
dark  colour  represents  the  schistus  ;  the  two  belts 
of  grey  are  the  limestone  strata  on  the  north  and 
south  sides.  OR,  or  the  elevation  of  the  south  ob- 
servatory above  the  lowest  part  of  the  base  of  the 
mountain  is  1440  feet. 

Fig.  40.  is  a  section  of  the  mountain  in  the  direc- 
tion perpendicular  to  the  meridian  of  the  south  ob- 
servatory. This  section,  though  not  referred  to  in 
any  of  the  computations,  is  u&ful  for  enabling  one 
to  form  an  idea  of  the  structure  and  figure  of  the 
mountain. 

Draw  OL  (fig.  39.)  parallel  to  the  horizon. 
With  OR  as  an  axis,  and  with  a  radius  of  13333 
feet,  suppose  a  cylinder  to  be  described,  and  let  it 
be  cut  into  two  semi-cylinders  by  a  plane  passing 
through  OR  perpendicular  to  RQ  the  meridian. 
Then  the  whole  of  the  mountain  on  the  north  side 
of  this  plane  disturbs  the  direction  of  the  plummet 
by  drawing  it  toward  the  north.  But  the  part  of 
the  mountain  to  the  north  of  this  plane,  and  be- 
tween the  levels  O  and  R  is  equal  to  one  of  the 
semi-cylinders  above  mentioned,  minus  the  empty 
space  between  the  surface  of  the  ground  and  the 
horizontal  plane  passing  through  O.     If,  therefore, 
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S  denote  the  attraction  of  the  semi*cylinder,  and  V 
that  which  the  void  space  would  have  were  each 
pillar  in  it  to  consist  of  matter  of  the  same  density 
with  the  part  of  the  same  pillar  which  is  under  the 
surface,  S— V  will  represent  the  attraction  or  dis- 
turbing force  of  all  that  part  of  the  mountain  which 
is  north  of  OR,  and  under  the  level  of  O. 

Again,  putting  Sr  and  V  to  express  the  same 
things  for  the  part  of  the  mountain  to  the  south  of 
O,  the  whole  attraction  of  that  part  equal  S'— V, 
and  this  acting  in  an  opposite  direction  to  the 
other,  or  tending  to  restore  the  plummet  to  its 
mean  position,  is  to  be  subtracted  from  the  former 
quantity,  so  that  the  whole  disturbing  force  by 
which  the  part  of  the  mountain  below  the  level  of 
O  acts  upon  the  plummet  at  O,  is  S — V— S'+ V. 
To  this  the  attraction  of  the  upper  part  of  the 
mountain,  or  that  which  is  above  the  level  of  O, 
being,  as  it  happens,  wholly  to  the  north  is  to  be 
added,  and  if  it  be  called  T,  the  whole  disturb- 
ance on  the  plummet  at  O  is  S— S'—  V+ V'+T. 

In  Dr.  Hntton's  computation,  S  and  S',  or  the 
attraction  of  the  half  cylinder  on  opposite  sides  of 
O  are  equal  to  one  another,  the  cylinder  being 
supposed  to  consist  of  matter  of  the  same  density 
throughout ;  they  must  therefore  destroy  one  an- 
other, and  consequently,  according  to  that  hypo- 
thesis, they  did  not  require  to  be  calculated.  The 
case  here  is  not  the  same ;  for  the  matter  in  the 


^^ 


42$  LITHOLOOICAL  SURVEY 

two  semi-cylinders  not  being  of  uniform  density, 
nor  having  its  inequalities  similarly  distributed,  the 
attraction  of  each  must  be  calculated,  in  order  that 
their  difference,  or  S— S',  may  be  found. 

If  2,  s'v  U,  U',  and  V  denote  the  same  quantities 
for  the  observatory  P  on  the  north  side  of  the 
mountain,  then  the  disturbing  force  on  the  plum* 
met  at  P,  =2— 2'— U+U'+T'-  and  so  the  whole 
force    which  alters  the  direction  of   gravity  is 

S_S'— V+ V+T+  2— 2'— U+U'+T'. 

The  computation  of  these  quantities  for  the  co- 
lumns in  the  quadrant  north-west  of  Of  will  serve 
to  explain  the  method  followed  in  all  the  rest* 

The  whole  cylinder  of  which  OR  is  the  axis 
being  divided  into  960  columns,  the  quarter  of  it 
must  consist  of  240,  all  of  which,  as  far  as  their 
bases  are  concerned,  are  of  equal  force  in  attract- 
ing the  plummet  at  O,  so  that  the  difference  of 
their  effects  depends  entirely  on  their  altitude. 
Let  O,  (Fig.  38.)  represent  the  south  observatory, 
ON  the  meridian,  and  the  quadrant  ONW  a  ho- 
rizontal section  through  O  of  one-fourth  of  the 
cylinder,  on  which  the  bases  of  the  columns  are 
marked  as  in  the  figure.     Let  abc  be  the  bound- 
ing line  of  the  quartz  projected  on  the  plane  of 
this  section,  the  columns  whose  bases  are  within 
that  line  being  supposed  wholly  of  quartz,  and 
those  without  it  of  micaceous  schistus.      If  we 
suppose  the  columns  that  have  their  tops  in  this 
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section  to  be  extended  downwards  to  the  depth  of 
1440  feet,  we  shall  have  the  quarter-cylinder  di- 
vided into  240  columns,  that  would  be  of  equal 
disturbing  forces,  were  they  of  equal  density,  and 
equal  apparent  depression  below  the  point  O.  The 
inspection  of  the  figure  serves  to  distinguish  the 
columns  of  quartz  from  those  of  micaceous  schistus. 
In  those  columns  which  consist  of  both  rocks,  the 
proportion  of  the  quartzy  to  the  micaceous  part 
could  be  judged  of  with  sufficient  accuracy  by 
the  eye.  To  assist  the  eye,  however,  the  figure 
being  first  constructed  to  a  large  scale,  I  used  to 
stretch  a  fine  thread  either  in  the  direction  of  a 
radius  passing  through  O,  or  in  a  line  at  right 
angles  to  that  direction,  (according  as  the  case 
seemed  to  require,)  so  as  to  divide  the  quadrila- 
teral into  two  quadrilaterals,  equal,  as  nearly  as  the 
eye  could  judge,  to  the  irregular  divisions  made  by 
the  boundary  of  the  quartz  and  schistus.  The 
proportion  of  the  parts  was  then  easily  ascertained. 
Now,  by  the  first  of  the  theorems  laid  down  above, 
the  attraction  of  any  column  on  the  plummet  at 
O,  estimated  in  the  direction  of  the  meridian  ON, 
if  b  be  the  breadth  of  it  in  the  direction  of  the 
radius,  d  the  difference  of  the  sines  of  the  azi- 
muths of  the  two  edges,  £  the  angle  which  the 
length  of  the  column  subtends  at  O,  if  its  den- 
sity were  =1,  would  be  ArfxsinE.  But  if  the 
density  of  the  rock  be  expressed  by  any  other 
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number,  the  attraction  just  found  must  be  multi- 
plied by  that  number,  in  order  to  give  A  the  real 
attraction  of  the  column.  Thus*  if  Q  denote  die 
density  of  the  granular  quarto*  and  M  that  of  the 
micaceous  schistus,  we  have  in  the  former  case  A 
c=4dQsinE,  and,  in  the  latter,  A= WMsinE.    In 

these  formulas,  £=666.66  feet,  and  rf—  tL  by  the 

construction    already  explained;    therefore  Aj= 
(55.55)QsinE,  or  =(55.55)MsinE. 

The  calculation  of  sinE  is  very  easy,  for  the 
length  of  each  column  or  its  depth  below  O  being 
1410  feet,  and  the  middle  of  the  first  ring  being 
333.33  feet  distant  from  O  ;  of  the  second  1000, 
reckoning  from  O,  if  n  be  the  number  of  any  ring, 

the  distance  of  its  centre  from  O  is  — r—  x  iooo> 

3 
SO  that  tanE=- - =  -— —•• 

2J?rdxiooo    2*~1 

3 

The  sine  corresponding  to  this  tangent  taken 
from  the  tables,  and  multiplied  into  55.55,  and 
the  product  into  Q  or  M,  will  give  the  attraction 
of  the  column.  Therefore  to  have  the  attraction 
of  the  ring  of  columns  of  the  order  n>  the  quan- 
tity now  obtained  must  be  multiplied  by  12,  that 
being  the  number  of  columns  in  one  ring,  having 
all  by  hypothesis  the  same  altitude,  so  that  the 
whole  attraction  of  the  ring  =(666.66)QsinE,  &c. 

The  attraction  of  each  of  the  twenty  rings  be- 

10 
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mg  thus  computed,  their  sum  gives  the  attraction 
of  the  quarter-cylinder.  * 

From  the  projection  of  the  columns  in  Fig.  38. 
k  appears  that  the  first  six  rings  in  the  NW. 
quadrant  are  entirely  of  quartz,  that  the  fire  fol- 
lowing are  mixed,  being  partly  quartzy  partly  mi- 
caceous, and  that  the  nine  remaining  rings  are 
wholly  micaceous.  The  little  table  that  follows 
contains  the  proportions  of  quartzy  and  micaceous 
rock  in  the  fire  rings  just  mentioned. 
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*  It  was  moat  convenient  to  compute  the  attraction  of  the 
quarter-cylinder  in  this  way,  though  merely  as  approxima- 
tion, because  the  column*  of  which  it  consisted  are  not  all 
•f  the  same  specific  gravity.  In  the  caae  of  their  being  ho- 
mogeneous, the  attraction  of  the  quarter-cylinder  might  be 
computed  exactly  by  the  lecond  theorem  given  above.     In- 
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This  table  is  constructed  only  for  that  part  of 
the  north-west  quadrant  in  which  columns  occur  of 
two  different  rocks  ;  and  a  rectangular  cell  is  assign- 
ed to  each  column  in  the  five  rings  to  which  the 
table  refers.  The  letters  q  and  m  denote  quartz 
and  mica ;  and  where  one  letter  only  occurs,  the 
column  is  entirely  of  the  rock  which  it  denotes. 
In  the  cells  where  both  letters  occur,  the  column 
consists  of  both  rocks  in  the  proportion  expressed 
by  the  fraction  prefixed  to  each  letter.    Thus,  in 

the  seventh  ring,  the  first  quadrilateral  is—  quartz 

3  8  2 

and  jq  mica  ;  the  second,  —  quartz  and  yg  mica  ; 

the  third,  jz  quartz  and  —  mica ;  the  remaining 

nine  being  entirely  quartz. 

Now  to  apply  the  tables  thus  constructed  to  the 
computation  of  the  attraction  of  any  of  the  quarter- 
cylinders,  it  must  be  observed,  that  sinE  is  to  be 
found  for  any  column  in  the  way  already  explain- 


deed,  I  investigated  that  theorem  for  the  purpose  of  exa- 
mining into  the  degree  of  accuracy  that  this  approximation 
actually  possessed  ;  and  I  had  the  satisfaction  to  find,  that 
when  the  two  methods  were  applied  to  the  same  half  or  quar- 
ter-cylinder, (supposed  homogeneous,)  the  difference  of  the 
results  did  not  exceed  a  two-thousandth  part  of  the  whole. 
This  demonstrates  in  a  very  satisfactory  manner  the  accura- 
cy of  the  method  pursued  by  Dr  Hutton. 

12 
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ed,  and  is  then  to  be  multiplied  by  bd,  b  being 

2000        ,    ,       1  .i    ,  »  ,       2000       500         j 

^—-andrf^y^sothat  bd  =— 2=  — ,  and, 

therefore,  the  coefficient  of  Q  or  M  is  — -  sinE. 

When  the  whole  ring  is  of  the  same  rock,  the 
coefficient  of  sinE  computed  for  a  single  column  is 
to  be  multiplied  by  IS,  so  that  the  whole  attraction 

of  the  ring  =— xi2=  -j-=666.66>  as  before  de- 
termined. 

In  the  mixed  columns  the  sine  of  £  is  to  be 
multiplied  both  into  bd,  and  into  the  fraction  pre- 
fixed to  q  for  the  quartz,  and  to  m  for  the  mica  ; 
or  if  we  would  include  the  whole  ring,  as  £  is  the 
same  for  all  the  columns  contained  in  it,  we  must  mul- 
tiply bd  by  the  numbers  denoting  the  proportion  of 
quartz  or  of  mica  in  the  whole  of  that  ring.  Thus 
in  ring  7>  the  first  in  the  preceding  table,  the 
whole  quartz  =11.4,  the  sine  of  E  being  =-3157, 

and  the  attraction  due  to  the  quartz  =  ' 

X-3157  =(129.9423)Q. 

In  this  manner  the  attraction  of  the  whole  cylin- 
der on  the  plummet  at  O  is  readily  computed ;  but 
it  must  be  diminished  on  account  of  the  part  by 
which  this  cylinder  rises  above  the  surface  of  the 
ground.  The  quantity  that  is  to  be  subtracted  is 
computed  from  the  sines  of  the  depressions  of  the 
tops  of  the  different  columns  below  the  observatory 
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O ;  and  Dr  Hutton's  paper  either  actually  exhi- 
bits *  those  sines,  or  furnishes  us  with  the  means 
of  readily  computing  them.f  When  a  ring  is 
wholly  of  the  same  species  of  rock,  the  sum  of  the 
sines  of  the  depression  of  all  the  columns  in  that 
ring  is  given  in  the  tables,  and  needs  only  to  be 

multiplied  by  —  to  give  the  coefficient  of  Q  or 

M  as  far  as  that  ring  is  concerned. 

Again,  when  in  the  same  ring  some  columns  are 
of  quartz  and  others  of  mica,  the  sines  of  depres- 
sion must  be  computed  trigonometrically  for  each 
column  by  help  of  the  data  contained  in  the  tables 
above  referred  to.  The  sum  of  those  sines  for  the 
quartz  columns  being  multiplied  by  bd,  gives  the 
coefficient  of  Q. 

Where  the  same  column  is  of  two  different  kinds 
of  rock,  the  sine  of  the  depression,  or  of  £,  must 
be  multiplied  into  bd,  and  divided  in  the  propor- 
tion of  the  numbers  prefixed  to  q  and  m  in  the  cell 
belonging  to  the  column. 

All  this  may  be  illustrated  by  the  calculation  of 
the  attraction  of  the  columns  belonging  to  the 
above  table*  In  the  seventh  ring  the  first  columns 
are  mixed,  the  next  three  are  entirely  of  quarts, 
and  the  remaining  six  are  wanting,  that  is  to  say, 

*  Phil.  Trans.  Vol.  LXVIII.  p.  769  to  776. 
|  Ibid.  p.  759  to  765. 
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their  tops  are  not  depressed  below  the  level  of  O, 
as  may  be  seen  in  Table  V.  of  Dr  Hutton's  paper. 
*  From  that  table  it  also  appears,  that  the  depth  of 
the.  summit  of  the  first  column  of  the  seventh  ring 
below  the  level  of  O  is  250  feet  j  of  the  second 
240,  of  the  third  200,  of  the  fourth  150,  of  the 
fifth  60,  and  of  the  sixth  30.  From  these  mea- 
sures the  angles  of  depression  may  be  computed. 
Thus,  if  250  be  divided  by  the  radius  of  this  ring, 

viz.  — — ,  we  have  .0577/or  the  tangent  of  the  de- 
pression, or  of  £,  and  the  sine  which  corresponds 

is  .0568.     As  Jq  of  this  column  consists  of  quartz, 

7 
we  must  take  j^  of  this  sine  for  the  proportional 

part  of  the  coefficient  of  Q.     In  like  manner,  the 

sine  of  the  depression  of  the  top  of  the  second  co- 

g 
lumn  is  .0545,  of  which  taking  j^  we  get  .0436  for 

the  part  of  the  coefficient  of  Q  belonging  to  this 
column.  So  also  for  the  third  ring,  the  proportion- 
al part  of  the  sine  is  .04149-  The  fourth,  fifth, 
and  sixth  columns  being  entirely  of  quartz,  no  pro- 
portional parts  are  to  be  taken  ;  their  sines,  com- 
puted as  before,  are  .0346,  .0138,  .0069 ;  and  the 
sum  of  all  these  six  numbers  is  .18015. 

Calculating  in  the  same  way  for  all  the  columns 
that  are  entirely  or  partly  of  quartz  in  the  north- 

vol.  in.  e  e 


^rikMlMA 
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west  quadrant,  we  have  the  amount  of  tbe  whale 
=•2534.  Now  the  total  ftutt  of  the  sineB  of  the  de- 
pressions in  this  quartet,  is  13.534.  (See  Dr  Hat- 
ton's  Computations,  p«  93.)  Fran  this  Mftibeftr, 
if  .2534  be  taken  away,  there  will  remain  13.2806 
as  the  coefficient  of  M,  arising  from  the  depressions 
of  the  micaceous  columns. 

Now  the  sum  of  the  sines  belonging  to  the 
quartz  in  the  quarter*cylmder  itself  has  been  found 
=53.3532,  from  which  taking  away  .2534,  there  re- 
mains 53.0998  for  the  entire  sum  of  the  sines  be- 
onging  to  the  quartz  under  the  level  ef  O  in  the 
north-west  quarter  of  the  mountain. 

In  like  manner  the  sum  of  the  sines  computed 
for  the  micaceous  columns  and  parts  of  columns  in 
the  north-west  quarter-cylinder,  is  23.0124,  from 
which  taking  away  13.2806,  the  deficient  onr  nega- 
tive part,  there  remains  9.7318.     The  numbers 

thus  found  being  multiplied  by  — ,  give  the  coeffi- 

cients  of  Q  and  M  for  the  north-west  quarter  of 
the  mountain  below  the  level  of  O,  and  make  its 
attraction  =(2949.99)Q+(540.655)M. 

A  similar  computation  being  made  for  the  quar- 
ter-cylinder on  the  north-east  of  O,  we  have  its  at- 
traction =(2974.299)  Q  +  (577.98)M,  to  which 
adding  their  former  attraction,  (2949.99)  Q+ 
(540.655)M,  we  have  S — V,  or  the  attraction  of 
the  mountain  on  the  north  side  of  O,  and  under 

12 
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the  level  of  O  =(59«4.289)Q+(1118.635)M.  In 
tike  manner  the  f^tractian  of  the  south-west  quad- 
rant deduced  partly  from  the  quarter-cylinder,  and 
partly  from  Dr  Hutton's  calculations  =(1049.1®) 

Q+(1819.66)M,andofthesouth^ast=(i567,S9*) 
Q+<1052.129)M  ;  the  sum  of  which,  or  S'— V, 
gives  («616.574)Q+(2871.789)M;  to  be  subtract- 
ed  from  the  former,  in  order  that  we  may  have 
the  total  disturbing  force  of  the  part  of  the  moun- 
tain below  O,  which  is  therefore  =(3307*7 15)Q-r- 
(1753.15*)M. 

Lastly  T,  or  the  attraction  of  the  part  of  the 
mountain  above  O,  (which  is  on  the  north,)  when 
computed  from  the  sums  of  the  sines  of  the  eleva- 
tion of  the  columns  above  O,  as  given  by  Dr  Hut- 
ton,  is  found  =(2474.S89)Q+(150.855)M,  which, 
added  to  the  preceding,  gives  the  whole  attraction 
on  the  plummet  at  O,  =(5782.104)Q— 
(1903.209)M. 

The  same  quantities  calculated  for  P,  the  north 
observatory,  are  (806l.022)Q-(8127.05)M.  To 
which  adding  the  attraction  just  found  for  O,  we 
have  (13843.126)Q-(5030.214)M=  the  total 
force  of  attraction  increasing  the  convergency  of  the 
plumb-line  on  opposite  sides  of  the  mountain. 

Now  if  D  be  the  mean  density  of  the  globe, 
it  follows  from  Dr  Hutton's  calculations  that 
87522720D  is  the  measure  of  the  attraction  of  the 
whole  earth.     But  the  Astronomer  Royal  having 
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found  by  his  observations,  that  the  sum  of  the  de- 
viations of  the  plumb-line  on  opposite  sides  of  the 
mountain  is  11.6  seconds,  the  attraction  of  the 
earth  is  therefore  to  the  sum  of  the  opposite  at- 
tractions of  Schehallien,  as  radius  to  the  tangent 
of  11\6,  that  is,  as  1  to  .000056239,  or  as  17781 
to  1  j  or,  making  an  allowance  for  the  centrifugal 
force  arising  from  the  earth's  rotation,  as  17804  to 
1.    Therefore,  17804 :  l : :  87522720D :  (iS84s.i26)Q— 

(50S0.2l4)M,  SO  that  ?^^D=(IS84S.126)Q- 

(50S0J2i4)M,  and  hence 

D=(13843.126)Q-(5030.214)M         D=(2-8l6)Q_ 

4915902  9  V1  **— v*-°  »^« 

(i.02S)M.     If  we  suppose  Q=2.639876  and 
M=2.81039,  as  in  the  table  above,  D=4.55886. 

17804 

Dr  Hutton  makes  D=-— ^  multiplied  into  2.5, 

the  supposed  density  of  the  rock,*  which  gives 
D=4.481,  considerably  less  than  the  preceding. 
If  in  the  formula  D=(2.816)Q-(1.023)M,  we 
make  Q=M=2.5,  the  result  should  agree  with  Dr 
Hutton's,  and  does  so  very  nearly,  making  D= 
4.482. 

In  all  this,  we  have  proceeded  on  the  supposi- 
tion that  the  granular  quartz  not  only  constitutes 
the  summit  of  the  mountain,  or  the  part  above  the 
level  of  the  observatories,  but  that  it  also  descends 

•  Phil.  Trans.  Vol.  LXVIII.  p.  781. 
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into  the  interior  of  the  mountain  down  to  its  base, 
where  it  is  bounded  by  the  curve  line  abcf  (Fig.  88.) 
On  the  other  supposition  mentioned  above,  that  the 
granular  quartz  does  not  constitute  the  interior 
nucleus  of  the  mountain,  but  is  confined  to  the 
upper  part  of  it,  the  rest  consisting  of  micaceous 
schistus,  our  formula,  after  undergoing  certain 
changes,  may  also  be  accommodated  to  this  hypo- 
thesis. In  the  value  of  the  attraction  of  the  part 
of  the  mountain  below  O,  viz.  (3307.715)Q— 
(1753.154)M,  we  must  suppose  Q=M,  when  the 
above  quantity  becomes  (1554.56l)M.  To  this 
we  are  to  add  T,  or  the  attraction  of  the  part  of 
the  mountain  above  O,  which  remains  the  same  as 
before,  viz.  (2474.889)Q-(150.055)M,  to  which 
if  we  add  (1554.56i)M,  the  sum  (2474.889)Q+ 
(1404.506)M  is  the  whole  attraction  on  the  plum- 
met at  O,  according  to  this  new  hypothesis. 

If  the  same  changes  are  made  with  respect  to  the 
observatory  P,  we  shall  have  the  total  attraction. 
Now  the  attraction  of  the  part  of  the  mountain 
below  P=(5593.347)Q-(3172.15)M,  which  if 
Q=M  becomes  (2421.1 97)M.  Also  the  attrac- 
tion of  the  part  above  Pis  (2467-675)Q+(45.15)M. 
If  to  this  be  added  (2421.197)M,  the  amount,  or 
(2467.675)Q+(2466.347)M  is  the  total  attraction 
on  the  plummet  at  P. 

To  the  total  attraction  at  0=(2474.S89)Q+ 
(1404.506)M,   add  the    total   attraction   at  P= 
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(34€7.675)Q+(2466.3i7)M ;  then  the  total  at- 
traction by  which  the  direction  of  gravity  n  alter- 
ed by  the  mountain,  is(49*2.00l)Q+(3870.853)M. 

H*,ce  as'  before  ^^^g+g7"^^,  Or 

D=  ( J  .0053)Q+(0.78743)M. 

Here  if  we  make  as  before  Q=2.639876>  and 
M=2.81039,  we  shall  have  D=4.866997.  This 
therefore  is  the  mean  density  of  the  earth,  on  the 
supposition  that  the  interior  of  Schehallien,  on  a 
lower  level  than  the  observatories,  consists  of  mi- 
caceous schistus.  The  measure  thus  obtained,  for 
the  mean  density  or  mean  specific  gravity  of  the 
earth,  is  above  that  of  any  of  the  precious  stones, 
and  is  nearly  a  mean  between  the  results  of  Dr 
Hutton  and  Mr  Cavendish.  According  to  the 
fonner,  D=4.481 ;  according  to  the  latter,  D=5A89 
the  mean  of  which  is  4.98.  The  difference  between 
this  and  the  last  of  our  results  is  nearly  =.1,  or  less 
than  a  forty-fifth  part. 

If  we  are  to  consider  the  experiments  on  Sche- 
hallien singly,  it  seems  highly  probable  that  the 
mean  density  of  the  earth  is  contained  between  the 
limits  deduced  from  the  two  different  suppositions 
concerning  the  structure  of  the  mountain,  so  that 
it  cannot  be  less  than  4.5588,  nor  greater  than 
4.867.     The  mean  of  these  is  nearly  4.713. 

It  is  however  desirable,  that  an  element  so  im- 
portant in  physical  astronomy,  as  the  mean  density 
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of  the  earth,  should  be  the  result  of  many  experi- 
ments. The  principle  on  which  those  at  Schehal- 
lien  were  made  seems  the  most  likely  to  lead  to 
accurate  conclusions.  In  the  selection  of  the  pla- 
ces fit  for  such  observations,  the  homogeneity  of 
the  rock  is  a  condition  that  merits  particular  atten- 
tion, and  is  hardly  to  be  looked  for  any  where  but 
among  granite  mountains,  as  they  alone  afford  a 
perfect  security  that  their  interior  and  exterior  are 
composed  of  the  same  materials.  Granite  is  the 
lowest  of  the  rocks,  and  whenever  it  appears  at  the 
surface  we  may  be  assured,  that  on  penetrating 
deeper,  we  shall  meet  with  no  other. 

It  is  therefore  to  the  primitive  mountains,  and 
among  them  to  the  granitic,  that  such  experiments 
as  those  made  at  Schehallien  ought  to  be  confined. 
The  want  of  homogeneity  will  then  be  on  the  out* 
side  of  the  mountain  only,  and  can  easily  be  esti- 
mated. The  granite  may  be  covered  at  the  bot- 
tom of  the  mountain  and  even  to  a  considerable 
height  on  its  sides  with  beds  of  gneiss,  mica  slate, 
hornblende  slate,  &c.  the  quantity  and  position  of 
which  can  easily  be  ascertained  by  observation. 
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1  he  author  of  the  Naval  Tactics  is  one  of  those 
men  who,  by  the  force  of  their  own  genius,  have 
carried  great  improvements  into  professions  which 
were  not  properly  their  own.  The  history  both  of 
the  sciences  and  of  the  arts  furnishes  several  re- 
markable examples  of  a  similar  nature.  Fermat 
the  rival,  sometimes  the  superior  of  Descartes,  one 
of  the  most  inventive  mathematicians  of  a  most  in- 
ventive age,  was  by  profession  a  lawyer,  and  had 
only  devoted  to  science  the  time  that  could  be 
spared  from  the  duties  of  a  counsellor  or  a  judge  : 
about  fifty  years  earlier,  also,  his  countryman  Vieta 
had  made  a  like  digression  from  the  same  employ- 
ment, and  hardly  with  inferior  success. 

*  Published  in  the  Transactions  of  the  Royal  Society  of 
Edinburgh,  Vol.  IX.  (1821.)— Ed. 
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Perrault,  who,  in  the  facade  of  the  Louvre,  has 
left  behind  him  so  splendid  a  monument  of  archi- 
tectural skill  and  taste,  was  a  physician,  and  not 
only  practised,  but  wrote  books  on  medicine.  Dr 
Herschell  too,  who  has  made  more  astronomical 
discoveries  than  any  individual  of  the  present  age, 
betook  himself  to  the  study  of  the  heavens  as  a  re- 
laxation from  professional  pursuits.  Mr  Clerk  is 
to  be  numbered  with  these  illustrious  men,  hay- 
ing made  great  improvements  in  an  art  to  which  he 
was  not  educated,  and  in  which  early  instruction, 
and  long  practice,  would  seem  more  indispensable 
than  in  any  other. 

Two  reasons  may  perhaps  be  assigned  for  the 
success  which  often  attends  men  who  thus  take  a 
science  by  assault,  without  making  their  approaches 
regularly,  and  according  to  the  rules  of  art.  They 
are  inspired  by  genius,  and  impelled  by  the  highest 
of  all  motives,  the  pleasure  they  derive  from  their 
exertions.  They  are  also  free  from  the  prejudices, 
and  the  blind  respect  for  authority,  which  consti- 
tute so  strong  a  barrier  against  improvement  bo£h 
in  the  sciences  and  the  arts. 

A  young  man,  who  had  been  bred  in  the  service 
of  the  Navy,  who  had  seen  the  Commanders  he 
was  taught  to  respect  most  highly,  bring  their  fleets 
into  action  constantly  in  a  certain  way,  and  who 
had  naturally  made  that  manoeuvre  the  great  object 
of  his  study,  would  not  be  apt  to  deviate  from  a 
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practice,  in  the  accurate  and  successful  application 
of  which  the  greatest  merit  of  a  Naval  Officer  was 
supposed  to  consist.  Indeed  no  man  learns  his 
art,  as  it  actually  exists,  more  completely  than  a 
seaman  ;  but  no  man  learns  it  in  a  way  move  like- 
ly to  preclude  improvement.  A  landsman,  there- 
fore, sitting  in  his  study,  and  thinking  only  of  the 
abstract  principles,  mechanical  or  tactical,  of  the 
naval  art,  provided  he  be  well  instructed  in  them, 
and  have  a  mind  sufficiently  powerful  to  combine 
those  principles,  and  appreciate  their  different  re- 
sults, may  be  expected  to  give  valuable  lessons  to 
the  most  able  and  experienced  seamen* 

Mr  Clerk  was  precisely  the  man  by  whom  a  suc- 
cessful inroad  into  a  foreign  territory  was  likely  to 
be  made.  He  possessed  a  strong  and  inventive 
mind,  to  which  the  love  of  knowledge,  and  the 
pleasure  derived  from  the  acquisition  of  it,  were  al- 
ways sufficient  motives  for  application.  He  had 
naturally  no  great  respect  for  authority,  or  for  opi- 
nions, either  speculative  or  practical,  which  rested 
only  on  fashion  or  custom.  He  had  never  circum- 
scribed his  studies,  by  the  circle  of  things  imme- 
diately useful  to  himself ;  and  I  may  say  of  him, 
that  he  was  more  guided  in  his  pursuits,  by  the  in- 
clinations and  capacities  of  his  own  mind,  and  less 
by  circumstance  and  situation,  than  any  man  I  have 
ever  known.  Thus  it  was,  that  he  studied  the  sur- 
face of  the  land  as  if  he  had  been  a  general,  and 
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the  surface  of  the  sea  as  an  admiral,  though  he  had 
no  direct  connection  with  the  profession  either  of 
the  one  or  of  the  other. 

From  his  early  youth,  a  fortunate  instinct  seems 
to  have  directed  his  mind  to  naval  affairs.  It  is 
always  interesting  to  remark  the  small  and  almost 
invisible  causes  from  which  genius  receives  its  first 
impulses,  and  often  its  most  durable  impressions- 
"  I  had  (says  he)  acquired  a  strong  passion  for 
nautical  affairs  when  a  mere  child.  At  ten  years 
old,  before  I  had  seen  a  ship,  or  even  the  sea  at  a 
less  distance  than  four  or  five  miles,  I  formed  an 
acquaintance  at  school  with  some  boys  who  had 
come  from  a  distant  sea-port,  who  instructed  me  in 
the  different  parts  of  a  ship  from  a  model  which 
they  had  procured.  I  had  afterwards  frequent  op- 
portunities of  seeing  and  examining  ships,  at  the 
neighbouring  port  of  Leith,  which  increased  my 
passion  for  the  subject ;  and  I  was  soon  in  posses- 
sion of  a  number  of  models,  many  of  them  of  my 
own  construction,  which  I  used  to  sail  on  a  piece  of 
water  in  my  father's  pleasure-grounds,  where  there 
was  also  a  boat  with  sails,  which  furnished  me  with 
much  employment.  I  had  studied  Robinson  Cru- 
soe, and  I  read  all  the  sea-voyages  I  could  pro- 


cure." 


ITie  desire  of  going  to  sea,  which  could  not  but 
arise  out  of  these  exercises,  was  forced  to  yield  to 
family  considerations ;  but,  fortunately  for  his  coun- 
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toy,  the  propensity  to  naval  affairs,  and  the  plea- 
sure derived  from  the  study  of  them,  were  not  to 
be  overcome. 

He  had  indeed  prosecuted  the  study  so  for,  and 
bad  become  so  well  acquainted  with  naval  affairs, 
that,  as  he  tells  us  himself,  he  had  begun  to  study 
the  difficult  problem  of  the  way  of  a  ship  to  wind- 
ward. This  was  about  the  year  1770*  when  an  in- 
genious and  intelligent  gentleman,  the  late  Commis- 
sioner Edgar,  came  to  reside  in  the  neighbourhood 
of  Mr  Clerk's  seat  m  the  country.  Mr  Edgar  had 
served  in  the  army,  and,  with  the  company  under 
his  command,  had  been  put  on  board  Admiral 
Byng's  ship  at  Gibraltar,  in  order  to  supply  the 
want  of  marines;  so  that  he  was  present  in  the  action 
off  the  Island  of  Minorca,  on  the  20th  of  May  1/5& 
As  the  friend  of  Admiral  Boscawen,  he  afterwards 
accompanied  that  gallant  officer  in  the  more  forta. 
nate  engagement  of  Lagos  Bay. 

After  the  American  war  was  begun,  an  attention 
to  the  narratives  of  his  friend,  and  still  more  to  the 
actions  which  were  then  happening  at  sea,  served  t# 
convince  Mr  Clerk  that  there  was  something  very 
erroneous  in  the  methods  hitherto  pursued  by  the 
British  admirals  for  bringing  their  fleets  into  action; 
insomuch,  that,  though  nothing  could  exceed  the 
skill  with  which  each  individual  ship  was  worked, 
yet  when  one  whole  fleet  was  opposed  to  another, 
the  plan  followed  was  uncertain  and  precarious, 
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find  it  seemed  that  the  expedient  for  forcing  an 
enemy  to  fight,  remained  yet  to  be  discovered.  It 
appeared,  indeed,  that  very  little  attention  had  yet 
been  paid  to  the  subject  of  Naval  Tactics. 

The  oldest  work  we  know  of  that  treats  of  Na- 
val Tactics,  is  that  of  the  learned  Jesuit  Pere 
Hoste,  Professor  of  Mathematics  in  'the  Royal 
College  at  Toulon,  and  entitled  JJArt  des  Ar- 
mies Navales.  It  is  an  elementary  and  distinct 
exposition  of  the  ordinary  manoeuvres  at  sea,  and  has 
no  pretensions  to  any  thing  more.  It  was,  however, 
highly  regarded  at  the  time :  the  author,  when  he 
presented  it  to  Louis  XIV.  in  1697,  was  well  re- 
ceived, and  had  a  pension  given  him. 

There  was  no  book  on  the  subject  in  the  English 
language ;  and  the  conduct  of  our  sea-fights,  though 
it  had  so  often  proved  successful,  did  not  display 
much  extent  or  variety  of  resources.  It  had  usu- 
ally happened  that  the  British  fleet  was  eager  to 
engage,  and  that  the  enemy  was  unwilling  to  risk 
a  general  action  ;  our  object,  therefore,  had  almost 
always  been  to  gain  the  weather-gage,  as  it  is  call- 
ed, of  the  enemy,  or  to  place  ourselves  to  windward 
of  his  fleet.  When  that  fleet  was  drawn  out  in  line, 
in  the  manner  necessary  for  allowing  every  ship  its 
share  in  the  action,  the  British  fleet  bore  down  from 
the  windward  on  the  enemy,  lying  to,  as  it  is  term- 
ed, or  almost  fixed  in  its  position  ;  the  whole  line, 
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and  also  the  broadside  of  each  individual  ship,  being 
nearly  at  right  angles  to  the  direction  of  the  wind. 

Under  these  circumstances,  the  British  fleet  had 
usually  pursued  one  of  two  methods  of  making  the 
attack.  The  one  consisted  in  forming  a  line  pa- 
rallel and  directly  opposite  to  that  of  the  enemy ; 
after  which  each  ship  bore  down  on  that  which  was 
immediately  opposed  to  it.  According  to  the  other 
method,  the  British  fleet,  on  the  opposite  tack  to 
that  of  the  enemy,  ran  along  parallel  to  it,  and 
within  fighting  distance,  till  the  whole  of  the  one 
line  was  abreast  of  the  other,  and  each  ship  ready 
to  engage  her  antagonist. 

If  the  first  of  these  methods  was  pursued,  each 
ship,  on  coming  down,  had  a  very  sharp  fire  to  sus- 
tain from  the  broadside  of  that  opposed  to  her, 
which  she  could  only  return  feebly  from  the  gum 
on  her  bow.  The  rigging,  of  consequence,  which 
presented  the  best  mark  when  seen  endwise,  was 
likely  to  be  so  much  cut,  that  the  ship  must  be 
nearly  disabled  before  she  arrived  at  the  fighting 
distance. 

If  the  sjcond  method  was  pursued,  the  headmost 
ship  had  to  endure  the  fire  of  the  whole  line  before 
it  arrived  in  its  place ;  the  second,  the  fire  of  all  but 
one ;  the  third,  of  all  but  two,  and  so  on :  so  that 
it  was  not  likely  that  any  but  the  sternmost  ships 
could  reach  their  station  without  having  received 
considerable  damage.    This  gave  to  the  enemy  who 
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quietly  remained  on  the  defensive*  a  great  advaa* 
tage  over  the  attacking  squadron,  and  enabled  hint 
almost  to  a  certainty,  to  come  off>  if  not  with  victory, 
at  least  with  very  little  loss* 

The  disadvantages*  however,  arising  from 
two  modes  of  attack,  either  had  not  been  duly 
sidered,  or  had  been  set  down  among  the  unavoid- 
able evils  necessarily  involved  in  a  determination  to 
force  the  enemy  to  fight.  Perhaps,  too,  the  desire 
of  complying  literally  with  the  instructions  always 
given  to  our  admirals*  of  doing  their  utmost  to  tako* 
burn,  and  destroy,  contributed  to  make  it  be  thought, 
that  a  direct  and  immediate  attack,  such  as  has  just 
now  been  described*  was  the  only  means  that  could 
properly  be  resorted  to. 

Mr  Clerk  had  the  merit  of  pointing  out  the  evils 
now  enumerated)  in  a  manner  most  clear  and  de- 
monstrative, and  of  describing  a  method  by  which 
the  attack  might  be  made,  without  incurring  any 
of  the  disadvantages  that  have  been  mentioned,  and 
almost  with  a  certainty  of  success.     As  the  evil 
arose  from  an  endeavour  to  diffuse  the  force  of  the 
attack,  if  one  may  say  so,  over  the  whole  surface  of 
the  line  attacked ;  so  the  remedy  consisted  in  con- 
centrating the  force  of  the  attack,  and  in  bringing 
it  to  bear  with  proportionally  greater  energy  on  a 
single  point,  or  a  small  portion  of  the  enemy's  linew 
For  this  purpose  the  admiral  of  the  attacking  and 
windward  squadron,  is  supposed  to  come  dowft,  not 
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in  line,  but  with  his  fleet  in  divisions,  so  as  to  be 
able  to  support  the  particular  division  destined  to 
break  through  the  line  of  the  enemy.  The  conse- 
quence must  be,  that,  if  this  attack  is  directed 
against  the  rear  of  the  enemy,  the  ships  a-head 
must  either  abandon  those  that  are  cut  off,  or  must 
double  back,  either  by  tacking  or  wearing.  Here 
Mr  Clerk  shows,  that  if  the  enemy  follow  the 
first  of  these  methods,  and  make  his  line  either 
tack  in  succession,  or  all  together,  such  a  distance 
must  be  left  between  them  and  the  three  or  four 
sternmost  ships,  that  not,  only  must  those  last  be 
easily  carried,  but  that  several  more  must  probably 
be  thrown  into  such  a  situation  as  to  subject  them 
almost  unavoidably  to  the  same  fate.  If  the  enemy 
attempt  the  same  thing  by  wearing,  his  condition 
will  be  still  worse.  The  fleet,  by  falling  to  leeward, 
must  not  only  desert  the  shipg  attacked  altogether, 
but  must  leave  the  sternmost  of  the  wearing  ships 
so  much  exposed  as  to  render  it  certain  that  they 
will  be  entirely  cut  off. 

At  the  time  when  this  method  of  attack  was 
proposed,  it  was  regarded  as  a  manoeuvre  quite 
new,  and  as  having  never  yet  been  acted  on.  Mr 
Clerk,  indeed,  has  entered  into  a  historical  detail, 
which  tends  to  establish  this  point,  and  in  which* 

from  the  most  authentic  documents,  he  traces  the 

• 

plans  of  most  of  our  remarkable  naval  actions,  from 
that  of  Admiral  Matthews,  off  Toulon,  in  1744,  to 
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that  of  Admiral  Greaves  off  the  Chesapeak  in 
1781.  In  most  of  these  actions,  though  conducted 
by  some  of  our  ablest  naval  officers,  the  British 
fleet  being  to  windward,  by  extending  the  line  of 
battle,  with  a  design  of  disabling  or  destroying  the 
whole  of  the  enemy's  line  to  leeward,  was  itself 
disabled  before  the  ships  could  reach  a  situation  in 
which  they  could  annoy  the  enemy ;  while,  on  the 
other  hand,  the  French,  perceiving  the  British  ships 
in  disorder,  have  made  sail,  and,  after  throwing  in 
their  whole  fire,  have  formed  a  line  to  leeward, 
where  they  lay  prepared  for  another  attack ;  and 
thus  has  been  frustrated  that  combination  of  skill 
and  courage  which  distinguishes  our  seamen,  and 
has  always  been  so  conspicuous  in  actions  of  single 
ships.  The  analysis  of  those  actions  forms  a  most 
interesting  part  of  Mr  Clerk's  book,  and  furnishes 
a  commentary  on  the  naval  history  of  Britain,  such 
as  we  seek  for  in  vain  in  the  treatises  written  ex- 
pressly on  that  subject. 

In  the  second  part  of  his  work,  which,  though 
first  written,  was  last  published,  the  author  has  con- 
sidered the  nature  of  the  attack  from  the  leeward, 
or  where  the  fleet  which  would  force  the  other  to 
action  has  not  the  advantage  of  the  weather-gage. 
Here  also  he  proves,  by  arguments  very  clear  and 
convincing,  that  nothing  promises  success  but  the 
cutting  of  the  enemy's  line  in  two ;  the  leeward 
fleet  on  the  opposite  tack  to  that  of  the   enemy, 
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bearing  up  obliquely,  so  as  to  pierce  the  line  in  the 
centre,  or  towards  the  rear,  as  circumstances  may 
direct.  The  ships  thus  cut  off  could  have  no  sup- 
port, and  must  either  save  themselves  by  downright 
flight,  or  fall  into  the  hands  of  the  enemy. 

The  time  when  Mr  Clerk  was  engaged  in  these 
speculations,  was  a  period  very  memorable  in  the 
naval,  the  military,  and  political  history  of  this 
country ;  and  never  was  there  a  moment  when  the 
communication  of  the  secret  he  had  discovered 
could  have  been  attended  with  more  important  coife* 
.  sequences.  The  contest  in  which  Britain  was  en- 
gaged with  the  American  colonies,  so  questionable 
in  its  principle,— so  approved  by  the  nation, — and 
so  obstinately  pursued  by  the  Government,  had  in- 
volved the  country  in  the  greatest  difficulties.  A 
series  of  great  and  ill-directed  efforts,  if  they  had 
not  exhausted,  had  so  far  impaired,  the  strength 
and  resources  of  Britain,  that  neighbouring  nations 
thought  they  had  found  a  favourable  opportunity  for 
breaking  the  power,  and  humbling  the  pride,  of  a 
formidable  rival.  The  Frejich  Government,  desi- 
rous of  accomplishing  $n  object  of  which  it  hpd 
never  lost  sight,  and  willing  also  to  share  in  the 
glory  of  giving  ^dependence  to  a  new  State,  was 
yet  ignorant  of  the  lesson  which  it  was  so  soon  to 
learn  to  its  cost, — the  danger  which  a  despot  runs, 
who  attempts  to  give  that  liberty  to  other  nations 
which  he  refuses  to  his  own  people.     Spain  alsp, 
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which  we  see  at  this  moment  exerting  every  nerve 
to  continue  the  thraldom  of  her  own  colonies, 
joined  early  in  the  scheme  of  giving  independence 
to  those  of  England ;  and  by  her  detail  of  a  hun- 
dred grievances,  sufficiently  convinced  the  world, 
that  her  hostility  to  Britain  proceeded  from  a  cause 
which  she  could  not  venture  to  avow.-— Against 
this  formidable  combination,  which  Holland  was 
preparing  to  join,  Britain  stood  alone  without  an 
ally;  and  not  merely  alone,  but  divided  in  her 
counsels,  with  more  than  half  her  force  engaged  in 
the  operations  of  a  destructive  civil  war,  in  which 
victory  would  have  been  more  ruinous  than  defeat. 
These  were  circumstances,  which,  in  the  mind  of 
every  friend  to  his  country,  could  not  but  excite- 
anxiety  and  alarm ;  yet  they  were  perhaps  not  the 
most  threatening  that  distinguished  this  perilous 
crisis.  In  the  naval  rencounters  which  took  place 
after  France  had  joined  herself  to  America,  the  su- 
periority of  the  British  navy  seemed  almost  to  dis- 
appear ;  the  naval  armies  of  our  enemies  were  every 
day  gaining  strength ;  the  number  and  force  of 
their  ships  were  augmenting ;  the  skill  and  experi- 
ence of  their  seamen  appeared  to  be  coming  nearer 
to  an  equality  with  our  own.  Their  commanders 
were  completely  masters  of  the  art  of  avoiding  a 
general  or  decisive  action,  and  at  the  same  time  of 
materially  injuring  their  enemies.  In  the  doubt- 
ful conflict  off  Ushant,  which  gave  the  commence- 
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ment  to  our  hostilities  with  France,  the  British  ad- 
miral, after  placing  himself  between  the  French 
fleet  and  their  own  coast,  continued  to  manoeuvre 
for  several  days  together,  without  being  able  to 
bring  on  a  general  action,  and  was  forced  at  length 
to  draw  off  towards  his  own  ports,  allowing  the 
French  to  return  to  theirs,  without  the  capture  of 
a  single  ship  to  support  his  own  claim  to  victory, 
or  to  refute  that  of  the  enemy.  The  year  which 
followed  this  had  witnessed  the  most  inglorious  na- 
val campaign  recorded  in  the  annals  of  Great  Bri- 
tain. The  combined  fleets  of  France  and  Spain 
were  seen  riding  with  exultation  in  the  British 
Channel,  capturing  our  ships  close  to  our  own 
shores,  while  the  naval  force  of  Britain  stood  aloof, 
and  only  ventured  to  look  from  a  distance  on  a  scene 
which  every  British  seaman  beheld  with  grief  and 
indignation,  while  he  seemed  to  read  in  it  the  tale 
of  his  personal  dishonour.  Another  action  in  the 
course  of  the  same  year,  had  no  great  tendency  to 
console  us  for  the  disgraceful  caution  which  our 
fleet  in  the  Channel  had  been  forced  to  observe. 
Admiral  Byron  attempted  to  bring  the  French 
fleet,  off  Grenada,  to  action,  and  after  the  greatest 
gallantry,  displayed  both  by  himself  and  the  officers 
under  his  command,  he  entirely  failed  in  his  object, 
and  even  suffered  considerable  loss.  Indeed,  when 
one  studies  the  account  of  this  action,  by  help  of 
the  light  which  the  author  of  the  Naval  Tactics 


4&6 


ON  THE  NAVAL  TACTICS 


has  thrown  on  it,  he  sees  with  much  regret  the 
highest  efforts  of  valour  and  seamanship  thrown 
away,  from  our  ignorance  of  the  true  principle  by 
which  our  attack  should  have  been  directed ;  while 
the  French,  in  their  position  to  leeward,  succeeded, 
with  their  usual  address,  in  damaging  our  ships, 
and  saving  their  own. 

The  parallel  drawn  by  Mr  Clerk  between  the 
unfortunate  engagement  of  Admiral  Byng  and  this 
of  Admiral  Byron,  is  sufficiently  striking,  and  shows 
but  too  clearly,  that  there  are  many  circumstances, 
besides  conduct  and  valour,  that  determine  the  cha- 
racter of  a  soldier  that  fights  either  at  sea  or  land.. 

The  action  of  Admiral  Arbuthnot  in  the  sue* 
ceeding  year,  deceived  equally  the  hopes  of  the  na- 
tion, and  equally  demonstrated  the  skill  of  the 
French  commanders,  in  the  means  of  obtaining  the 
end  they  had  in  view,  and  in  entirely  defeating  that 
of  their  enemy ;  and  by  its  unhappy  influence  on 
our  military  operations  on  shore,  may  be  regarded 
as  the  most  fatal  miscarriage  that  marked  the  pro- 
gress of  the  British  arms.  The  action  of  Admiral 
Greaves  off  the  Chesapeak,  concluded  a  series  of 
unsuccessful  attempts,  in  which,  though  no  signal 
disaster  fell  on  the  British  fleet,  no  glory  was  gain- 
ed, the  ultimate  object  of  the  expedition  was  always 
lost,  and,  to  a  power  used  to  boast  in  its  superiori- 
ty, the  entire  absence  of  victory  seemed  equivalent 
to  defeat.     The  enemy  was  acquiring  skill  and  con- 
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fidence,  while  we  were  losing  that  feeling  of  supe- 
riority on  which  success  so  often  depends.  The 
circumstances  of  the  nation  had  never  called  on 
every  individual  to  think  more  seriously  of  the  si- 
tuation of  his  country  ;  nothing  had  ever  proved  so 
clearly,  that,  at  sea,  the  system  of  offensive  warfare 
was  yet  but  imperfectly  understood,  nor  was  there 
ever  a  juncture,  when  such  discoveries  as  Mr  Clerk 
had  made,  could  be  brought  forward  with  so  great 
effect.  To  a  man  who,  like  him,  was  a  real  lover 
of  his  country,  sincerely  interested  in  its  liberty  and 
independence,  as  well  as  in  the  glory  of  its  flag ; 
full  also  of  the  enthusiasm  of  genius,  and  the  love 
of  science;  I  can  hardly  imagine  any  higher  or 
more  exquisite  delight,  than  that  which  he  must 
have  felt,  when  his  imagination  arose  from  the  de- 
spondency into  which  the  actual  state  of  things  had 
thrown  every  thinking  man,  to  consider  the  change 
which  the  secret  which  he  had  in  his  possession 
was  likely,  nay  sure  to  make,  in  the  condition  of 
his  country. 

There  can  exist,  I  think,  but  one  feeling  supe- 
rior to  this, — that  which  must  arise  on  seeing  this 
noble  vision  realized.  This  also  fell  to  the  share 
of  the  author  of  the  Naval  Tactics,  who  lived  to 
see  his  measures  carried  into  effect  with  unexam- 
pled skill  and  gallantry ;  saw  them  lead  to  victo- 
ries more  splendid  than  the  most  sanguine  hopes, 
could  have  ventured  to  anticipate,  and  saw  himself 
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became  one  of  the  great  instruments  by  which  Pro- 
vidence enabled  his  country  to  weather  a  mora  aw- 
fid  tempest  than  any  by  which  it  had  hitherto  boon 
assailed* 

Being  fully  satisfied  aa  to  the  principles  of  hie 
system,  Mr  Clerk  had  begun  to  make  it  known  to 
hif  friends  aa  early  aa  1779*  After  the  trial  of 
Admiral  Keppell  had  brought  the  whole  proceed- 
ing! of  the  aflair  off  Uahant  before  the  public,  Mr 
Qerk  made  some  strictures  on  the  action,  which  he 
pot  in  writing,  illustrating  them  by  drawings  and 
plana,  containing  sketches  of  what  might  have  been 
attempted,  if  the  attack  had  been  regulated  by  other 
principles,  and  these  he  communicated  to  several 
naval  officers,  and  to  his  friends  both  in  Edinburgh 
and  London. 

In  the  following  year  he  visited  London  himself, 
and  had  many  conferences  with  men  connected 
with  the  navy,  among  whom  he  hos  mentioned  Mr 
Atkinson,  the  particular  friend  of  Sir  George  Rod- 
ney, the  Admiral  who  was  now  preparing  to  take 
the  command  of  the  fleet  in  the  West  Indies.  A 
more  direct  channel  of  communication  with  Admi- 
ral Rodney  was  the  late  Sir  Charles  Douglas,  who 
went  out  several  months  after  the  Admiral,  in  or- 
der to  serve  as  his  Captain,  and  did  actually  serve 
in  that  capacity  in  the  memorable  action  of  the  Ittth 
of  April  1782.  Sir  Charles,  before  leaving  Bri- 
tain,  had  many  conferences  with  Mr  Clerk  on  the 
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subject  of  naval  tactics,  and,  before  be  sailed,  was 
in  complete  possession  of  tbat  system.  Some  of 
the  conferences  with  Sir  Charles  were  by  the  ap- 
pointment of  the  late  Dr  Blair,  prebendary  of  West- 
minster j  and  at  one  of  these  interviews  were  pre- 
sent Mr  William  and  Mr  James  Adam,  with  their 
nephew  the  present  Lord  Chief  Commissioner  for 
Scotland.  Sir  Charles  had  commanded  the  Stir- 
ling Castle  in  Keppell's  engagement ;  and  Mr 
Clerk  now  communicated  to  him  the  whole  of  his 
strictures  on  that  action,  with  the  plans  juid  demon- 
strations, on  which  the  manner  of  the  attack  from 
the  leeward  was  fully  developed. 

The  matter  which  Sir  Charles  seemed  most  un- 
willing to  admit,  was  the  advantage  of  the  attack 
from  that  quarter ;  and  it  was  indeed  the  thing 
most  inconsistent  with  the  instructions  given  to  all 
admirals. 

Lord  Rodney  himself,  however,  was  more  easily 
convinced;  and  in  the  action  off  Martinico,  in 
April  1780,  the  original  plan  seemed  regulated  by 
the  principles  of  the  Naval  Tactics.  The  British 
fleet  was  to  leeward,  and  the  first  signal  made  by 
the  Admiral  gave  notice  of  his  intention  to  attack 
the  enemy's  rear  with  his  whole  force.  The  ene- 
my, however,  having  discovered  this  intention, 
wore,  and  formed  on  the  opposite  tack,  and  thus 
the  effect  of  the  signal  was  for  the  time  defeated. 
The  Admiral  appeared  then  to  depart  from  the 
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new  system ;  for  the  next  signal  which  he  threw 
out,  was  for  every  ship  to  bear  dawn  on  hep  oppo* 
site,  according  to  the  21st  article  of  the  additional 
fighting  instructions.    It  appears,  as  we  shall  after* 
wards  see,  that  the  cause  of  this  change  was  the 
mistake  of  the  signals,  the  captains  of  the  fleet  not 
being  sufficiently  prepared  for  the  new  method  of 
attack.     In  the  two  actions  which  immediately  fat 
lowed  this,  on  the  15th  and  18th  of  the  next 
month,  the  French  succeeded  in  the  defensive  sys- 
tem; and  if  was  not  till  two  years  afterwards,  in 
April  1782,  that  Lord  Rodney  gave  the  first  ex- 
ample of  completely  breaking  through  the  line  of 
the  enemy,  and  of  the  signal  success  which  must 
ever  accompany  that  manoeuvre,  when  skilfully  con- 
ducted.   The  circumstances  were  very  remarkable, 
and  highly  to  the  credit  of  the  gallantry  as  well  as 
conduct  of  the  Admiral.     The  British  fleet  was  to 
leeward,  and  its  van,  on  reaching  the  centre  of  the 
enemy,  bore  away  as  usual  along  his  line;  and  had 
the  same  been  done  by  all  the  ships  that  followed, 
the  ordinary  indecisive  result  would  infallibly  have 
ensued.     But  the  Formidable,  Lord  Rodney's  own 
ship,  kept  close  to  the  wind,  and  on  perceiving  aa 
opening  near  the  centre  of  the  enemy,  broke  through 
at  the  head  of  the  rear  division,  so  that  for  the  first 
time  the  enemy's  line  was  cut  in  two,  and  all  the 
consequences  produced  which  Mr  Clerk  had  pre- 
dicted. 

10 
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This  action,  which  introduced  a  new  system, 
gave  a  turn  to  our  afiairs  at  sea,  and  delivered  the 
country  from  that  state  of  depression  into  which  it 
had  been  thrown,  not  by  the  defeat  of  its  fleets,  but 
by  their  entire  want  of  success. 

It  was  in  the  beginning  of  this  year  that  the  Afl- 
val  Tactics  appeared  in  print,  though  for  more  than 
a  year  before,  copies  of  the  book  had  been  in  circu- 
lation among  Mr  Clerk's  friends.  Immediately  on 
the  publication,  copies  were  presented  to  the  Mi- 
nister and  the  First  Lord  of  the  Admiralty.  The 
Duke  of  Montague,  a  zealous  friend  of  Mr  Clerk's 
system,  undertook  the  office  of  presenting  a  copy 
to  the  King. 

Lord  Rodney,  who  had  done  so  much  to  prove 
the  utility  of  this  system,  in  conversation  never 
concealed  the  obligation  he  felt  to  the  author  of  it. 
Before  going  out  to  take  the  command  of  the  fleet 
in  the  West  Indies,  he  said  one  day  to  Mr  Dundas, 
afterwards  Lord  Melville,  "  There  is  one  Clerk,  a 
countryman  of  yours,  who  has  taught  us  how  to 
fight,  and  appears  to  know  more  of  the  matter  than 
any  of  us.  If  ever  I  meet  the  French  fleet,  I  in- 
tend to  try  his  way/' 

He  held  the  same  language  after  his  return. 
Lord  Melville  used  often  to  meet  him  in  society, 
and  particularly  at  the  house  of  Mr  Henry  Drum- 
mond,  where  he  talked  very  unreservedly  of  the 
Naval  Tactics,  and  of  the  use  he  had  made  of  the 
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system  in  his  action  of  the  12th  of  April.  A  let- 
ter from  General  Ross  states  very  particularly  a 
conversation  of  the  same  kind,  at  which  he  was 
present.  "  It  is  (says  the  General)  with  an  equal 
degree  of  pleasure  and  truth,  that  I  now  commit 
to  writing  what  you  heard  me  say  in  company  at 
your  house,  to-wit,  that  at  the  table  of  the  late  Sir 
John  Dalling,  where  I  was  in  the  habit  of  dining 
often,  and  meeting  Lord  Rodney,  I  heard  his 
Lordship  distinctly  state,  that  he  owed  his  success 
in  the  West  Indies  to  the  manoeuvre  of  breaking 
the  line,  which  he  learned  from  Mr  Clerk's  book. 
This  honourable  and  liberal  confession  of  the  gal- 
lant Admiral,  made  so  deep  an  impression  on  me, 
that  I  can  never  forget  it ;  and  I  am  pleased  to 
think  that  my  recollection  of  the  circumstance  may 
be  of  the  smallest  use  to  a  man  with  whom  I  am 
not  acquainted,  but  who,  in  my  opinion,  has  de- 
served so  well  of  his  country." 

As  a  farther  evidence  of  the  sentiments  of  the 
Admiral  on  a  subject  where  they  are  of  so  much 
weight,  I  have  to  quote  a  very  curious  and  valuable 
document,  a  copy  of  the  First  Part  of  the  Nccoal 
Tactics,  with  Notes  on  the  margin  by  Lord  Rod- 
ney himself,  and  communicated  by  him  to  the  late 
General  Clerk,  by  whom  it  was  deposited  in  the 
family  library  at  Penicuick.  The  notes  are  full  of 
remarks  on  the  justness  of  Mr  Clerk's  views,  and 
on  the  instances  wherein  his  own  conduct  had  been 
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in  strict  conformity  with  those  views.  He  replies 
in  one  place  to  a  question  which  Mr  Clerk  had  put, 
(published  after  the  action  in  spring  1780,)  of 
which  mention  has  been  already  made,  concerning 
the  conduct  of  that  action.  The  first  signal  of  the 
Admiral,  as  we  have  already  seen,  was  for  attack- 
ing the  rear  with  his  whole  force.  The  French, 
perceiving  this  design,  wore,  and  formed  on  the 
opposite  tack*  This  made  it  impossible  immedi- 
ately to  obey  the  Admiral's  signal,  and  the  next 
that  he  made  was  for  every  ship  to  attack  her  op- 
posite. Mr  Clerk's  question  was,  Why  did  Sir 
George  change  his  resolution  of  attacking  the  rear, 
and  order  an  attack  on  the  whole  line?— Sir 
George  answers  to  this,  That  he  did  not  change 
his  intention,  but  that  his  fleet  disobeyed  his  sig- 
nals, and  forced  him  to  abandon  his  plan. 

An  anecdote  which  sets  a  seal  on  the  great  and 
decisive  testimony  of  the  Noble  Admiral,  is  wor- 
thy of  being  remembered,  and  I  am  glad  to  be  able 
to  record  it  on  the  authority  of  a  Noble  Earl. 
The  present  Lord  Haddington  met  Lord  Rodney 
at  Spa,  in  the  decline  of  life,  when  both  his  bodily 
and  his  mental  powers  were  sinking  under  the 
weight  of  years.  The  Great  Commander,  who 
had  been  the  bulwark  of  his  country,  and  the  ter- 
ror of  her  enemies,  by  stretched  on  his  couch, 
while  the  memory  of  his  own  exploits  seemed  the 
only  thing  that  interested  his  feelings,  or  afforded 
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a  subject  for  conversation.  In  this  situation,  he 
would  often  break  out  in  praise  of  the  Naval 
Tactics ',  exclaiming,  with  great  earnestness,  "  John 
Clerk  of  Eldin  for  ever," 

Generosity  and  candour  seemed  to  have  been 
such  constituent  elements  in  the  mind  of  this  gal- 
lant Admiral,  that  they  were  among  the  parts 
which  longest  resisted  the  influence  of  decay. 

Soon  after  the  victory  obtained  by  Lord  Rod- 
ney, the  American  war  was  brought  to  a  conclu- 
sion, and  the  world  enjoyed  some  years  of  repose. 
The  French  Revolution  disturbed  the  tranquillity 
of  Europe  ;  Britain  was  quickly  involved  in  a  war 
more  formidable  than  that  in  which  the  principles 
of  Mr  Clerk's  system  were  first  essayed  ;  one  where 
it  was  yet  to  be  more  severely  tried,  and  lyas  yet 
to  render  more  important  services  to  the  country. 

We  have  seen,  that  Lord  Rodney  had  been  so 
convinced  by  the  first  explanation  he  received  of 
Mr  Clerk's  system,  that  he  declared,  that  should 
he  meet  the  French  fleet,  "  he  would  try  his  way." 
— On  Lord  Howe,  the  effect  of  the  first  perusal 
of  the  same  work  was  quite  different,  though  the 
result  in  the  end  was  entirely  the  same.  A  copy 
of  the  first  edition  of  the  Naval  Tactics  was  sent 
to  his  Lordship,  who,  after  reading  it,  expressed 
himself  as  highly  pleased  with  the  ingenuity  of  the 
book,  and  as  greatly  struck  with  the  circumstance 
of  the  author  being  a  landsman  ;   but  he  never- 
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theless  desired  General  Clerk  to  inform  his  ingeni- 
ous kinsman,  that  he  would  adhere  to  the  old 
system  if  ever  he  had  an  opportunity  of  engaging 
the  French  fleet.  To  this  Mr  Clerk  replied, 
through  the  same  channel,  that  if  his  Lordship 
did  so,  he  would  infallibly  be  beaten.  His  Lord* 
ship,  however,  when  it  came  to  the  trial,  did  not 
adhere  to  the  old  system,  but,  concentrating  his 
force,  directed  it  against  one  point,  precisely  on 
the  principles  of  the  Naval  Tactics.  His  change 
of  opinion  may  have  arisen  from  the  practical  com- 
mentary by  which  Lord  Rodney  had  illustrated 
the  principles  of  that  work ;  and  perhaps,  too,  a 
second  perusal  of  the  book  itself  had  materially 
contributed  to  this  effect.  That  Lord  Howe  really 
consulted  it  a  second  time,  there  is  good  reason  to 
believe.  When  ho  commanded  the  Channel  fleet 
in  1793,  Mr  James  Clerk,  the  youngest  son  of  the 
author  of  the  Naval  Tactics,  a  young  man  of 
great  promise,  who,  had  he  lived,  would  have  done 
honour  to  the  profession  on  which  his  father  had 
bestowed  so  valuable  a  gift,  served  as  a  midshipman 
on  board  the  Admiral's  ship  the  Queen  Charlotte. 
He  possessed  a  copy  of  the  second  edition  of  his 
father's  book,  which  was  borrowed  by  Captain 
Christian,  no  doubt  for  the  Admiral's  use.  Thus 
much  is  certain,  that  the  action  of  the  1st  of  June 
1794,  was,  in  its  management,  quite  conformable 
vol.  in.  o  g 
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to  Mr  Clerk's  system,  and  its  success  entirely  owing 
to  the  manoeuvre  of  breaking  the  line. 

Lord  Howe  was  also  the  first  who  introduced 
into  the  signal  book  signals  directed  to  the  object 
of  cutting  off  the  rear,— of  bringing  the  whole 
force  to  bear  on  one  point, — breaking  the  line,  &c. 
Indeed,  if  his  Lordship's  conduct  had  been  contra- 
ry to  the  principles  of  the  Naval  Tactics,  the 
words  of  his  declaration,  that  he  would  still  adhere 
to  the  old  method,  is  a  decided  testimony  in  fa- 
vour of  one  of  the  points  which  I  think  it  most 
material  to  establish.  About  the  utility  of  the 
method,  after  Lord  Rodney's  action,  no  doubt 
could  be  entertained.  As  to  its  novelty,  and  its 
originality,  if  any  difference  of  opinion  could  arise, 
it  is  completely  answered  by  Lord  Howe's  mes- 
sage delivered  to  General  Clerk,  as  it  is  a  proof 
that  an  officer  of  his  Lordship's  great  skill  and 
experience,  considered  this  manoeuvre  as  new,  as 
opposed  to  the  ordinary  practice,  and  as  a  thing 
hitherto  unknown.  The  novelty  of  the  system, 
therefore,  can  no  more  be  doubted  than  its  utility. 

An  example  of  breaking  the  line,  with  success, 
if  possible,  more  brilliant  than  either  of  the  pre- 
ceding instances,  was  afforded  by  Lord  St  Vin- 
cent's memorable  action  on  the  coast  of  Spain, 
when,  disregarding,  as  he  said,  in  his  own  account 
of  it,  the  regular  system,  he  attacked  the  Spa- 
nish line  of  twenty-seven  ships,  with  fifteen  only, 
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and  by  carrying  a  press  of  sail,  intersected  and 
cut  off  the^dLd  division,  of  which  four  were 
taken  before  the  rest  of  the  fleet  could  work  up  to 
their  relief. 

Lord  St  Vincent  had  early  been  made  acquaint- 
ed with  Mr  Clerk's  book,  of  which  a  copy  had 
been  sent  him  by  Colonel  Debbieg  of  the  Royal 
Engineers,  a  particular  friend  of  the  author.  I  do 
not  find  that  his  Lordship  ever  expressed  any 
opinion  on  the  principles  of  this  work.  * 

Lord  Duncan's  victory  on  the  coast  of  Holland 
was  achieved  on  the  same  principle,  and  carried 
into  effect  with  singular  gallantry.  His  Lordship, 
indeed,  before  going  to  sea,  had  many  conferences 
with  Mr  Clerk,  and  professed  that  he  was  deter- 
mined to  pursue  the  plan  of  operations  which  he 
had  pointed  out.  His  Lordship's  attack,  accord- 
ingly, was  directed  against  the  centre  of  the  enemy, 
in  consequence  of  which  the  rear  division  was  cut 
off  and  taken,  with  the  exception  of  a  single  ship. 
When  the  first  news  of  this  victory,  so  near  to  our 
own  shores,  and  therefore  so  strongly  felt,  and  so 
highly  appreciated  by  us  all,  was  brought  to  Wal« 
mer  Castle,  where  Mr  Pitt  was  then  residing,  he, 
with  Lord  Melville,  Mr  Fordyde,  and  some  others, 
were  sitting  at  table  just  after  dinner.  A  man  who 
had  seen  the  action,  and  had  just  landed,  desired 
to  be  introduced,  and  on  coming  into  the  room, 
gave  an  account  of  what  he  had  witnessed  }  on  his 
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mentioning  that  Lord  Duncan  had  broke  through 
the  Dutch  line,  Lord  Melville  immediately  exclaim- 
ed, Here  is  a  new  instance  of  the  success  of  Clerk's 
system. 

The  last  and  greatest  in  the  brilliant  aeries  of 
victories  that  followed  the  publication  of  the  Na- 
val Tactics,  was,  like  all  the  rest,  obtained  by  the 
skilful  application  of  the  principles  there  unfold* 
ed  ;  and  of  this,  Lord  Nelson's  instructions,  be- 
fore the  battle,  are  the  fullest  evidence.  They 
even  contain,  in  the  body  of  them,  several  sen- 
tences that  are  entirely  taken  from  the  Naval 
Tactics.  These  instructions  were  transmitted  to 
Mr  Clerk  by  one  of  the  commanders  in  that  me- 
morable action,  Captain,  now  Admiral  Sir  Philip 
Durham,  with  a  note,  which  shows  in  what  light 
his  discoveries  were  viewed  by  those  most  capable 
to  decide.  "  Captain  Durham,  sensible  of  the 
many  advantages  which  have  accrued  to  the  Bri- 
tish nation  from  the  publication  of  Mr  Clerk's 
Naval  Tactics,  and  particularly  from  that  part  of 
them  which  recommends  breaking  through  the 
enemy's  line,  begs  to  offer  him  the  inclosed  form 
of  battle,  which  was  most  punctually  attended  to 
in  the  brilliant  and  glorious  action  of  the  2 1  st  of 
October.     Mr  Clerk  will  perceive  with  pleasure,  | 

that  it  is  completely  according  to  his  own  notions, 
and  it  is  now  sent  as  a  token  of  respect  from  Cap- 
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tain  Durham!  to  one  who  has  merited  so  highly  of 
his  country. 

"  H.  M.  S.  of  Cadiz,  29th  Oct.  1805." 

I  must  observe,  that  the  great  Admiral,  to  whose 
last  and  most  glorious  action  I  have  now  alluded, 
had  put  in  practice  the  same  manoeuvre  in  the 
battle  of  the  Nile  ;  the  line  was  then  broken  in  the 
same  way,  and  the  discomfiture,  by  that  means,  of 
a  fleet  at  anchor,  was  the  most  complete  that  can 
be  imagined. 

From  the  whole  of  this  narrative,  therefore,  it 
is  plain,  that  the  Naval  Tactics  was  acknowledged 
by  professional  men,  as  an  original  and  valuable 
work,  unfolding  a  new  system  ;  the  advantages  of 
which  were  proved  by  demonstrations  founded  on 
the  most  undeniable  principles,  and  now  verified 
by  a  series  of  great  and  brilliant  victories,  in  con-* 
sequence  of  which  there  has  been  effected  an  en- 
tire revolution  in  the  offensive  part  of  naval  war- 
fare. These  truths  having  been  so  generally  ac- 
knowledged and  admitted,  both  by  Naval  Officers  of 
the  highest  reputation,  and  by  Statesmen  of  the 
greatest  power,  it  cannot  but  appear  extraordinary, 
that  no  mark  of  public  favour  was  ever  bestowed  on 
the  author,  nor  any  acknowledgment  made  by  Go- 
vernment of  merit  so  distinguished.  It  was  merit 
of  the  kind  most  directly  calculated  to  interest  the 
feelings,  and  to  call  forth  the  gratitude  of  the  na- 
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tton }  it  was  an  improvement  in  the  art  which  Bri- 
tain reckons  so  peculiarly  her  own ;  it  m  a  con- 
trivance for  making  more  effectual  the  arms  in 
which  she  most  confides ;  for  rendering  more  im- 
penetrable the  wooden  walls,  to  which  she  trusts 
her  safety,  her  prosperity,  and  her  independence. 
The  name  of  Mr  Clerk,  and  of  the  Naval  Toe- 
tkf$  is  in  the  mouth  of  every  officer,  from  the 
midshipman  to  the  admiral. 

Whatever  was  the  cause  of  this  strange  omission, 
it  is  deeply  to  be  regretted, — regretted,  however, 
much  less  on  account  of  Mr  Clerk,  than  on  ac- 
count  of  the  nation  itself.  To  a  man  conscious* 
of  having  rendered  so  important  a  service  to  his 
country  as  he  had  done,— who  might  say  to  him- 
self without  vanity,  that  he  was  entitled  to  be  num- 
bered with  her  most  useful  citizens,  and  her  most 
eminent  benefactors,— -who  saw  that  the  actions 
which  had  immortalized  the  names  of  Rodney, 
Howe,  Duncan,  and  Nelson,  had  been  all  directed 
by  a  principle  which  he  had  been  the  first  to  dis- 
cover,— and  who  knew,  that  he  was  to  go  down  to 
posterity  as  the  author  of  a  great  and  important 
improvement ; — to  the  happiness  of  a  mind  sus- 
tained by  such  reflections,  and  inspired  by  the  sen- 
timents which  must  accompany  them,  what  great 
addition  is  it  in  the  power  of  a  monarch,  or  even 
of  the  nation,  to  make  ?  what  is  it  that  the  com- 
mon badges  and  titles  of  honour  and  distinction 
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can  be  supposed  to  add  ?  These  may  be  fit,  and 
even  necessary  emblems,  for  marking  degrees  of 
merit  of  an  ordinary  kind;  but  when  merit  is 
transcendant  to  a  certain  point,  it  can  dispense 
with  such  conventional  symbols $  it  shines  of  its 
own  light,  and  enables  its  possessor  to  look  down 
on  the  neglect  or  the  ingratitude  of  the  world. 

But  though  these  considerations  may  in  some 
measure  set  us  at  ease  with  respect  to  the  author 
himself,  and  his  own  feelings,  it  must  be  allowed 
that  they  take  nothing  from  the  blame  incurred  by 
those  to  whom  the  nation  had  intrusted  the  power 
of  dispensing  its  honours  and  rewards.  Neglect 
of  merit  will  always  operate  as  a  discouragement 
to  exertion,  and  every  instance  of  it  tends  to  ex. 
tinguish  a  portion  of  the  fire  of  genius,,  of  that 
which  often  constitutes  the  sole  riches  of  the  pos- 
sessor, and  is  always  a  valuable  portion  of  the  pa- 
trimony of  the  state.  Every  mind  is  not  provided 
with  the  power  of  enduring  neglect;  ingenious 
men  are  often  the  most  sensible  of  it ;  and  it  is 
hard  that  the  possession  of  talents  should  be  con- 
verted into  a  source  of  suffering.  If  the  author 
of  the  Naval  Tactics  had  not  been  supported  by 
such  enlarged  views,  and  such  high  sentiments  as 
we  have  mentioned,  the  circumstances  of  his  case 
would  have  pressed  on  him  with  much  severity. 

That  it  was  not .  ignorance  of  the  facts,  or  of 
the  chain  of  evidence  now  brought  forward,  that 
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prevented  a  public  acknowledgment  of  Mr  Clerk's 
ftervices,  is  altogether  certain.  Hie  late  Lord 
Melville,  who  held  so  conspicuous  a  situation  in 
the  government  of  this  country  during  the  greater 
part  of  the  period  I  have  been  treating  of,  was 
early  made  acquainted  by  Mr  Clerk  himself  with 
his  ideas  on  the  subject  so  often  mentioned ;  and 
in  the  beginning  of  his  political  career,  when  yet 
King's  Advocate  in  Scotland,  was  consulted  on  the 
best  means  of  bringing  forward  those  ideas,  and 
gave  his  advice  with  the  readiness  and  frankness 
for  which  he  was  remarkable  in  all  situations  of  life. 
It  is  apparent,  that  he  never  ceased  to  hold  Mr 
Clerk's  discovery  in  the  highest  estimation  ;  and 
of  this,  his  observation  at  Walmer  Castle  (on  hear- 
ing of  Lord  Duncan's  victory  above  related)  is  a 
sufficient  proof, — an  observation  that  conveyed  a 
severe  censure  on  himself,  and  on  the  minister  to 
whom  it  was  addressed,  unless  they  both  felt  that 
their  power  of  rewarding  the  merit  in  question 
was  restrained  by  some  considerations  known  to 
themselves,  and  invisible  to  the  public  at  large. 

Lord  Melville  had  particularly  studied  the  af- 
fairs and  the  interests  of  the  Navy ;  he  had  been 
for  a  long  time  at  the  head  of  the  Admiralty  ;  and 
there  is  reason  to  think,  that  he  was  sensible  of  the 
improper  neglect  with  which  the  author  of  the 
Naval  Tactics  had  been  treated.  I  have  been 
assured  that  he  had  represented  this  to  Mr  Pitt, 
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but  when  it  was  too  late,  and  when  that  minister 
was  drawing  near  the  end  of  life. 

If  I  might  venture  any  conjecture  on  the  cause 
of  an  omission  which  it  is  impossible  to  justify,  I 
should  be  disposed  to  ascribe  it  to  the  fear  of  giv- 
ing offence  to  the  Navy,  and  to  consider  it  rather 
as  resulting  from  an  excess  of  caution,  than  from 
direct  or  intentional  neglect.     It  might  seem  to 
derogate  from  the  glory  of  our  Naval  Officers,  to 
recognise  a  landsman  as  the  author  of  one  of  the 
most  valuable  discoveries  that  had  been  made  in 
their  own  art, — as  the  person  who  had  not  only 
pointed  out  the  new  principle,  but  had  completely 
unfolded  its  advantages,  and  predicted  its  effects. 
If  this  were  the  ground  on  which  the  reward  was 
withheld,  it  must  at  once  be  considered  as  very  in- 
sufficient for  the  purpose  of  justification.     The 
man  entrusted  with  the  power  of  rewarding  merit, 
ought  no  more,  than  those  who  have  committed  to 
them  the  office  of  punishing  guilt,  to  be  accessible 
to  any  voice  but  that  of  truth  and  justice.     The 
little  and  mean  jealousies  that  may  be  excited,  by 
an  impartial  discharge  of  their  duty,  ought  never 
to  interfere  with  the  performance  of  what  is  impe- 
riously called  for.      Jealousy,  in  the  present  in- 
stance, was  a  weakness  that  deserves  no  indulgence ; 
it  was  vanity  and  selfishness  that  ought  to  have 
met  with  no  sympathy,  no  toleration.     If,  indeed, 
such  feelings  any  where  exist,  there  is  fortunately 
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no  reason  to  think  them  general ;  and  it  is  a  duty 
which  I  most  willingly  discharge,  to  say,  that  the 
Naval  Officers  with  whom  I  have  bad  the  honour 
to  converse  on  this  subject,  have  all  in  the  most 
unequivocal  terms  expressed  their  conviction  of  the 
importance  and  originality  of  Mr  Clerk's  disco- 
very. That  there  are  exceptions  to  this  rule,  I 
can  only  state  as  a  conjecture,  necessary  to  explain 
what  is  otherwise  so  difficult  to  be  accounted  for* 

But  to  whatever  cause  the  neglect  of  which  I 
now  complain  is  to  be  attributed,  it  is  certain  that 
the  government  and  the  navy  have  both  lost  a 
great  opportunity  of  doing  honour  to  themselves* 
A  National  Monument,  that  would  have  marked 
the  era  of  this  great  improvement,  and  testified  the 
gratitude  of  the  nation  to  the  author,  would  have 
been  very  creditable  to  the  Minister  under  whose 
patronage  it  was  erected  ;  and  an  acknowledgment 
from  the  navy,  that  this  discovery  was  the  work  of 
a  landsman,  would  have  been  highly  becoming  in  a 
profession,  of  which  intrepidity  and  valour  are  not 
more  characteristic  than  frankness  and  generosity* 
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